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IIpemucioBue

[Tocobue mpejiHazHaveHo CTYy/IEHTaM I[EPBOIO U BTOPOIO
KypcoB Mucruryra ecrecrBennbix Hayk (MEH) u Uucrury-
Ta MaTeMaTuKu u KoMmibioTepabix HayK (IMKH) Beex dopm
o0ydYeHUsT ¥ OPUEHTHPOBAHO IPEXKJe BCEro Ha padoune ILia-
HBbI U IIporpaMMmbl nHKeHepHoro noroka MEH un mampasie-
nus «IIpuknannas nadopmarukay IMKH. Ono rakxke mo-
2KeT OBITH UCIOJIL30BAHO CTYJICHTAMU JIPYTUX HAIPABJICHUI U
CHENUATLHOCTEN, N3YJAIONMNX BBICIIYI0 MaTeMAaTUKy U MaTe-
MaTUYCCKUN aHaJIU3.

[Tocobue comepkuT 25 pas/ie/ioB, OXBATHIBAIOMNX (DyH/ 18-
MEHTA/IbHBIE TeMbl MATEMATHYECKOTO aHAJIN3a: OIpeJIe/IeHIe
MHOXKECTBA, BEIIECTBEHHBIX YUCE], MPeJes YUCIOBOI Iocie-
JIOBATETLHOCTH, (PYHKITUU OJTHOM U HECKOJILKUX ITePEMEHHBIX,
muddepennuaabioe ucaucaeHue yHKIUN OJHON 1 HECKOJIb-
KUX IIepeMEHHbIX, HHTerpai PuMana, psapl, KpaTHbIE U KPU-
BOJIMHEITHbIE UHTErPAJIbI, TeopUs Mo, paasl Pypbe.

MatepuaJst opopMm/IeH U paCIpeie/ieH TAKUM 00pa3oM, 9TO
quTaTe/ b, Oy/Ib TO MpENoJaBaTe b WX CTY/ACHT, JIETKO CMO-
JKeT TIOJIFOTOBUTH KOHCIEKT I CAMOCTOSTEILHON pabOTHI.
TpaauruonHblil A6 yKTUBHBIH (C J0KA3aTeIbCTBAME) CTUIb
U3JI0KeHNs PyHIAMEHTAIbHBIX TEOPETHIECKIUX Pa3/IesIoB Ha-
IpaBJIEH Ha cOo3jaHue JJ0OPOTHOI JIOrUYIecKOoil 6a3bl U HEOOXO-
JUMBIX 3HAHUI 1 HAaBLIKOB. OCOOEHHOCTDBIO JAHHOIO II0COOUS
SABJIAETCA HECKOJIBKO HEMOJTHBIN HAabOP J0KA3aTE/ILCTB IIPUBO-
JIMMBIX 3JIeCh TEOPEM U YTBEPKJIEHUI, UTO MO3BOJIAET OTYa-
cTr O0JIErYUTh ITEPBOE 3HAKOMCTBO C KyPCOM MaTeMaTHIeCKO-
ro aHajan3a U co3JaeT yJI00HbII pabounil KoHcIeKT. Pa3iesn
«Psanpr», «Kparnble n KpuBomneiinble HHTErpaJibly, « Teopus
MOJIA», Ha KOTOPBIE OTBOJIUTCI MAJIO ayUTOPHBIX YacOB, CO-
JIepzKaT pereHust 60JIbIIOro psjia MPUMEPOB.

7



Bripaxkaem 61arogapaocts A. H. BopbyHoBy, crapmemy
MIPEToIaBaTe/i0 KadeIpbl MATEMATHIECKOTO aHAIN3a U TeO-
pun GYHKIHUIA, 38 TOMOIIL B 0O(DOPMJIEHUN PYKOITHCH.

Hazeemcest, aTo nipeyiaraemoe mocodue cTaHeT MoCIOpheM
B U3YYEHUHU TPYIHOIO DA30BOI0 Kypca U IOMOXKET COPMHUPO-
BaTh HEOOXOIMMbIE HABBIKH CAMOCTOATEIbHON PabOTHI.

Asmopuot



1. DJaeMeHTbI MaTeMaTUYECKOIl JIOTUKNI

4I3BIK, HA KOTOPOM TOBOPUT MaTeMaTuKa, ToueH. Kak Jo-
60i1 SI3BIK, OH COJEPYKUT CBOM €IUHUIILI. TaKUMU €MHUIIAME
CJTy?KaT BBICKA3bIBAHWUS WJIM YTBEPXKJIEHUA. B PyCCKOM S3bI-
KE BBICKA3BIBAHUIO COOTBETCTBYET IOBECTBOBATE/IHLHOE IPE/I-
Joxkenne. Kazkoe yTBepK/ieHre B MaTEMATHKE pACCMATPUBA-
eTCs ¢ TOYKH 3pEHUsT ero KCTUHHOCTH WK JIOXKHOCTH. Harpu-
MeD, MpeJIoKeHne « 3emas epawaemcsa 6okpye Coanua» ecThb
HNCTUHHOE BBICKA3bIBAHUE, & Mpejiokenne « Jucaio 6 deaumcs
Ha 4 » SABISETCS JIOXKHBIM BhICKa3biBanueM. [Ipesioxkenne xe
«Komopuuti wac?» BOODIIE He sIBJISIETCS BHICKA3BIBAHUEM.

Broickasbisanus (yTBepKierusi) 6yeM 0003HAYATh 3ar/1aB
ubivMu OykBamu A, B, C ... Eciu Boicka3zbiBanne A sBiisieTcs
UCTUHHBIM, TO TOBOPSIT, YTO OHO NMPUHUMAET 3HAYEHUE «U»> —
uctuna, n 3anuceiBaior: A = u. Ecin BoickasbiBanue B siBiisi-
eTcst JIOXKHBIM, THIITYT: B = A.

W3 BBICKA3BIBAHUI MOXKHO TIOJIy9aTh HOBBIE BBICKA3bIBa-
HUSI C TIOMOIIBIO CJIEJIYIOINIIX OTEPAIAN «U», <Ay, <HEe», Ha-
3BIBAeMBIX Oyeavmuf]

Onpeaenenne 1.1. Ompuyaruem BbicKa3biBannsa A Ha-
3BIBAETCS TaKOe BbICKa3biBaHUe, 0bo3Hadaemoe - A (uuraer-
cst: «He A»), KOTOpOe SBJISIETCsI HCTUHHBIM, eCin A JIOXKHO, U
JIOXKHBIM, €CJIM A UCTUHHO. DTy CUTYaIUIO MOKHO U300Pa3uTh
C TTOMOIIBIO MAbAULYBL UCTRUHHOCTIU

A | A
u A
A U

L' B wects anrmmiickoro matemaruka Jicopdoica Byaa (1815-1864),
CUMTAIOMIErOCsd OTIOM MaTeMaThdeckKoil jgoruku. COo3maHHbIE UM MaTe-
MaTUYECKHUI anmnapaT B COCAUHEHUM C JIBOMYHOU CHUCTEMON CUYUCJICHULA
IpUBEJT K CO3IaHUIO TN(MPOBOTO IJEKTPOHHOTO KOMITHIOTEPA.
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Onpenenenune 1.2. Konustonkyuet BbicKazbiBanmit A u
B HasbiBaeTcs BbICKasbiBauue, obozHauaemoe A A B (anraer-
cst: «<ut A, u B»), KOTOpO€e UCTHHHO, €CJIM UCTUHHBI 008 BbICKa-
spiBanus A u B, u JIOXKHO, €C/iu XOTsi Obl OJIHO U3 BBICKA3bI-
BaHUil JIOKHO, T. €. B OCTAJIbHBIX CIydasX (CM. TabJIuILy):

A B ANB

S| g
S|e|ls <
S|l

Onpeaenenne 1.3. /[ussronkxyuetl BbICKa3biBaHuit A n
B mnaseiBaeTcs BbICKasbiBaHme, obosnadaemoe A V B (unta-
ercs: «um A, Wi B»), KOTOpOe JIOXKHO, eC/Ii JIOXKHBI 00a,
BbICKa3biBauust A 1 B, U UCTUHHO B OCTAJIbHBIX CJIydasx (CM.

TabJIuILy ) :
A B | AvB
u u u
u ) u
) u u
A ) A

Kpowme Toro, mis cocraBienusi BBICKA3bIBAHUN UCIIOIB3Y-
eTcd CIIeaylonad Olepalnd.

Onpenenenune 1.4. Umniukayuetl BbICKa3biBaHW A 1
B nasbiBaeTcs BbICKasbiBanme, obozHadaemoe A = B (unta-
ercst: «u3 A cienyer By win «eciam A, 1o B» ), KOTOpoe JIOXK-
HO, ecsin A UCTUHHO, & B JIOXKHO, ¥ UCTHHHO B OCTAJIbHBIX
caydagx (eM. Tabimiy):
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s|s(ele|n
slels|e|w
slsls =]y

Jpyrumu cjioBamu, B MaTeMaTUKe W3 UCTUHHOTO yTBEp-
JKJIEHUS MOYKHO IOJIYYUTH TOJIBKO UCTHHHOE, & W3 JIOZKHOT'O
MOYKET CJIeJIOBATh KaK UCTHUHHOE, TaK M JIOYKHOE BBICKA3bIBa-
HUE.

Bcem Teopemam T' B MaTeMaTHKe, KaK BBICKA3bIBAHUSIM,
MOXKHO NPUJIATH BUJ] UMILIUKAIIUU JBYX YTBEPKJICHUI:

T= (A= B).
BrickasbiBanne A Ha3bIBAIOT YCA068UEM TeOpeMbl 1 WIH TeM,
YTO JIAHO B TeopeMe, a BhICKa3bIBaHue B — 3axa0ueruem Teo-
peMbl 1" wiau Tem, 4To Tpebyercd JoKa3aTh. lIpu 3TOM BbI-
CKasbIBaHMe B Ha3bIBAIOT HEe0OTOUMDBIM YCAOBUEM ISl BbI-
ckasbiBaHnsa A, a BbICKasbiBaHue A Ha3bIBAIOT JOCTAMOYHbIM
YCA0BUEM JIJI BbICKA3bIBAaHUA B.

IIpumep 1.1. T' = «Bce HaTypaJbHbIE YHUCIA, ICJsI-
mmecsd Ha 4, JAedaTcs Ha 2» Wid wHade: 1 = «ec/in IUCI0 &
JenTcd Ha 4, TO 9UCJIO T JAEJIUTCS Ha 2».

3iech puBeieHa UMILINKAINSA, KOTOpas UCTUHHA, U BbI-
CKasbplBanne B = «4nciIo ¥ JeJuTcd Ha 2» €CTh HeOOXOIUMOe
ycJIoBHE JijIsI BhICKasbiBaHust A = «ancio x jgeaurcs Ha 4», a
BbICKa3bIBaHue A sIBJIIETCsI JOCTATOYHBIM YCJIOBHEM JIJIsI BbI-
cKka3biBaHus B B 310t Teopeme T'.

Omnpenenenne 1.5. Ixsusanenyueti BbickasbiBaumii A n
B masbiBaercs BbiCKasbiBaHue, obosnadaemoe A < B (unra-
ercs: «A SKBUBAJIEHTHO B», min «A Torja m TOJbKO TOT/IA,
korja By, min «A paBHOCHIBHO By, min «Jjist A HeoOXo1mMo
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U JIOCTATOYHO B»), KOTOpOEe MCTHHHO, KOTJa BBICKA3BIBAHUSI
A n B NCTHUHHBI UJIN JIO2KHBI OJJHOBPEMEHHO.

Hapsiy ¢ A < B B 9KBUBAJICHIIUN KCIIOJIB3YETCs 3AINCD:
A= B.

Nrak, mpu moMoIu JOruaecKux orneparuii moCTpoOeHO MHO-
JKECTBO BBICKA3BIBAHUI, KOTOPOE HA3BIBAIOT A42€0D0T 6biCKa-
3vt6anul.

OcHoBHBIE HOPMYJIBI AIreOphl BBICKA3BIBAHUI CJIEIYIOIIIIE:

1) ~(-4) = A
2) 3akoHbI ducmpubymusrocmu (pacIpeeuTe/IbHbe 3a-
KOHBI):

AN(BVC)=(ANB)V(ANC);
AV (BANC)=(AVB)AN(AV(O);

3) sakonnl je Moprana}
~(AAB) = (=A)V (=B);
~(AV B) = (=A) A (=B);

4) A= B=(-A)V B;

5) -(A= B)=AA(=B).

D1 HOPMYJIBI MOTYT OBITH JIOKA3aHbI CDABHEHUEM COOT-
BETCTBYIOHINUX Ta6JII/IH NCTUHHOCTH.

IIpumep 1.2. JJokaxem dpopmysy 5). Tabauna ucrun-
HOCTH JIJIsl YTBEPKJICHUS B JIEBOI YaCcTU UMEET BU/I:

A| B |A=B |-(A= B)
U u U A
U A A u
A u U A
A A u A

2 Oeacmec de Mopean (1806-1871) — moTancKuit MaTeMaTHK, JIO-
I'MK, OCHOBOIIOJIOXKHVK JIOTMYECKO}l TEOPUH OTHOIIEHHMIA.

12



A Tabimuia MCTUHHOCTH JJIsi YTBEPXKJIEHUS B IPABOl dacTu
nMeeT BUI:

—~B | AA(-DB)

s|s|e|e|n
slels 2w
SRS
sle|e|s

CpaBHEBast 9TU TAOIUIBI, BUJUM, UTO YTBEPXKJICHUS B IIPABOI
1 JIeBOI YaCTU NPUHUMAIOT OJMHAKOBbIE 3HAUEHUS.

Yupakaeuune. C HOMOIILI0 TAOJIUIT UCTUHHOCTHA JTOKa-
)kure hopmysl 1)—4).

Crenyrorme NMILTUKAIINT HOCAT HA3BAHUS:

T = (A = B) — npamas meopema,
T = (B = A) — meopema, obpamnas x npedvdyuiet.

CupaejiyinBa popmyJia:
(A= B) = ((=B) = (-4)),

KOTOpad CJIY2KHUT OCHOBOM JJII PACIIPOCTPaHEHHOI'O B MaTeMa-
THKE JIOKa3aTeJIbCTBA METOJOM <«OT IIPOTHUBHOrO». /leiicTBu-
TeJIbHO, JIeBast 9acTh (POPMYJIbI JIOYKHA TOTJIa W TOJBKO TOT/IA,
korya A = u, a B = s Ho u npaBasi 9acThb JI02KHA TOXKE TOJTh-
KO B 9TOM CJIy4ae.

Cremyer OoTMeTUTDb, UTO U3 UCTUHHOCTU IIPSIMOil Teope-
MBI €Ille He CJIeJlyeT UCTUHHOCTb OOpaTHOW K Heil TeopeMbl,
Kak 970 BHUHO u3 npuMmepa [L.I} B pasoGpanHOM HpumMepe u3
yTBepKieHus B He cieayeT yrBepkiaenne A, IoToMy 9To, Kak
U3BECTHO, CYIIECTBYIOT YeTHbIEe 4YUCja, He KpaTHble YeThbIpeM
(nampumep, 2).
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IIpedurxams u KeaHMOPHL

Onpeaenenne 1.6. Cy:kieHne, 3aBUCAIIEE OT IIEPEMEH-
HOM BEJIMYMHBI, KOTOPOE TIPH MOJACTAHOBKE 3HAYEHUIT IIepeMeH-
HOI'O CTAHOBUTCS BBICKA3BIBAHUEM, HA3BIBAIOT NPEOUKAMOM.

IIpumep 1.3. A(x) = «crymeHt z yuumrcsa Ha DU3U-
4eCKOM (haKyJIbTeTe» €CTh MPEINKAT, 3aBUCAIIHIT OT OJHOTO
nepeMeHtoro x. 3aech A(x) — ommomectHslit npeukar. Hepa-
BercTBo B(z,y) = 2 +y? > 0 upejcrasiger coboii 1ByMect-
HBII ITPEINKAT.

Kak u 1151 BbICKa3bIBaHUii, C TTOMOIIBIO JIOTHIECKUX OIle-
pamuit A |, V, , =, < MOXKHO CTPOUTL HOBBIEC IIPEINKATHI,
U MBI MOJIy9IUM a.a2ebpy npeduxamos. HoBble npeankarsbl u
BBICKAa3bIBaHUS MOXKHO CTPOUTH U3 NPEIUKATOB TaKXKe C I10-
MOIIILIO CUMBOJIOB, HA3bIBAEMBIX KEAHMOPAMU:

3 — keanmop cywecmeosanus (AUTACTCS: «CYMIECTBYET,
«HaiiIeTcs» ),

YV — keanmop eceobuynocmu (TUTACTCS: «JJIst JTIOOOTO,
«JUIST BCSKOTOY, «JIJIs BCEX» ).

Onpenenenne 1.7. Vz : A(x) (uuraercsa: «das ecexr x
A(x)») — BbICKa3bIBaHKe, KOTOPOE MCTUHHO, €CJIH IIPEUKAT
A(x) mcrunen Jyis BceX T U3 €ro 0OJACTH OIpENesIeHns, U
JIO2KHO — B IIDOTUBHOM CJIy4ac.

IIpumep 1.4. YrBepxKaenue «ao0oit crynent YpdDy
yanrcss Ha dusmdeckoM dakyabrere (PD)», koropoe dop-
MaJIbHO MOYKHO 3alliCaTh B BUJE:

Vo € Yp®V : {cryaent = yunrcs Ha D},

€CTDb JIO2KHO€ BBICKa3bIBaHHE.
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VTBepKIeHne «KBaJIpaT AefCTBUTEILHOIO YUCIa €CTh TNC-
JIO HEOTPUIATEIbHOE», (POPMAJILHO 3aIUChIBACMOE B BUJIE:

VeeR: 22>0,

€CTb UCTHUHHOE BbICKa3bIBaHUE.

Ounpenesienne 1.8. Iz : A(z) (duraercs: «cywecmsy-
em x, A(x)») — BbICKa3bIBaHUE, KOTOPOE MCTUHHO, €CJIH IPe-
qukar A(z) BCTHHEH Ha KAKOM-TO KOHKPETHOM & U3 €ro 00JIa-
CTU OIIpeJIe/IeHVsl, U JIOZKHO, ec/in Ipeaukar A(x) JoxKeH npu
BCEX X U3 ero 00JIacTH OIIPEJIeIeHNS.

ITpumep 1.5. YrBepxkjenue «Ha HU3nIecKoM hakKy/ib-
TeTe yuaTcs JAeBYIIKIy, KOTOPoe (hOPMATLHO 3aIlIUChIBACTCS B
BU/JIE

Ja : {meBymika x yunrcsa na dbusuueckoM hakynbrere}

€CTh MCTUHHOE BBbICKA3bIBaHUE, TaK KaK, KOHEIHO, Ha (PU3N-
qecKoM (PaKyabTeTe YIUTCS XOTs Obl OJIHA JICBYIIIKA.
BoickasbiBanue 3z € R: 22 4+ 1 < 0 — j1o:xHOe.

[Tocrpoum orpurianme BbickasbBanusa ¥V : A(x). Ecian
JIAHHOE YTBEP)KJEHWe He MMeeT MecTa, To cyxkieHume A(z)
FIMEET MECTO He ISt BCEX T, T. €. CYIIECTBYET JIEMEHT X, JJIs
koroporo A(x) He mmMeer mecra:

(Vo : A(z)) = (3z: ~A(z)).

IIpumep 1.6. Oaun MajeHbKUI MaJIbIMK OYEHb I'Da-
MOTHO IIOCTPOWJI OTPHUIAHUE yTBep:KieHnsa «Bce mern jrodsT
kamry». OH mogyMmaJ U, PemnuTeIbHO OTOABHHYB OT Cedsl Ta-
peJiKy, ckazaJj: «He Bces.

CoBepIieHHO aHAJIOTUTHO

=3z : A(z)) = (Vo : -A(z)).
15



Takum obpazom, YTOOBI IOCTPOUTH OTPUIIAHHUE JIOTHIE-
CKOIT (POPMYJIBI, COJIepsKallleil KBAHTOPHI, HEOOXOINMO KBaH-
Top V 3aMeHUTH Ha KBaHTOP I, a KBAHTOp J 3aMEHUTH Ha
KBaHTOp V U IpeJINKAT 3aMEHUTh Ha €ro OTPUIlaHUE.

IIlpumep 1.7.

(Vo : {Fy: [Vz: Az, y,2)]}) =
=dz: -{Jy: [Vz: A(z,y,2)]}
=dz: {Vy: [Vz: A(z,y,2)]}
=dz: {Vy: [Fz: -A(x,y,2)]}.

SaMeTI/IM, 4TO CKOOKHU 1 JABOCTOYMNA MOXKHO YaCTUYHO UJIN

BOBCE OITyCKaTh IIPU 3aIUCU TAKOr'0 POJa JIOTHYeCKuX hop-
MYJI, €CJTA He BO3HUKAET PA3HOUTEHUIA.



2. DJeMeHTBbI TEOPUM MHOXKECTB

2.1. Ilomgarme MHOXXKeCTBa

[TonsaTue MHOXKECTBA B MaTeMAaTHKe PACCMaTPUBAECTCH KaK
MEPBUYHOE, HEOIPEJIEIsieMOe TIOHATHE.

Mo mmoorcecmseom GyieM TTIOHUMATH COBOKYITHOCTD (HLIH
CeMelicTBO, WIn cobOpaHue, WIN KJacc) OObeKTOB, 00JIa1aio-
X OIpeJIeJIeHHBbIM TIpu3HakoM. Hampumep, MHOXKeECTBO Jie-
PEBLEB B TapKe, MHOXKECTBO 3Be3/] HA HeOe, MHOXKECTBO CTY-
JIEHTOB B ay/IUTOPUH, MHOYKECTBO HATYPAJbHBIX UUCE], MHO-
JKeCTBO KOpHeit ypasnenus 2 — 3x + 2 = (0, MHOJKECTBO Tpe-
YTOJTbHUKOB Ha IJIOCKOCTU H T.]I.

OObekThI, 0bJIajIafoNe TUM TPU3HAKOM, Ha3bIBAIOTCs
anemernmamu mroocecmsa. MuoxkecTBa OyjieM 0003HAYATE 38~
rytaBabiMu OykBamu A, B, C . .., a9JIeMEHTBI 9TUX MHOYKECTB —
CTPOYIHBIMU OYKBaMu a, b, ¢, . ... MHOXKeCTBO codeporcum ite-
MEHTBI, & JIEMEHTBI NPUuHadLexHcam MHOXKecTBY. st 0bo-
3HAYCHUS MTPUHAJICKHOCTUH HUCIOIb3yeTcd 3Hak €. Ecmm a
€CThb 3JIEMEHT MHOXKeCTBa A, To 9TOT daKT 3alIUChIBAETCA TaK:
a € A. Bamuck b ¢ A o3Havaer, 9TO JIEMEHT b HE IIPUHAJIC-
xxut MHOKeCcTBY A. Tak, nmeem 3 € Z u % ¢ 7.

MuoxkecTBa JiesiaTcd Ha Koneumnwvie u beckoneunvie. Ha-
npumep, muoxkectBa N, Z, Q, R GeckoHeUHBI, a MHOKECTBO
KopHeit ypasaenus z2 — 5z + 6 = 0 Koneuno. MHoxecTso, He
coJlepzKalliee 3JIEMEHTOB, Ha3biBaeTcsd nycmoim. 1lycroe mHO-
JKeCTBO 0003Hagaercsa cuMBosioM (). 3ammuch

C={xeB|Px)}

0003HAYAET MHOXKECTBO, COCTOAINEE U3 BCEX TeX M TOJIBKO TeX
9JIEMEHTOB MHOXKECTBa BB, KOTOpbIe 00/1a/1a10T cBoiicTBOM P ().
Hanpuwmep, {x € R | 0 < z < 1} — MHOXKeCTBO Tex Jieil-
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CTBUTE/IbHBIX YUCEJI, KOTOpbIe 00JIaJIaI0T CBOWCTBOM OBITH He
MEHBIIE HYJId U He OOJIbIE €IMHUIIbI.

Onpenenenue 2.1. MuoxectBo Y HasbiBaeTCs nodmHo-
2HCECNBOM MHOXKECTBa X , €CJIN JIF00OI 3JIeMeHT MHOXKeCTBa Y
SIBJISIETCSI 9JIEMEHTOM MHOXKeCTBa, X . DTO 0003HATAETCS 3AIIH-
coio Y C X.

B kBanTOpax 31O OIpeieeHne MOKHO 3aITUCATE CJIeTY0-
UM 0Opa3oM:

VyeY : :yeX.

Hampuwmep, {1,2} € {1,2,-1}, NCZ,ZCQ,Q CR.

U3 onpe/ie/ieHust MOJMHOYKECTBA CJIEJLYET, YTO BCSIKOE MHO-
JKECTBO ABJISETCS TTOJMHOKECTBOM CaMOro cebsl, & MyCToe MHO-
JKECTBO ABJISCTCA MOIMHOMKECTBOM JIFOOOT0 MHOMKECTBA.

IIpumep 2.1. Pemum ciiegyonyo mpocTyio 3aJ1aqdy:
HaiiTh Bce MOJMHOXKecTBa MHO)KecTBa { 1, 2, 3}. OdeBumHO, 9TO
9TO MHOZKECTBO UMeeT BoceMb ogmMuozkects: (), {1}, {2}, {3},

{1,2}, {1,3}, {2,3} u {1,2,3}.

Onpenenenune 2.2. MuoxectBo X pasho MHOXKeCTBY Y,
€CJIH JII0OOM 9JIEMEHT MHOXKECTBa X SBJISIETCS 9JIEMEHTOM MHO-
KecTBa Y 1 JII000It 9JIEMEHT MHOXKECTBa Y sABJISETCs JIeMeH-
ToM MHOXkKecTBa X . Ipyrumum cimosamu, ecim X m Y cocrodr
U3 OJIHUX U TeX 2Ke djieMenToB. Ha mucbMe 310 obo3navaercs
oObraHBIM Obpazom: X =Y.

N3 ompesiesienuii ciemyer, 9To MHOXKeCTBa X W Y PaBHBI
TOrJia U TOJIbKO Toraa, kKorja X CY nY C X.

IIpumep 2.2. MHOX)eCTBO KOpHEil ypaBHEHHUS

22 =622+ 11l —6=0
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pasno MHOXKecTBY {1, 2, 3}, a MHO)KecTBO {51, 2, 3} paBHO MHO-
xkectBy {3,2,51,2}.

BamMeTnM, 9TO, MEePednc/ids JeMeHThl MHOYKeCTBa, IPH-
HATO 3alUChIBATh KarkKIbIi M3 HUX TOJBKO oJauH pa3. [loz-
YepKHEM, UTO 10 ONpeJIeJIEHUIO PABEHCTBA HEBAYKHO, B KAKOM
MOPSJ/IKE TIEPETUCTTOTCS SJIEMEHTHI.

2.2. Omnepanum HaJ MHOXKeCTBaMU

PaccmoTpum citemyionue orneparuu Hai MHOXKECTBaAMU: TIepe-
cevyeHne, oObeIuHEHNe, JIONOHEHNE U Pa3HOCTb. DTU OIepa-
U HA3BIBAIOTCA OYAE6bLMU. YCTAHOBUM OCHOBHBIE CBOMCTBA
OyJIEBBIX OIEepAIINii.

Onpenenenne 2.3. Ilycrs X u Y — HEKOTOpbIe MHOXKE-
crBa. Torma nepeceuernuem muoxkectB X u Y Ha3bIBAETCST MHO-
JKECTBO

X(\Y={z|zeXurey}

obsedunernuem MHOXKECTB X W Y Ha3bIBAETCS MHOXKECTBO
XUY:{m\xEXI/UH/Ia:EY}.

Hanpuwmep, ecim X = {2,4,6,8,9}, Y = {1,3,6,9}, 1o
XY =1{6,9}, a X UY = {1,2,3,4,6,8,9}.

OTMeTrnM OCHOBHBIE CBOMCTBA BBEJIEHHBIX OIEPAIIMIA:
1) XN X = X — udemnomenmnocmo nepeceverus;
2) XJX = X — udemnomenmmocmv obsedunenus;

3) XNY =Y N X — koumymamusrocmov nepeceuenus;
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4) XUY =YX — wommymamusnocms obsedunenus;

5 (XNY)NZ=XNYNZ) - accoyuamusrocmo
nepecevenu;

6) (XUYYUZ=XUXY UZ) - accoyuamusrocmo

obsedurenun;

N XOAYUZ) = (XOY)UXNZ) - ducmpubymus-

HOCMbB NEPECEHEHUA OMMHOCUIMENBHO 065€0UH6HU,}Z;

8) XUYNZ) = (XUY)NXUZ) - ducmpubymus-

HoCMb 006e0UHEHUA OMHOCUMEADHO nepeceverHUuA;
9) XN0 =0
10) X0 = X.

Jloka3aTebCTBO OTMEUYEHHBIX CBOCTB IPOJIEMOHCT-
pupyeM Ha npumMepe Toxkaectsa 8). Haso qokazars, 1T0 JIio-
ooit snement muoxkecrsa X (J(Y () Z) npunayreskur MHOXKe-
crBy (XUY)N(XUZ), u obpatno.

[Iycrs a € XYY Z). Torna a € X wm a € Y[ Z.
Ecm a € X, 10 a € X{UY nua € X{JZ, u nosromy a
IPUHAJJICIKUT UX IIepecevdeHnIo, T. e. npapoil dactu. Ecim
ke a € Y(Z,10a € Y ua € Z. Orciona cienyer, 9to
a€ XUY nae XJZ, 1. e a npuHayiexkuT u ux mnepece-
YEHUIO.

Jokazkem obparnoe BK/o4YeHue. Ilycrs Tenepsb
ac (XUY)NXUZ). Tormaae XY na e X|JZ. Ecin
a€ X, roae XYYNZ). Eciu xxe a ¢ X, To u3 ycouii
a € XUY wa e X|UZ crenyer, uto a € Y na € Z, a
snaunt, a € Y () Z, caeposarensho, a € X (J(Y () Z). O
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Onpeaenenne 2.4. MuoxKecTBo £ Ha3bIBACTCS YHUBED-

canvHulm st cucreMbl MHOXKecTB A, B, C, ..., ecan Kaxoe
u3 MHOXKecTB A, B, C, ... 9BIsgeTca MOIMHOKECTBOM MHOXKe-
cTBa £.

Kak BujHO M3 onpejie/ieHns, YHUBEPCATHLHOCTL MHOYKE-
CTBa $IBJISIETCS OTHOCUTEIbHBIM ITOHSATUEM: JIJIsI OJTHOU CUCTe-
MBI MHOKECTB JJAHHOE MHOYKECTBO Oy/IeT YHUBEPCAJIbHDBIM, JIJIs
apyroit — Her. Ecim paccMaTpuBaloTcs YMCIOBbIE MHOXKECTBA,
TO B Ka4decTBE YHUBEPCAJIBLHOI'O HEPEJIKO OepyT MHOYKECTBO
BCEX JIEMCTBUTEIBHBIX YMCEJT, €CJTH PACCMATPUBAIOTCA T€OMET-
pudeckue (pUrypbl IJIaHUMETPHH, TO B KA9eCTBE YHUBEPCAIb-
HOI'O MOYKHO B3ITh MHOXKECTBO BCEX TOYEK IIJIOCKOCTH.

Omnpenenenue 2.5. [lycts £ — yHUBepcaJbHOE MHOMKE-
CTBO JIJIsl JJAHHO CHCTEMbI MHOYXKeCTB, X — HEKOTOPOe MHOKe-
CTBO 3TOi1 cucreMbl. /lonosnernuem MHOKecTBA X HA3BIBAETCS
MuOKecTBO Ce X (mmm mpocto C'X) Tex 31eMEHTOB YHUBED-
CAJILHOTO MHOXKECTBa, KOTOpbIe He MpuHajiexkar X.

Hanpumep, ecim X = {1,2,4,6,7,8}, a yHuBepcaIbHOE
MHOXKECTBO — MHOKECTBO BCEX JeCATHIHBIX 1udp, to CX =
{0,3,5,9}.

CrupaBe/JiuBbI pABEHCTBA!

1) XNEé=X;

2) XUE=¢;

3) C& =10

4) Ch=E.

3aKOHBI IBONCTBEHHOCTH:
5 C(XNY)=CXUCY;
6) C(XUY)=CXNCY.

Homarmnee 3aganne. lokasars Toxgectsa 5) u 6).
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Onpenenenune 2.6. [Iycte X u Y — HekoTopble MHOMXKe-
ctBa. Paznocmuvio MmuoxkectB X u Y Ha3bIBAae€TCs MHOYKECTBO

X\Y ={z|lreXnzx ¢V}

Hanpumep, ecoim X = {1,3,7,8 9}, aY = {5,6,7,8}, 10
X\Y = {1,3,9}.

Paznocts J1erko BhIpazkaeTcs dyepe3 BBe/IeHHbIE paHee Olle-
paruu. /lelicTBUTEIHLHO, HETPY/IHO ITOKA3aTh, YTO

X\Y = XNCY.

ByieBsr onepanuu 1os1e300 WITIOCTPUPOBATH PUCYHKAMI,
KOTOPbIE YacTO HasbIBaloTcs duazpammamy Stisepa—Bernnd]
Ha s1ux qumarpamMMax MHOXKECTBO H306parkaeTcsl B BUJE MHO-
ZKeCTBa TOYeK IIJIOCKOCTU, OIPAHUYECHHOI'O HEKOTOPOU JIMHUEH.

Hanpumep, na juarpammax puc. 2.1 u puc. 2.2 MHOXKe-
crBa A u B mipeJicTaBiieHbl B BUJIe JIBYX OBAJIOB, YHUBEPCAJIb-
HOe MHOXKECTBO — B BH/IE IPSMOYTOJBHUKA, U N300PaAKEHDI
coorBercTBeHHO MHOXKecTBa A|JB u A() B (ue 3amrpuxo-
BAHHBIC) U UX JIONOJHEHUS (3aIITPIXOBAHHBIC).

Puc. 2.1

3 Jleonapd Diinep (1707-1783) — Buigatomuiicss mBeiiapckuii u pyc-
CKUIl MaTeMaTWK W MeXaHWK. Kro Tpyasl crajgu (DyHIaMEHTAJTBHBIMI
B Takux OOJIACTHAX, KAK MAaTEMATHIECKUil aHaIu3, auddepeHnabHas
reoOMeTpUsl, TEOPUs duces, HebeCHas MEXaHUKa, MaTeMaTudecKas (hu3n-
Ka, OIITHUKA, OAJITNCTHKA, KOpabJieCTpoeHne, TEOPHsT MY3BIKH U Jp. Jlotcon
Benn (1834-1923) — aHrmmiickuil MaTeMaTHK, JOTHK, (huiiocod.
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Ha amarpamme puc. 2.2 maoxkectBa C'A n C'B 3amTpuxoBaHbl
pa3sHOHAIPABJIEHHBIMI HAKJIOHHBIME JIMHUSIMI, & UX Iepece-
YeHUe MTPE/ICTABIEHO B BHJIE YACTH ITPSIMOYTOJIbHUKA, 3aITPHU-
XOBaHHOI 1 TeMU, U APyruMu JuHusiMu. CpaBHEHMe STUX Tra-
rpaMM HWUTIOCTPUPYET OJIMH U3 3aKOHOB JIBOCTBEHHOCTH (%
Kaxomy?).

2.3. IIpsimoe (Z1lekapTOBO) MpoOuU3BeAeHNE

Onpenenenune 2.7. Ilycte X u Y — HekoTOpble MHOXKe-
crBa. Ilpamovim (@empmoebmﬁ) npouseedenuem X X Y MHO-
KecTB X 1 Y Ha3bIBaeTCsd MHOMKECTBO BCEBO3MOXKHBIX YIIODSI-
JOYEHHBIX 1ap (Z,y), nepBas KOMIOHEHTa KOTOPBIX MPUHA]I-
JekuT X, a BTOpas IPUHAJJIEKUT Y .

[Ipsimoe ipousBeieHnEe OTMHAKOBBIX MHOYXKeCTB X X X 000-
snagaioT X2

IIpumep 2.3. Ecoim X ={1,2,3}, aY ={5,7}, 10
X xY ={(1,5),(1,7),(2,5),(2,7),(3,5), (3,7)}.

[Tocsie BBeieHMS cUCTEMBI KOOPUHAT Ha, IJIOCKOCTU KaXK-
JIOI TOUKE COOTBETCTBYET YIIOPSI0UCHHAS ITapa JICHCTBUTE /b
HBIX Yncesl (KOOPAMHATHI 9TOH TOUKM), M KayKJas yIopsijio-
YeHHasd I1apa Yucesl OJJHO3HAYHO OIPEJIE/IIeT TOYKY ILJIOCKO-
CTU. DTO MOKA3BIBAET, YTO KOOPMHATHYIO ILJIOCKOCTH MOYKHO
OTOXKJIECTBUTH ¢ MHOKeCcTBOM R X R = R2.

Orneparus TpsMOro ITPONU3BEIEHNsT JIBYX MHOYKECTB HEKOM-
myTaTtuBHa. lefictBuTenbno, ecim X m Y — MHOXKeCTBa U3
npumepa 2.3, To X X Y me paBuo Y x X.

4 B wects Pené Jlewapma (1596-1650), dpaniyscKoro MaTeMaTn-
Ka, MexaHmka, dmirocoda, ecrectoucnbtaress. Cuuraercs cosgare-
JIEM aHAJIMTUIECKOil reomerpun. Jlaj MOHATHE NEPEMEHHON BEIMYMHDI
u PyHKIUYU, BBEJ MHOI'HE COBPEMEHHbIE ajrebpandeckue 0003HAYeHNs.
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Onpenenenune 2.8. Ilycrs X, Y, Z — HeKOTOpBIE MHOXKE-
crBa. [pamovim (dexapmosvim) npouseederuem X XY X Z Ha-
3BIBAETCS MHOYKECTBO BCEBO3MOYKHBIX YIIOPSI0YEHHBIX TPOEK,
nepBas KOMIIOHEHTa KOTOPBLIX IMPUHAJIEXKUT X, BTOpas — Y,
TPeThd — 4, T. €.

XxYxzZ={(zy,2)lxreX, yeY, z€ 7}

[IpssmMoe mpomsBejieHre OJIMHAKOBBIX MHOXKeCcTB X X X X X
oboznavaor X3,

Hanpuwmep, ecin X = {1,2}, Y ={2,3}, Z = {4}, 10
X xY x Z={(1,2,4),(1,3,4),(2,2,4),(2,3,4)}.

MbI oTMe4YaJin BblIIE, YTO KOOPAMHATHYIO IIJIOCKOCTH MO2K-
HO OTOXKJIeCTBUTH ¢ MHOXKecTBoM R X R. Tpexmeprnoe mpo-
CTPAHCTBO MOYKHO OTOXKIECTBHTH ¢ MHOXKecTBOM R® = R X
R x R. AHaJIOrMYIHO MOXKHO BBECTH IPSMOE IIPOU3BEIEHIE de-
ThIpEX, IIATU 1 JIIO6OFO KOHEYHOI'O YncCJjia MHOXKECTB.



3. Meroa MmaTeMaTU4eCKOl MHAYKIINN

Meto 1 MaTeMaTUIeCKON MHIYKIIUNA — 9TO YA00HBIH 1 3 dek-
TUBHBI WHCTPYMEHT B CJIydae, KOrja HeoOXOJIMMO JOKa3aTh
yTBep:KieHnus 1, 3aBHCAINIE OT HATYPAJHHOIO IapaMerpa
n € N. CocTouT 0OH B CJIEIYIOIIEM.

O603naunM A MHOYXKECTBO BCEX HATYPAJbHBIX UUCE]I, TIPU
KOTOPBIX yTBep:KieHust 1,, MCTUHHBI.

Ha mepsom mmare, waseiaeMoM 6asa undykuyuu (B. 11.),
MOKA3BIBAIOT, IYTO MHOYKECTBO A He IyCTO, T. €. 9TO XOTs OBl
IPU KaKOM-TO N yTBepKjgeHue 1), NCTUHHO.

Ha Bropowm mare (ero nazsiBaior wae undykyuu, 1. 1.)
U3 TOrO, YTO yTBepKaeHue 1), BepHO NIpu n. = k, JIOKa3bIBAIOT,
YTO OHO BepHO Ipu N = k + 1, T. €. MOKA3bIBAIOT, YTO

keA = k+1e A

Ha nocieiaem mmare, HazbiBaeMoOM 3aKA04EHUE UHOYKUUL
(3. I1.), memator BBIBOJ, 9TO cepusi yrBepxKjaenuii T, BepHa
IIPU BCEX 11 = Ny.

HeificTBuresbHo, eciiu yrBepzKaenue 1, BepHO, TO, 110 J0-
Ka3aHHOMY Ha Iare WHIYKIUU, CJIEJIYET, YTO yTBEPIKJIEHUE
T,,,+1 Toxke BepHO. [lockonbky T),,41 BEpPHO, TO BEPHO U 1}, 12,
u T. JI.

IIpumep 3.1. Jlokaxkem HEpaABEHCTBO BepHyﬂnMﬂ [IycTn
X1, To, ..., T, — IUCTA OJHOIO 3HAKa U Bce Oosbiie —1. Torma
JUTs JTIOO0OTO HATYPAJJIBLHOTO 1

(I+az)(I+a)...14+ax,) 2 1+x1+22+ ...+ 2. (3.1)

= o

° Hassano B wectb Hoanna Bepnyasu (1667-1748), mBeitnapckoro
MATEMaTHKa ¥ MEXaHWKa, OJHOTO U3 IEPBBIX Pa3pabOTINKOB MaTEMATH-
YECKOro aHAJIHM3a.
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1. B. 1. Bozbmem n = 1. Toria B JIeBO#l 9acTH MOJIy IATCS
OJWH MHOXKHTEJb — 1421, a B IpaBoil — 1Ba cjlaraeMbIiX: 14x.
To ecTtb uMeeT MecTO paBeHCTBO

14+x21 =1+ 2.
2. I. M. ITycTb BepHO HEpaBEHCTBO
(I4+z)(A+mz)...(14ap) 2 1+z+a2+ ...+ 25 (3.2)
[Tokazkem, 9TO TOT I8 HEPABEHCTBO

(I4x1)(14x2) ... (A+zg) (I4+xks1) = 1421420+ . A Tp+Tps
(3.3)

TaKzKe BepHO.
YMHOKUM 00€ 9aCTH HEPaBEHCTBA Ha (1+2441) > 0:

(I4+z)(I+a2)...(L4+x) (1 + x41) =
>(14+az+x+ ...+ ap)(l+2p4q) =
= 1+r14+xo+. . AT +Tp1 01Tk 1 T2 T 1+ - AT TRt -

[Tocsieame k craraeMbix clipaBa HEOTPHUIATE/IBHBI, TTOCKOb-
Ky BCe YHCIa T; OAHOro 3Haka. OrOpachiBasi UX, HOJIYIHM
HepaBeHcTBO (3.3)).

3. 3. 1. Hepasencrro (3.1)) Bepro mpu sro6om n € N.



4. eiicTBuTresibHbIE (BelleCTBEHHBIE)
qucIIa

4.1. IlIpeacraBjieHne BellleCTBEHHBIX
quceJl B Bujie 0€CKOHEeYHBIX
JOeCATUYHBIX Jpobeii

JI1oboe BelecTBEHHOE YHCJIO G NIPEJACTaBUMO B BHUJE Oec-
KOHEYIHOM JIeCSITUIHON JIPOOu:

a = *Fap,a10s...0p. ..,

Ijle U3 JBYX 3HAKOB £ OepeTcs KaKOH-TO OJIMH: ILIIOC — JIJIs
MOJIOZKUTETHLHBIX YHCeJ, MUHYC — JIJIs OTPUIATETbHBIX TUCET
(3HAK ILUTIOC OOBIMHO He MHUIIEeTCH).

Panuonasibibie dnc/ia npecTaBUMbl B BUJIE TEPHOIIIC-
CKHUX, & UPPAIMOHATIbHbIE YNCIa — B BHJI€ HEIIEPUO/INIECKUX
OECKOHEYHBIX JICCATHIHBIX Jipobeit. Hekoropble parmonaib-
HBble YHCJIa MPEeJICTABUMBI B BUJe KOHEYHOH JApoOW WJIH, YTO
TO XKe caMoe, B BUJle OECKOHEUHON Jpodu ¢ HyJieM B HEPHUO-
ne. Takue dmcsia JIOMyCKAIOT BTOPOE IIPEJICTABIICHUE — B BUJIE
OEeCKOHEYHOI JlecaTudHoi apodu ¢ mudpoit 9 B nepuoge. Ha-
puMep:

1/2=0,500...0...=0,5(0), 1/2=0,49999...=0,4(9).

[Ipu cpaBHEHME BeIECTBEHHBIX YHUCET OyJIeM IO/TH30BATHCS
JUUTsl TAKUX PaIMOHAIBHBIX YHCEs JINIb TepBoil hopMoil 3a-
nucK (¢ HyJIeM B [IepHOJIe).
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Hpasu./zo CPABHEHUSA BEULECTNBEHHBIL YUCEN

[Iycts a = ag,aq,...,ay,,..., b = b, b1,...,b,,... — 1pO-
U3BOJIbHBIE BEIECTBEHHbBIE YHC/IA, [IPE/ICTABICHHBIE B BU/IE Oec-
KOHEYHBIX JIECATUYIHBIX JIpobeii. Hncita a u b Ha3bIBAIOTCS Pas-
nomt (a = b), ecoim OHE UMEIOT OJIMHAKOBBIE 3HAKU W CIIPa-
BeJITUBBI paBeHcTBa: ar = by, k = 0,1,2,.... B nporusnom
cIydae CUMTaeTcs, 9ro a # b.

[Ipu cpaBHeHUN HEpaBHBIX YUCET ¢ U b PacCMOTPUM TpHU
caydasi:

1) a u b — HeoTpunATEIbHBIE YHCTA. TaK Kak a # b, TO
cyIecTByeT HaTypaJjibHoe n wian n = (0 Takoe, 910 ap = by,
k=0,1,...,n—1wu a, # b,. Bysem caurars, aro a > b, ecin
a, > b,, n aro a < b, ecau a,, < by,;

2) a — HeoTpUIATE/IbHOE, b — OTPHUIIATELHOE YUCI0. By-
JIEM CYUTATh, ITO a > b;

3) a u b — orpuraTe/sbHble YnCIa. Bygem cauTarh, 9TO
a > b, ecau |a| < |b).

[To onpesesienuto |a| = a, ecim a — HEOTPUIIATEIBHOE TUC-
JIO, U PABEH —a, €CJIU 4 — OTPUIATE/ILHOE THCIIO.



4.2. AxcumomarmueckKoe onpeaesieHue
MHOXKECTBA BelIeCTBEHHbBIX YMCeJI

HYCTI) Ha HEIIyCTOM MHOzKeCTBe X OoIpeJgesieHbl orepannmn
cstoKenus (0603HAYAETCS CUMBOJIOM + ), YMHOXKeHHs (0603Ha-
YaeTcsi CHMBOJIOM ) W cpaBHEHHsI (0GO3HATAETCS CHMBOJIOM
<):

X, 4+, - <
DTO 3HAYUT, YTO JJIs JIIOOBIX JIBYX 9JIEMEHTOB X,y € X uX
CyMMa T + Yy 1 IIpoUu3BE/iCcHUE X - Iy CHOBa ABJIAIOTCA 9JIEMEH-
TaMM MHOXKeCTBa X, a TaK2Ke M3BECTHO, KaKUM OTHOIIECHUEM
OHHM CBA3aHbI: T < Yy i y g x. OTHOCI/ITe.HbHO BBEJICHHBIX
oriepalnii Mbl OyJIeM IpeJIoJiaraTh BBITOJTHEHTE CJIEJTYIONNX
aKCHOM.

I. AKCMOMBI CJIOZKEHUS

1. Cywecmeosanue netimpanivro2o anemMenma:
J0eX VeeX x+0=uz.

2. Cywecmesosarue 06pamHo20 INEMEHMA:
VeeX daleX x+2=0.

3. AccoyuamusHocms CA0AHCEHUA:
Ve,y,ze€e X (v4y)+z=x+ (y+2).

4. KoMMYymamueHoCmb CAOHCEHUSA:
Ve,ye X zxz+y=y-+ux.

MuoxkectBo X, yraosierBopsoliee yciopusaMm I;—I3, Ha-
3BIBAETCS 2PYnnoti OTHOCUTENIBHO Ollepanui cioxkenus (addu-
mueHrot 2pynnot).

MuoxkectBo X, yiosierBopsmoliee yeiaoBusm 111, nazni-
BAETCA KOMMYMamuerotl (abeae6oti) Tpynnoii OTHOCHTETHHO
OlepaIyy CJIOXKEHUS.
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II. AKCMOMBI YMHOYKEHU S
1. Cywecmeosanue netimpanivro2o 24eMeHma:
JleX VeeX =z-1=u.
2. Cywecmeosanue 06pammo20 INEMENME:
Vee X\ {0} J2'eX =zx-2/=1
3. AccouuamusHocmyd YMHONHCEHUA:
Ve,yze€ X (x-y)-z=z-(y- 2).
4. KoMMymamueHocmy YMHOHCEHUSA:
Ve,ye X z-y=y-2x.
MmuoxkectBo X, yrnosiersopsroriee ycaopusam 11,113, na-

3pIBaeTCd  2pynnoti OTHOCUTEILHO OLEepaIid  yMHOMKCHUSI
(Mmyavmunsukamuerot 2pynnot).

MmuoxkectrBo X, ynosiersopsioniee ycaosusam 11,11, na-
3BIBAETCST KOMMYMamuehotl (abenesot) TpyIInoi OTHOCUTE b
HO OIEPAITUU YMHOZKEHUS.

III. CBaA3b MEXKIY CJIOKEHUEM U YMHOYKEHUEM
Ve,y,z€ X (zr+vy)-z=x-2+y-z

Axcuoma III vHOCHMT HasBanme ducmpubymueHocmd WA
pacnpedeaumesvHvili 3aKoH.

MuoxkectBo X, ynosisersopsioniee akcuomam I-1II, na-
3BIBAETCA NOAEM.

IV. AKCUOMBI TIOPSAIKA
l.Vz,ye X = ax<y wm y<az.
2. Pegpaexcusnocmo:

VeeX z<ux.
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3. Anmucummempu:

r<y nysr = T=y.
4. Tpansumuerocmo:

r<y mysz = z<=z.

MuoxkectBo X, yrosierBopsioriee ycaoBusgM IVo—IVy,
HA3BIBAETCS YACTNUNHO YNOPAIOUEHHDIM MHOHCECTNEOM.

MmuoxkecrBo X, ymosierBopsiomiee ycaoBuam IVi—IV
HA3BIBAETCS 6NOAHE YNOPAJOUEHHDIM MHONHCECTEOM.

V. CBsI3b MEXKY CJI0KEHUEM U OTHOIIEHUEM I10-
PSIJIKA

Ecmr<y,toVzeX = z+2<y+z.

VI. CB43b ME>KIAY YMHOXKEHUEM M OTHOIIEHUWEM
[TOPAIIKA

Ecmzr <y, toVz2>20 = =x-z2<y-z2.
VII. AKCUOMA HEIPEPBLIBHOCTU

IMycte AC X, BC X, A# 0, B# () u njnsa mo0bIx 3J1e-
MeHTOB @ € A u b € B semosiasgerca a < b. Torna malinerca
Takoii saemenT ¢ € X, uyro a < ¢ < b npu 006X a € A n
beB.

MmuoxkectrBo X, ynosierBopsiomiee akcuomMaMm I-VII u co-
Jiepzkailriee 60s1ee 0JHOTO IeMEHTa, HA3bIBAETCH MHOIHCECMEOM
deticmeumenvnox (ewecmeennvixr) wuces. Ero npuasaTo 060-
3HavaTh R.

OmmcanHOe BBIIIE MHOXKECTBO JECITUIHBIX APoOeil u orre-
panuii ¢ HUMHU ABJAAETCA OJHONM U3 BO3MOXKHBIX MOJICJICA MHO-
JKeCTBa JeHCTBUTE/ILHBIX Ynces. [pyrum mpumepom Mojiestn
,ZLeﬁCTBHTeﬂbeIX quceJl ABJIdeTCd YUCJI0Basd IIpAMad.
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4.3. CuaencrBud U3 aKCHUOM
NeiiCTBUTEJbHBIX YHCeJI

Yurare o 1ojae3Ho 6y,H‘eT CaMOCTOATEJIbHO JOKa3aThb HEKO-
TOPbIE, 9aCTO BCTPECYIAIOMHECA CJICICTBUA U3 HpHBeﬂeHHOﬁ BbI-
me aKCuMOMaTHUKH.

1. Eduncmeennocms HYAA.

2. Eduncmeennocmov asemenma, obpammozo omHoCumens-
HO ONEPAUUL CAONHCEHUSA.

3. Vpasnenue a + x = b umeem edurncmeennoe pewerue
r=b—a.

4. Founcmeennocms eQunubl.

5. (EquucTBeHHOCTH 9j1€MeHTa, 06PATHONO OTHOCUTETHHO
onepaiun yMHOXKeHus.) Jlasa awobozo x € R, © # 0, cywe-
cmeyem moavko 00urn 2AEMEeHM, 0OPAMMHBLTL OMHOCUMENLHO
ONePaAYUU YMHONCEHUA.

DJIeMeHT, OOpPaTHBIN & OTHOCUTEILHO YMHOXKEHUsI, OyIeM
obo3HaYATH % Bammuch £ obozHavaeT yMHOMKEHHE Y Ha dJIe-
. 1
MEHT, OOpaTHbI K T, T. €. y + .
6. Jlaa a06020 a # 0 ypasnenue a - x = b umeem edun-
CMBEHHOE PeweHue T = g

7. Jlasa mobozo x € R swinoarsemes 0 - x = 0.

8. Jlas mobozo x € R
—z=(-1)- =,
rae (—x) — obparnerii K o, a (—1) — obparHbIil K 1.

9. (CBOWMCTBO ILIOTHOCTU MHOYKECTBA BEIIECTBEHHDLIX Y-
cen.) aa mobwxr x,y € R (daa onpedesennocmu x < y)
natidemes maxot asemenm z € R, umo v < 2z < y.
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10. Hepasencmea x <y, v —y <0, -y <z, 0<y—=x
PABHOCUALHBL.

Henomopme HYUCA0B8BLE MHOIHCECTNIBA

BermecTBennble 4unciia MOXKHO M300pazkaTh TOYKAMU Ha
KOOPJAMHATHOM 1psimoii. [ToaToMy MHOXKECTBO Beex BEIECTBEH-
HBIX YHCEeJ Ha3bIBAIOT “UCA080U NPAMOTU, & CAMUA YUACIA — MOY-
KaMU, 1 TIPU PACCMOTPEHUN YUCTIOBBIX MHOXKECTB YaCTO TOJIb-
3YIOTCS UX NeOMeTPUYecKoil nureprperarueit. Hanmomuwmm, 1o
K0opIuHamHot NPAmot Ha3bIBACTCS MPIMasi, Ha KOTOPOU BbI-
OpaHbI TOYKA, SBJISIONIASICT HAYATIOM OTCUYETA, MACIITAOHBIHI
OTPE30K U TMOJIOKUTEIbHOE HAIPABJICHUE.

Bynem ucrionb3oBars ciejytonime 0003HaYEHUST U TEPMHU-
HOJIOT'HIO:

N — wmmnooicecmeo 6cexr Hamypasvrvlxr wucen;

L — MHOHCECTNBO BCET UCABLT YUCEN;

Q — mmooicecmeo 6cex PAUUOHANOHBLL YUCEN;

R = (—00,4+00) — MHOXKECTBO BCEX BEIIECTBEHHBIX THCEI
(amcsioBasi mpsiMas );

[a,b] — ceamenm (ompesok), T. e. MHOKECTBO BCEX BeIIle-
CTBEHHBIX YHCEJI X, YIOBJIETBOPAIONINX HEPABEHCTBY

a <z <b

(a,b) — unmepean, T. €. MHOXKECTBO BCEX BEIIECTBEHHBIX
quCesT T, yJOBJIETBOPSIONINX HepaBeHCTBaM a < & < b;

la,b), (a,b] — noayunmepsan (noayceemenm), T. €. MHO-
JKECTBO BCEX BEIECTBEHHBIX YUCEN X, YJOBICTBOPSIONINX CO-
OTBETCTBEHHO HepaBeHCTBaM a < * < b, a < x < b;

(—00,a), (a,+00) — beckorewnvie unmepsaiv;

(—00,al, [a,+00) — ayuu.

CermenT, MHTEPBAJI, HOJYUHTEPBAJ, JIyd, HOJIYIPIMYIO U
YUCJIOBYIO TIPAMYIO Oy/IeM HA3BIBATH TAKIKE NPOMENCYMKOM.
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daemeHmst MONoA02UYU HA YUCA080T NPAMOTL

g-oKpecmHocmvro moyuku T, rae € > 0, Ha3bIBACTCS WH-
tepBai (x — ¢,z + ¢€). O6o3nauaercsa O (x).

MuoxkectBo X C R Ha3bIBaeTCA 0OMKEPLIMBIM, €CIIA JTHO0A
TOYKa 9TOI'0O MHOXKECTBa BXOJUT B HEI'o BMeECTE C HeKOTOpOﬁ
CBOECH €-OKPECTHOCTBIO:

VeeX 3Ie>0 O.(z)CX.

Oxpecmrocmbto TOYKU T Ha3bIBAETCS JIIOOOE OTKPBLITOE
MHOKECTBO, cojiepzKaiiee Touky z. Obosuadaercsa O(x).

IIpoxonromotl oxpecmmuocmovio (e-okpecmmuocmvio) mowky
I Ha3BIBAETCsI MHOZKECTBO OKPECTHOCTH (£-OKPECTHOCTH) C y/1a~
JICHHOI U3 Hee TOYKOM X:

O(x) = O(x) \ {2} (O:(2) = Oc(x) \ {x}).

Yupaxkueane 1. /[okasarhb, 9T0 UHTEPBAJI — OTKPBITOE
MHOKECTBO.

Touka x Ha3BIBaETCA BHYMPEHHET MOUKOT MHONHCECTEA
X, ecim OHa BXOJUT B 9TO MHOXKECTBO BMeECTE€ C HEKOTOPOit
CBOEI OKPECTHOCTBIO:

10(z) C X.

Torma OTKpBITOE MHOXKECTBO MOXKHO OIIPEJIETUTH KaK MHOXKE-
CTBO, BCe TOYKH KOTOPOTO — BHYTPEHHUE.

Touka x Ha3BIBaeTCsT 6HewHel Moukol muoxcecmsa X,
ecJin HailJleTcsi OKPEeCTHOCTh TOYKH X, He IepeceKaroasics ¢
MHOXKECTBOM X :

30(z) O(x)NX =0.
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Touka x HasbpIBaeTCA 2paHUNHOT MOYKOT MHodcecmea X ,
ecau B JIIO0OM OKPECTHOCTH TOYKHM T HAMIyTCsd TOYKHU, MPU-
HaJtexKame X, 1 TOYKU, He [IpuHajiexkanime X :

VO(z) O(x)NX #0 u O(x)NCX #0.

Touka x Ha3BIBACTCS U30AUPOBAHHOT MOYKOT MHONCECTNEA
X, ecsin HaiiAeTCsSI OKPECTHOCTh TOYKH I, B KOTOPOIl HET JIPy-
I'nx TO4YE€K MHOZKECTBa X, KpoMe TOYKH T.

Touka x HasbIBaeTCs npedesvHot MOUKOl MHOHCECTNEA
X, ecmn B J11000i1 OKPECTHOCTH TOYKH X HaiigeTcs: OeCKOHed-
HO MHOTO TOYeK MHOKecTBa X . MHOKECTBO BCeX IMPeJIeTbHBIX
Touek MHOKecTBa X obosnauaerca X' .

Ipyroe orpesenieHne: TOYKa T HA3BIBACTCA NPedeavhol
moukoti mrootcecmsea X, ecian B JIF0OOM ITPOKOJIOTON OKPECT-
HOCTHU TOYKHU T HaiijleTcss XOTd ObI OjTHA TOYKa MHOXKecTBa X :

YO(z) O(x)NX #0.

YupaxkuHenaune 2. /[okazaTb, YTO 3TU ONpPEJIEJIEHUS TTPe-
JEeJbHOM TOYKNU PABHOCUJILHBI.

Touka x HazbIBaETCA MOYKOU NPUKOCHOBEHUSA MHONHCECMEA
X, ecnu B JIIOO0I OKPECTHOCTU TOYKH T HaIeTCd XOTsd Obl 0J1-
Ha TOYKA MHOXKeCTBa X :

VO(z) O(z)nX #0.

COBOKYITHOCTh BCEX KOHEIHBIX TOYEK ITPUKOCHOBEHHST MHOZKE-
crBa X Has3bIBaeTCd 3amovikanuem muoxrcecmea X . Obo3Haqda-
ercsa X.

Ouesnno, aro X C X n X' C X.

MuozxkecTBO X Ha3bIBAETCS 3AMKHYMbIM, €CJIA OHO COIEP-
JKUT BCE CBOM KOHEYHBIE IpejiesibHble Toukn, T. e. X' C X.
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JIpyroe orpejiesieHne 3aMKHYTOIMO MHOYKECTBaA: MHOXKECTBO
X Ha3bIBACTCA 3AMKHYMbLM, €CJIT OHO COBIIAJIAET CO CBOUM
3aMbIKaHueM, T. e. X = X.

Yupaxkuenaune 3. /lokazarb, 4TO 3TU OIpeEJe/IeHNs 3a-
MKHYTOTO MHOXKECTBa PaBHOCUJIHHBI.

Yupaxkuenune 4. /lokazarb, 4TO JONOTHEHNE OTKPBHITO-
0O MHOXKECTBa €CTh MHOYKECTBO 3aMKHYTO€E U JIONOJHEHNE 3a-
MKHYTOI'O MHOYKECTBA €CTh MHOZXKECTBO OTKPBITOE.



5. IloaHoTa 4mcj0OBOII HpPAMOii

5.1. OrpaHu4deHHbIe MHO>KECTBA
JeiCTBUTEJIbHBIX YHCeJ

Onpeaenenne 5.1. Henycroe muoxkectBo X C R Has3bI-
BAETCS 02PAHUYEHHDIM CHU3Y, €CJIN HANJIeTCS TaKoe J1eificTBU-
TeJbHOE YUCJI0, UTO BCE 3JIEMEHTHI MHOXKecTBa X OO0JIbIIE UJIU
PABHBI 9TOMY 9YHCIIY, T. €.

daecR VeeX x2>a.

[Ipu sTOoM 4YmcI0 @, OrpaHUYMBAIONICe MHOXKECTBO X CHUBY,
HA3bIBAETCH HustcHel 2panuyet mHoocecmsa X .

Hemycroe muoxectBo X C R HasbiBaercs ozparuverHbim
c8epITY, eCan HalJIeTCs TaKoe JIefICTBUTEIbHOE YUCTIO, YTO BCe
9JIEMEHTBI MHOXKECTBa X He IMPEBOCXOJIAT 3TOTO YUCTA, T. €.

dbeR VeeX x<b.

[Ipu sroM wucso b, orpannyuBaloniee MHOXKECTBO X CBEpXY,
HA3bIBAETCS 6epTHel eparuueli mHodcecmsa X .

[TorsiTHO, 9TO €ciu a — HUXKHSIST TPAHNAIA MHOXKeCTBa X,
TO 4ncyio a — 1 TakxKe OyJjieT HUXKHe# rpanuteii X, paBHO Kak
u a — 2 u J100oe 9ucyI0, MeHbInee a. 1o ecTh eciu MHOYKECTBO
OrPaHUYIEHO CHHU3Y, TO OHO UMeeT DECKOHEYHO MHOIO HUKHUX
I'paHuIl. AAHa.HOI‘I/I‘{HO7 OI'paHMYeHHOE CBEPXY MHO2KECTBO MME-
eT OECKOHEYHO MHOI'0 BEPXHHUX I'DAHMUIL.

Omnpenenenne 5.2. HauboJibinast u3 Bcex HUXKHUX I'Da-
Hell MHOZKeCcTBa X HA3BIBAETCA MOYHOT HUNHCHET 2PAHDIO MHO-
orcecmea X n obosuadaercs inf X (umraerca: ungumym X).
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Ecim BBecTn MHOXKECTBO
Y = {a € R| a — nmkusas rpanura MaO)ecTBa X },
TO OIpejie/IeHNe TOYHONM HMKHEHl T'pPaHu MOXKeT OBITh chop-
MYJIIPOBaHO cJieyronum obpaszom: m = inf X, ecin
1) meY;
2) VaeyY a<m.

AHaJIOrnYHbIM o6pa30M OIIpeJIe/IA€TCA TOYHaAd BEPXHAA
I'PaHb MHOZKECTBA.

Onpenenenne 5.3. Hanvenbiass 13 BcexX BEPXHUX I'Pa-
Hell MHOXKecTBa X Ha3bIBAETCST oYM 6EPTHEL 2PaHLIO MHO-
orcecmea X u oboznavaercst sup X (uuraercs: cynpemym X ).

Eciin BBecTH MHOXKECTBO
Z = {b € R| b — Bepxuss rpannna MHOKeCTBa X },
TO ONpEJIeJICHIe TOYHOM BEpXHEH IpaHn MOKeT ObITh chop-
MyJIMPOBAHO cJiejytonmm obpasom: M = sup X, eciu
1) M e Z;
2) Vbe Z b> M.

Omnpenenenust nHGUMyMa U CyIIpeMyMa MHOXKeCTBa, X MO-
I'yT OBITH JIAaHBI U B TEPMHUHAX IJIEMEHTOB CAMOI'0 MHOYKECTBA
X, 6e3 mpuBJIedYeHUs JOIOJHATEIbHBIX MHOXKECTB Y U Z.

Omnpenesienne 5.2'. m = inf X, eciin
1) Ve e X m < uz;
2) Ve>03z. € X z.<m+e.
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[IepBoe ycsioBUE 3TOrO OlpeJie/IeHIs TOBOPUT O TOM, UTO
m dBJIgeTCs HUXKHeil rpaHuieii MHOKecTBa X, a BTOPOE —
YTO 9Ta T'PAHUIA HAUOOJIBINALA, TOCKOJIBKY ITONBITKA yBEJIH-
YUTh YUCJO0 1 HPUBOIUT K TOMY, YTO ITO YBEJIMICHHOE YUCJIIO
yKe He OT'PAHUYIUBAET BCE 3JIEMEHTbl MHOXKeCTBa X CHUBY.
AnajormaHO — JIJI CylIpeMyMa.

Omnpenenenne 5.3'. M = sup X, ecim
1) Ve e X =< M;
2) Ve>03dz. € X z.>M —e¢.

Onpenenenue 5.4. MuoxectBo X Ha3bIBACTCS 02paHU-
YeHH LM, €CTTH OHO OTPAHIMYIEHO CBEPXY W CHU3Y, T. €.

da,beR Ve e X = a<z<b

MHOKECTBO HA3BIBAETCST HEOZPAHUMEHHBLM, €CITA OHO HEOTPa-
HUYIEHO XOTsI OBbI C OJTHON CTOPOHBI (CBEPXY WJIN CHU3Y ).

Teopema 5.1. Jhoboe nenycmoe ozparuverioe ceepry
(chu3y) MHoHCECMBO UMeEM MOYHYIO BEPTHION (HUINHCHIONW )
2pars, NPUYEM MOALKO 00HY.

HokazatenbcTBo. [Iycrs muoxkecrBo X C R orpanu-
YeHO CBEPXY, T. €. Halijercs Takoe uncyo b € R, uro x < b
qist Jioboro x € X. PaccMoTpuM MHOXKECTBO

Z ={beR: b- Bepxuss rpamnma Maoxecrsa X }.

Torma
Vee X VbeZ = x<b.

Orciona, o akcrnome HerpepbiBHoctn VI1I, maiigercsa Takoe
quciao M € R, aro

r<M<Lb zelX, beZ
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DTO HalJIeHHOEe YuC/I0 U Oy/IeT CympeMyMOM MHOXKecTBa X .
[leficTBUTE/ILHO, U3 JICBOMl YACTU ITOrO HEPABEHCTBA, CJIEITY-
eT, 9TO JIF0DOI 9JIeMeHT MHOXKeCTBa X He IIPEBOCXOIUT TUCTIa
M, uro gBisercsa onpejesienueM BepxHeil rpanu. [lockoybKy
paBasi 9acTh 9TOr0 HEPABEHCTBA CIIPABEJJIMBA JIJIs JIFOOOTO
b € Z, 3To o3navaet, uro M He MpeBOCXOaUT JII0OO0I BepxHEeit
IDaHU, T. €. sIBJII€TCS HAUMEHBINEH U3 BCEX BEPXHUX IpaHeil.
ITo onpenenenuto 3To o3nadaer, aro M = sup X.

Hokazkem enuHCTBEHHOCTH. OT MPOTUBHOIO: IMPEJIIOJIO-
xKuM, uto My = sup X u M, = sup X. Ilockosbky M; —
TOYHAsl BEePXHsisl rpadb, a My — BepxXHsis I'paHb MHOYKECTBa
X (mo ompejieieHAIO TOYHAST BEPXHsisl IPaHb CaMa, SBJISETCSI
BEpXHell IPAHBIO), MbI TOJIy9aeM HEPABEHCTBO

My < M.

Tenepn, HaobopoT, mocMoTpuM Ha M7 KakK Ha OJIHY U3 BEPXHUX
rpaneit, a Ha M; — KaK Ha HAUMEHBIIIYIO U3 BCEX BEPXHUX
rpaHeil U I10JIyYUM

My < M.

Nx sTux ABYX HEpaBEeHCTB, 10 akcruoMe anTucuMmmerpun 1V,
caeayet, aro My = Moy, T. e. ToUHAd HUXKHAA I'PAHb TOJIHKO
oJIHA.

JlokazaTeIbCTBO CyIMIECTBOBAHUS W €IMHCTBEHHOCTU TOY-
HOIl HM2KHEH I'paHU lIpejlaracTcd IIPOBECTU CaMOCTOATE/ILHO
[0 aHAJIOTUU B KA4eCTBE YIPAXKHCHUSI. O

BaMeTuM, YTO TOYHBIE I'PAHA MOTYT KaK IIPUHAIIEKATH
MHOXKECTBY, TaK U He MpUHaJIeKaTh eMy. Harmpumep, ecin
X =[0,1), To inf X = 0 u npunasyexur X, asupX = 1 u
He TPUHAJIEKUAT X .

Ecin muoxkecrBo X He orpaHuveHo cBepxy (CHH3Y), TO
ATy T

sup X = +oo (inf X = —00).
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5.2. Ilpmanun Apxumena u ero
cJieACTBUS

Jlemma 5.1. Jlo6oe nenycmoe ozpanuventioe ceepxy (cHu-
3Y) NOOMHONCECTNEO MHOHCECTNEA UELABIT YUCEA UMEETN MAK-
CUMANOHOLT (MUNUMAALHDIT) IAEMENM.

HokazatenbcTBo. [Iycrs MHOXKecTBO X C Z orpa-
HUYEeHO CHU3Yy. lorja 1mo Teopeme O CyIIECTBOBAHUU TOYHOMN
HIDKHEN Tpann (Teopema OoHO mMeeT HHMUMYM, 0003HA-
quMm ero m. [lo onpejiesiennio TOYHOM HUZKHEH TPaHu JJId JIIO-
boro € > 0 maiijiercs 3JeMeHT . MHOXKecTBa X TaKoOii, UTO
r. < m+ e. lonoxum € = 1. Torna naiijgerca r; € X, yio-
BJIETBOPSIONINYT HEPABEHCTBY

VKazaHHBI 3JIEMEHT U €CTh MIUHUMAJbHBI B MHOXKecTBe X .
JleitcTBUTEILHO, €CITN TTPEJIIIOIOKUTE, YTO B X HallJIeTcs dJre-
MEHT, MEHDIINIi, YeM X1, TO YUCJIO 1 — 1 Oy/IeT npuHajieKarhb
X. Ho 1ockoIbKy m OorpaHuYMBaeT CHU3Y BCE MHOXKECTBO X,
JIJIS 9uCIa X1 — 1 TaKKe BBIMOJIHAECTCA HEPABEHCTBO

r1n—1>2m & z1>2m+1.

[Mocsienee HepaBencTBo nporuopednt yciaosuto (5.1)). Cie-
JIOBaTEJILHO, HaIlle IIPEJIIIOI0KEeHNe HEeBEPHO W X — MHUHU-
MAaJILHBII 3JIEMEHT B MHOZKECTBE X . O

Teopema 5.2 (upunnun ApXI/IMe,ZLBED. Iyecmv h > 0. To-
2da das mobozo x € R natidemes k € Z maxoe, wmo

(k—1h <z < kh.

6 Apzrumed (ox. 287-212 f0 H.3.) — BeaMUANTIHIT JIPEBHETPETCCKHIt
MaTeMaTUK U MeXaHuk, ypoxkener r. Cupaky3sbl Ha 0. Cunmiius.
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HlokaszaTenbcTBO. Bo3bMeMm npousBosibubIil @ € R u
paccmorpum # € R. Beesem B paccmoTpenne MHOKECTBO

Y:{p€Z|p>§}.
h
BBenennoe MHOXKECTBO OIpaHMYEHO CHHU3Y U ABJIAETCS I10]I-
MHOXKeCcTBOM Z. Tora, B CUJTy JIEMMbI, OHO UMEEeT MUHUMAJTb-
HBINA 3JIEMEHT:

dk =minY.

Torma, mockobKy k — s1ement Y,

k>% & x < kh.

[Tokaxxewm, uro z > (k — 1)h. OT npoTHBHOrO: IyCTDH

x
r<(k—1)h & —=—<k-1,
h
e k — 1 € Z. Torma mMbl nojtydgaeM, 9To 9ucjiIo k — 1 TakxKe
HPUHAJIEKAT MHOXKECTBY Y, HO 9TO O3HaYaeT, 49To k — He
MUHUMAJIbHBIN 3/1eMeHT. [lomyunin nporuBopedne. O

CaencrBue 5.1. Ve>0dneN 0< % < E.

HoxaszarenbcrBo. B dopmynmuposke npunimna Ap-
xuMmejta mojiokuM © = 1 u h = . Torma, coryiacHO TIPUHITH-
ny Apxmmena, Haiizerca n € Z takoe, ato 1 < ne. Orcioma
CJIeJIYeT, YTO N — HoJioKuTe bHoe, a 3HaduT, n € N. Takum
obpazom, mosyauin, 91o 0 < % < e. OJ

CaencrBue 5.2. [Iycmo x > 0. Ecau das 06020 € > 0
svnoamaemea r < €, mo r = 0.
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Hoxaszarenbcrpo. Or nporusHoro: myctsb > 0. To-
I71a 110 CJIE/ICTBHUIO naiigerca n € N takoe, 94To

1
0<—<ux.
n
Paccmorpuym € = 1. Torma a1s mero mveeM x > €, 9TO IIPO-
n
TUBOPEYUT YCJIOBUIO. 0

CaencrBue 5.3.
Va,beR (a <b) a%e@ a<%<b.

JHlokazaTteabctBo. g uncina b — a > 0, nmo ciaen-
cTBuio 5. 1| Haiigerca n € N Takoe, 9T0

1
0<—<b—a. (5.2)
n
B dopmynupoeke npunmmia Apxumena MOJOKUM T = @ |
h = % Torma naiigercsas m € Z takoe, 9TO

m—1 m
La< —.
n n

[Tokazkem, uro = < b. OT IPOTUBHOrO: IyCTH

> b, Torma

m—1 m
<a<b< —
n n

Orcrona caeayer, 4ToO

m—1

b—a<

=13
S|

n

YTO IPOTUBOPEYUT YCIOBHIO ((5.2)). O
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CaencrBue 5.4.
VeeR3IkeZ k<xz<k+1.

HokazatennbcTBo. loctarouno B hopMy/IMpOBKe TPUH-
nura Apxumeaa B3saTh h = 1. ]

Onpepenenne 5.5. Yucso k € Z, y1oBjIeTBOPSIOIIEE yCJI0-
BUIO
E<x<k+1,

Ha3bIBaCTCA u&/LO’& wacmsvio Yucaa x.

IIpuruun K aHmop(ﬂ

Onpenenenue 5.6. FEcim kaxx oMy HATYpaTbHOMY THC-
JIy n TIOCTaBJICHO B COOTBETCTBHE YUCJIO T, € R, To coBo-
KYITHOCTD T1, T2, . .., Ly, ... HA3BIBACTCI YUCA060T NOCACI06a-
meavhocmulo U 0bo3Hadaercd {x,}, a ducio x, Ha3bIBAETCHA
N-M 9AEMEHMOM TIOCIIETOBATETHHOCTH.

Onpenenenune 5.7.  IlocienoBare/ibHOCTE  OTPE3KOB
{[an, by]} HAZBIBACTCS 6A001CEHKOT, ecin

[am bn] ) [anJrla bn+1]7 nec N7

[al,bl] D) [ag,bz] D) [ag,bg] ... [an,bn] DI

" T'eope Kanmop (1845-1918) — HeMenKuii MaTeMaTUK U MbICIATEIb,
CO3/1aTeJIb TEOPUU MHOYKECTB.
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Onpenenenune 5.8.  IlocienoBare/ibHOCTE  OTPE3KOB
{[an, by|} HAZBIBACTCH cMAzusarowetics, ecn

Ve>0dN(e)eN Vn>N() = b,—a, <e.

(B aroM cirydae roBopdT, UTO JIMHBI OTPE3KOB CTPEMSTCS K
HYJIIO. )

JlemMa 5.2 (0 BJIOKEHHBIX CTATHUBAIOIIMXCS OTPE3KAX).
Jlobaa nocaedosamesbHocmy BAOHCENHDIT CMALUBAIOUUTCA
0MPesKo6 uMeem 00wy MOYKY, U NPUMOM MOALKO 00HY.

JlokasaTenbcTBo. g moboron € N umeem a,, < by,
TaK KakK JIeBbIIl KOHeI[ OTpe3Ka MeHbIne mpasoro. [lokaxkem,
q9To

ap < by, n,meN. (5.3)

OT NPOTUBHOTO: MPEIIOIOKIM, HaiixyTcs Takue n € N um €
N, uro a, > b,,. Torma s OTPE3KOB C STHUMU HOMEpPAMU
TIOJTY TUM

Ay, < by, < a, < b,.

To ectb HE OAUH U3 OTPE3KOB [dy, by U [y, byy| HE B1OKEH B
JIPYTOiil. DTO MPOTUBOPEUNT YCIOBHIO BIIOXKCHHOCTH OTPE3KOB
(U1t BJIOZKEHHOI MOCJIEIOBATEIBHOCTH OTPE30K € OOJIBIINIM
HOMEPOM JIEZKHUT B OTPE3KE C MEHBIIIUM HOMEPOM).

Urak, ycaosue ((5.3) Beiosineno. Torja 1o akcrnome Herpe-
PBIBHOCTH JeficTBuTebHbIX dnces (akcnoma VII) maitgercs
qncio ¢ € R takoe, 910

a, <c< by, n,meN.
B wacrtnoctu, npu n = m nMeeM

a, <c<b, neN,
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DTO 03HAYAET, UTO TOUKA ¢ IPUHAJIEKUT KasKIOMY U3 OTPE3-
KOB [ay,, by|, citeoBaTeIbHO, IPUHAJIEXKAT UX [IEPECEICHUIO:

ceE ﬁ[an,bn].
n=1

IIOKEL}KQM7 9TO O6H.L&H TOYKa — OJJHa. Or IIPOTUBHOT'O: IIYCTb

c € ﬁ[an,bn], Cy € ﬁ[an,bn].
n=1 n=1

Pacemorpum |¢p — o] > 0. TTockobKy TOUKE ¢p, Cy JIeXKAT B
KazKJIOM OTPE3KE [y, b,], paccTosame MexK7y HUMHU HE IIpe-
BOCXOIUT AJINMHDBI OTpeSKa:

O<|Cl_62|<bn_a’na n € N.

Ilo YCJIOBHIO ITOCJIEJOBATE/IbHOCTD OTPE3KOB CTATMBalOIaACHd,
T. €.

Ve>03N()eN Vn>N() = b, —a, <e.
Ecmu Boibpars n > N(€), TO HOIyIHM
0<|c; —co| <by—a, <e.

CorytacHo CJIeICTBHIO U3 IpuHIpNa ApXuMea, 3T0 O3Ha-
JaeT, 9To |¢; — ¢ =0, T. e. ¢ = ca. O

46



ITpunuun npedeavbHoti MoKy

Teopema 5.3 (Teopema BOHLHaHﬂBeﬁemepaccaﬂ 1
MHOXKeCTB). J1060€e ozpanuvennoe 6eckoneuHoe NnooMHoMCe-
cmeo R umeem npedesvryro mouxy.

HokaszsatenncTBo. llyctb X C R. X — orpanmueno,
T. €. HAlIyTCs JiBa 9uCIa a U b Takue, 4To

a<z<b zrzeX < XClab.

Pasnesmm oTpesox [a, b] momosam u pacCMOTPUM JIBE €ro
nonosunku: [a, “E] u (42 b]. Muoxecrso X — GeckoHeuHOe,
II09TOMY BO3MOXKHBI JIBA CJIydasl:

1) B KaxI0M U3 OTpeskos [a, 252], [4E p] nexxur Gecko-

HEeYHOC YHCJIO 9JIEMEHTOB MHOXKECTBa X,

2) B oftHOM 13 0Tpeskos [a, 452, [“E2 b jexxnt Geckoneu-

HOE YUCJIO IJIEMEHTOB MHOXKECTBa X .

B nepBom cirydae BeiGEpeM, I OIPEIEIEHHOCTH, JIEBBI
OTPE30K 1 0603HaINM €ro [a1, by ]. Bo BTopoM ciydae BeiGepem
TOT OTPE30K, KOTOPBII COMEPIKUT GECKOHETHOE THUCIIO IJIEMEH-
TOB MHOXkKeCTBa X, U ero 0603HaIuM [ay, b |.

Taxum 06pa3soM, MBI HOJTY I

b—a
2

8 Bepnapd Boavuano (1781-1842) — wemckuii MaTeMaTK, dumocod,
Teosior. ABTOpP II€pBOil CTPOroii TEOPHUH BEIECTBEHHBIX YHUCEJ, OIUH U3
OCHOBOIIOJIO?KHUKOB TEOPUU MHOYKECTB.

9 Kapa Betiepwmpacc (1816-1897) — 3HaMeHUTBI HeMeIKuit MaTeMa-
Tuk. Pazpaboras cucreMmy 0OOCHOBaHUS MATEMATHYECKOIO AHAJIN3a HA
OCHOBE IIOCTPOEHHOH MM TEOpHH BeIleCTBEeHHBLIX umces. OCHOBHBIE HUC-
CJIe0BaHUs IOCBAIIEHBI MATEMATUIECKOMY aHAJIU3y, Teopuu (pyHKIUIA,
BapUAIMOHHOMY UCYUCJIEHUIO, TuddepeHInalIbHON TeOMeTPUN U JTMHE-
HOIT ajredpe.

lai,b1] C [a,b], dy=b—a; =
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u [ay, by] comepKuT 6GECKOHETHOE THCIIO SJIEMEHTOB MHOZKECTBA,
X. Paznenum orpesok [aq, by ] omosiam u paccCMOTPHM JIBE €ro
nostoBuHKY: (a7, “F) 1 [942 b ], Muoxkecrso X — Geckoneu-
HOe, II09TOMY CHOBa BO3MOZKHBI JiBa CJIydast:

1) B KazKJ10M U3 OTPe3KOB [ar, “H] [41Eb b)) jexxut Gec-

KOHCYHOE YMCJIO 3JIEMEHTOB MHOXKECTBa X,

2) B OHOM U3 OTPe3KoB [a;, U3 ], [“F2 ;] jezxur Gec-

KOHEYHOE YHUCJIO 3JIEMEHTOB MHOMKEeCTBa X .

B nepBoMm citydae cHoBa BbIOEpEM JIEBBINT OTPE30K U 000-
3HAYKUM €ro [ag, bs|. Bo Bropom ciydae BhIGEpEM TOT OTPE3OK,
KOTODBIl COJIEPKUT OECKOHEYHOE HUCJIO 3JIEMEHTOB MHOZKE-
crBa X, 1 ero 0003HAIUM [d2, by).

Taxum oOpazoM, MbI TTOJTY YUJIN
b—a

92
1 [ag, be] cOEPKUT GECKOHETHOE THCIIO SJIEMEHTOB MHOZKECTBA,
X. U Tak mamee.

Ha n-m mare pasjenum oTpe3ok [a, i, b, 1] nomosam u

paccMOTpuM JBe ero 1mostoBuHkn. CHOBa, B CUIy OECKOHEYHO-

[az, bo] C [a1,b1] C [a,b], do=1by—as=

CTH MHOZKeCTBa X, BO3MO2KHBI JIBa CJIyYasd:

1) B KazKJIOM U3 OTPE3KOB [dy,_1, a"*;b"”], [a"”;b"” o

JIEZKUT OECKOHEYHOE YUCJIO 9JIEMEHTOB MHOXKECTBA X;

2) B OJIHOM U3 OTPE3KOB [ay,_1, a"*;bnfl], [a"”;b"” N

JIEXKUT OECKOHEYHOE YUCJIO 9JIEMEHTOB MHOXKeCTBa X .

B mepBom cirydae cHoBa BbIOEpEM JIEBBI OTPE30K U 000-
3HAYHUM €10 [ay,, b,]. Bo BropoM citydae BeIGepeM TOT OTPE30K,
KOTOPBIH COJIEPKUT OECKOHETHOE UUC/IO IJIEMEHTOB MHOXKE-
crBa X, U €ro 0603HAYNM [dy,, by,).

Taxum oOpaszoM, MbI TTOJTYIUM

[an,bn] C [anfl,bnfl] cC...C [CLQ,bQ] C [al,bl] C [a,b],
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dy = b, — a, = b2n“
u [an,b,] comepkuT GECKOHEUHOE UHCIIO SJIEMEHTOB MHOXKe-
crBa X.

DTOT mporecc He IpepBeTcs, IOCKOJIbKY MHOXKECTBO X
COIEPXKUT OECKOHEYHOE HUCJIO 3JIeMEHTOB. Torma Mbl II0OJIy-
YUM I0CJIe0BATEILHOCTD BJIOKEHHBIX OTPE3KOB. JloKazke,
9TO OHa cTarupaoIasicd. BosbMmeMm mpousBosibHOE € > 0 1
permnM HepaBeHCTBO

b—a .. b—a b—a
on <ege & 2> . & n > log,

Ionoxum N = max{[log, >=%] + 1,1}. Takoii BeGOp rapan-
tupyer HaMm, uTo N € N u

b—a

Vn>N = n>log,

ITo jteMMe O BIIOXKEHHBIX CTATI'MBalOIIUXCA OTPE3KaX

dce ﬁ [an, by).
n=1

[TokazkeMm, 9YTO TOCTPOEHHAS TOYKA ¢ — IpeJeTbHasd TOUKA
MHOKecTBa X . Bo3zbMeM IPOM3BOIBHYIO OKPECTHOCTh TOYKHU
¢, O(c), u BIUIIEM B HEE CUMMETPUIHYIO £-OKPECTHOCTD:

O:(c) C O(c).

ﬂﬂﬂ 9TOro &, B CMJIy TOI'o, 4TO IIOCJIeJOBaTE/JIbHOCTL OTPE3-
KOB — CTAT'UBaIOIIasACsd,

dN(e) eN Vn > N(e) = b, —a, <ce.
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Badukcupyem ng > N (), Torma
[@ng s bny] C Oc(c).

[To mOCTPOEHUIO OTPE3OK [dy , by | COMEPIKUT GECKOHETHOE 11~
JIO 37IeMeHTOB MHOXKecTBa X . Takum oOpa3oM, MOy IuIn, 9To
B JIFOOOIT OKPECTHOCTH TOYKH C JIEYKUT OECKOHETHOE UNCJIO DJIe-
MEHTOB MHOXKecTBa X, UTO, TI0 OIPEIE/ICHUIO, O3HAYALT, UTO
TOYKA ¢ — Ipejie/ibHas TOIKa MHOKeCTBa X . OJ



6. Ilpenen umcaoBoit
110CJIe/I0BATEJIbHOCTH

Ecim Kax10My HATYpaJbHOMY 7 TIOCTABJIECHO B COOTBET-
cTBUE YHCIO T, € R, TO COBOKYIHOCTb X1, Xg,. .., Ty, ... Ha-
3BIBACTCS YUCA0GOT NOCACIOBATNEALHOCTIBIO U 0BO3HATACTCS
{z,}, a uncio x, Ha3BIBAETCSI N-M IAEMEHMOM TOCIETOBA~
TEJIbHOCTH.

6.1. IlousaTue npenesna
IOCJIEOBATEJIbBHOCTH

Onpenenenue 6.1. Yucio a HazbBACTCSI NPedesoM No-
caedosamenvrocmu {T,} npu n — oo, ecan

Ve>0 IN()eN Vn>N() = |z, —a|l<e.

Tor dakT, uTo a — npejes mocaenoBaTeIbHOCTH {X, } TIpu
n — 00, 0603HAYACTCSA CJICIYIOIMIM 00Pa30M:

lim z, = a.
n—oo

OrnpejiesieHne TakzKe MOXKeT ObITh COPMYJIMPOBAHO Ha
SI3BIKE OKPECTHOCTE:

Ve>0 dN()eN Vn>N(e) = z, € Oa).

DTO yCI0BrE O3HAYAET, YTO B JII000M OKPECTHOCTH 9HCIa G Ha-
XOJIATCS BCE DJIEMEHTHI TOCJIEI0BATEILHOCTH, KPOME, MOXKET
OBITh, KOHEYHOrO ducsa. MoXKHO cKa3aTh Tak: 3a IIpejiesiaMu
8-0erCTHOCTI/I qucJia a MOFyT HaXOIUTHCA TOJILKO 3JIEMEHTEI

L1,X2y.-.,TN(e)-
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IIpumep 6.1. /lokazarb, 4TO

nd+Tn+3 1

1m 3— = —.
P clIIeHue. HO OIIpeJeJICHUIO IIpe/ae/ia I10C/jieJOBaTe/IbHO-
cru HaJO 10 JroboMy wmeiry € > (0 Haiitm Takoe umcio N,

9TOOBI JIJIsA JIIOOBIX 1 > N BBINOJIHAJIOCH HEPABEHCTBO

n+Tm+3 1

n34+5m+4 2

[Ipeobpazyem ero JieBy1o 4acTh:

203 +14n+6 —2n —5n — 4
4n3 + 10n + 8
In+2
4n3 4+ 10n + 8

n3 +7n+3 1
2n3+5m+4 2

BameTum, 94TO

2 1l _ 11
An3 +10n +8  4n3  4n?’

Ecmu amcio N BbIOpaTh Tak, 4TOOBI Jijig 1 > N BBIIOJIHSA-

JIOCb HEPaBEHCTBO 1—12 < g€, TO TEM boJiee JJIAd 9TUX N 6y,ZLeT

an
In+2
BBIIIOJIHATBHCA HEPABEHCTBO —4n3+10n+8 < €.

HepaBeHCTBO 41% < € CIIpaBeJJInBO, HAYUHasA C 1L > u

4e”
TaKI/IM o6pa30M, B KadeCTBe N MoxKHO B34Tb LEJIYIO 9aCTb

qHUCJIa % .
£

Onpenenenne 6.2. ITocrenoBarenbuocts {x, } Ha3bIBa-
ercst cTo0AWeTicA, eCU CyMEeCTBYeT YUCIO0 @ TaKoe, ITO

lim z,, = a, T.e.
n—oo

JdJaeR Ve>0 dN(e)eN Vn>N(e) = |z, —a|l <e.
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6.2. CBoiicTBa CXOAAIIXCS
nocJjieJjoBaTeJibHOCTel

CsoiictBo 1. Ecau nocaedosamenvrocms {x,} crodum-
cA, mo ee npedes eduHcmeeHHvil.
JJokaszaTebCcTBO IpoBesieM OoT nporusHoro. IlycTs
lim z, =a < b= lim z,.
n—oo n—o0
Bosbmem e = 2% > 0, roraa O, (a)NO.(b) = ) B cury BHIGOPa
e. o onpeenenuio cxouMOCTH, JJIst BBIOPAHHOTO &

ANy : Vn> Ny z, € Oa),

ANy : VYn >Ny x, € O(b).

CaenoBarensio, st n > Ny + Ny 2, € Oc(a) N O (D), uro
O3HAYAET HEIlyCTOTY 9TOro Iepecedenus. [10JydeHo mpoTuBo-
pedne. [

Onpenenenne 6.3. Ilocrenosarensuocts {1z, } Ha3bBa-
eTcs 02PaHUuYeHHOU, eCIn

dM >0 VneN |z, <M.

CsoiictBo 2. Fcau nocaedosamenvrocms cxooumcs, mo
OHA 02PDAHUYEHA.
lokazaTteanbctBo. llycrn
lim z, = a.
n—oo
BosbmeMm € = 1. Torna cymecrByer HoMep N Takoif, 4TO Ipu
Bcex n > N
|z, —al < 1.
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Tak xax
|n| = |20 — a+ af <|zn —a| + |al,
to |z,| < 1+ |a|, ectu n > N. Tlonoxxum
M =|z|+ ...+ |zn| + 1+ al.

Tora
VneN |z, <M,

YTO O3HAYAET OIPAHUICHHOCTD {T), }. O

CaoiictBo 3. Ecau x, <y, < 2, 0asa 6cexn u

lim z, = lim 2, =a, mo limy,=a
n—oo n—o0 n—oo

JlokazaTenbcTBo. Bozbmem s0b6oe € > 0. Torga u3

cJoBud lim I, = a cjeayer, 4Tro
)
n—00

ANy Vn>N, a—e<x,<a+e,

a U3 yCJIOBUS nh%rrolo Zp = @ CJIEJIYeT, YTO

ANy VN >Ny a—c<z,<a+te.
CaenoBarenbho, pu Becex n > Ny + Ny

a—€< Ty CYn S 2p<a+te,

a—e<y,<a-teg,

a 9TO W o3HadaeT, 9To lim y, = a. O
n—oo

o4



CsoiictBo 4. Ecau nocaedosamenvrocmu {x,} u {y,}
cxodames, mo crodumca nociedosamesvonocms {T, + yn} u

lim (z, + y,) = hm T, + hm Yn.

n—0o0

Hokaszarenscrso. llycts lim x, = a, lim y, = 0.
n—oo n—oo

Bosbmem moboe € > (0. Torma m3 mepBoro ycjioBus Clejyer,
9TO

IN; YVn> Ny |z, —al < =,

a U3 BTOPOTI'O:

HNQ Vn>N2 \yn—a]<

DN ™

YVUauThiBasg, 9TO MPU BCEX N
|0+ yn — (@ + D) < |2 — af + [y — b,
npu n > Ny + Ny nomydanm
|zn + Yy — (a +b)| < e,
a 9TO O3HAYAET, UTO

hm(:pn+yn)—a+b—hmxn—i—hmyn O

n—o0 n—o0

CsoiictBo 5. Ecau nocaedosamenvrnocmu {x,} u {y,}
CTO0AMCA, MO CTOOUMCA NOCALIOBaAMENLHOCTL {TpYn} U

lim (z,y,) = lim x, - lim y,.
n—oo n—oo n—oo

,D; OKa3aTeJbCTBO. HpOI/ISBe,ILeM OIEHKY MOIYJIA Pa3-

HOCTH T,Y, 1 ab:

Ty — ab| = |&pYn — Tub+ 2 —ab| =
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= [en(yn =) + (20 = Q)b | <[zn|[yn =0 + [z — al [b].

U3 cxopmmoctn {x,} cieyer ee orpaHUYeHHOCTD, T. €.
dM >0 VneN |z, <M.
Takum obpaszom,
|Tpyn —ab| < M|y, — 0| + |z, — al |0].

Bosbmewm sroboe € > 0. U3 yenosus lim x,, = a caenyer,

9TO n_mg
ANy Vn>N; |v,—a] < ——m,
! - | 2(]b] + 1)
a m3 ycjaoBug lim y, = b ciemyet, 9TO
n—oo
INy YNy |y —b| < —
2 2 Yn 2M
Torma mss n > Ny + Ny
|xnyn - ab| <g,
a 9TO O3HaYaeT, YTO
lim (z,y,) = ab = lim z, - lim y,. O
n—oo n—oo n—o0

CsoiictBo 6. Ecau nocaedosamenvrnocmu {x,} u {y,}
cxrodamca,
lim z, =a, limy,=0%#0,
n—o0

n—oo

Tn
mo crodumcs nocaedosamesvbHoCmb {—} u

Yn
" lim =z,
. n n—ro0
lim — = —
n—oo Y, lim y,
n—oo



lokazaTenbcTBo. [Iponssesem orenky MoTyJis:

Tp al  |Tpb—ypa Tpb —ab+ab—yna|
E B b N ynb B ynb a
_ (xn, —a)b+ a(b — yn) [zo —al |b] + |a |y — 0]
Ynb |Ynl (0]

N3 ycnosuga lim y, = b cienyert, 9To
n—o0

b
SNo Yn> Ny gl — 1] <l — bl < 1.

b
T. e. |y,| > % CueoBarebho, mpu n > Ny

1 - 2
lyal 10l
3 31010 Ke yc/IoBUs CJIejyer, 9To
AN Vs N g b < 2
n n — _
! v A(la[+ 1)
N3 ycnosuga lim x, = a cieayet, 94To
n—oo
elb
dN, Vn> N, ]$n—a\<|T‘.
Torma pu n > Ny + Ny + No
T, a -
Yn b
a 9TO O3HAYAET, YTO
. Ty nlgﬁlo n
lm — = - = 72—,
n—oo Yy, b lim y,



6.3. DBeckoHeuyHO MaJible 1 OECKOHEYHO
OoJIbINNE IIOCJIeJ0BATEJIHbHOCTHI

Onpepnenenne 6.4. IocnenoBarenbuocts {x, } Ha3bIBa-

ercst beckoneuno manrot, ecmu lim x, = 0.
n—oo

Paszsepnyroe omnpenenenue:
Ve>0 IN()eN Vn>N() = |z, <e.

CsotictBo 1. Cymma 6eCKOHEUHO MAABLT NOCACIOEAMEN-
nocmet ecmv 6ECKONEUHO MAAAA NOCACIOBATMEALHOCTID.

Hokaszareabcrso. [lyers {x,} u {y,} — Geckoneuno
MaJible [0C/IeI0BaTeIbHOCTH. BosbMeM Ipou3BosibHOe £ > 0.
g mero

AN, Vn> N, |xn|<;
AN, Yn> Ny |yn|<g_
Torma nipu n > Ny + No
2 + Yn| < |Tn] + |yn| < e ]

CsoiictBo 2. [Ipoussedenue {x,y,} beckonewno manot
nocaedosamenvrocmu {x, } na ozpanuventiyo nociedosamenn-
nocms {yn} ecmov beckonewHo Marai NOCACI08AMENLHOCTD.

Jdoxkazarenbcrso. 13 orpannaennocrnu {y,} ciemnyer,
9TOo

M >0 VneN |y,| <M.

N3 ycnosuga lim x, = 0 caemayer, uyTo npu jodooMm € > ()
n—oo

5
JN eN N nl < —.
€ Vn > |x|<M
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Torma

€
V>N |z, = |2a] - |yn] < v M =¢,
T. e. {x,y,} — GecKOHETHO MaJiast TOCIe0BaATebHOCTE. [

Ounpepnenienne 6.5. Ilocienosarenbaocts {x, } Ha3bIBa-
ercs beckoneuno 60AbuL0l, eCITr

VE>0 dN(E)eN Vn>N(E) = |z,|>E.
9ToT PaKT 3alUChIBACTCS TaK:

lim z, = oo.
n—o0

CsoiictBo 3. [locaedosamenrvrocms {;%}7 obpammas K
n

beckoneuno 6oavwotls nocaedosamenvrocmu {x,}, ecmo bec-
KOHEUHO MAAAA NOCAECOOBAMEALHOCTD.

HlokazaTenbcTBO. [loCcKOIBKY TOC/IEI0BATEIHHOCTD
{x,} — GeckoneuHo GoJiblliasi, BCe €e JIEMEHTbI, HAUUHAA C
HEKOTOPOI'0 HOMepa Ng, He paBHBI Hy/0. s n > ng pac-
CMOTPHUM TIOCJIE/IOBATEIBHOCTD ¥, = i Bozpmem € > 0 u
paccMoTpuM F = % > 0. JI;isg HEro 1mo orpejiesieHuIo 0ecKo-
HEYHO OOJIBINOI Hoc/IefoBaTeIbHOCTH Haiigercs: nHomep N (E)
TaKOM, 4TO

|z,| > E, upu n > N(E).

Bosbmewm teneps n > max{ng, N(E)} u paccmorpum

1 1
|yn| = ‘ :ga

_<_
z,| E

T. €. [0 OIPEIETIEHIIO [IOCJIeI0BATEILHOCTD { Yy, } — GECKOHETHO
MaJlasl. 0
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CsoiictBo 4. [Iycmo {x,} - beckoneurno manas nocae-

dosamensvrocms u maxas, wmo x, # 0 npu n > ng. Toeda

1

nocAedo8aMeNbHOCTIL {x— , obpammnasn x {x,}, ecmv Gecko-

HEeUHO DOALWAA NOCACIOBAMENBHOCTND.

lokazaTteabctBo. [lonoxum g, = ZL npu n > ng.
n

Bosbmem E > 0 u paccmorpuMm € = % > 0. /Ina mero mo
olpe/iesIeHnI0 OECKOHETHO MAaJIoil I10C/Ie10BaTe/IbHOCTH Hail-

nercst mHomep N (g) Takoit, 4To
|z, <e, mpu n> N(e).

Bosbmewm reneps n > max{ng, N(¢)} n paccmorpum

1 1
‘yn‘ = >-=F 5
o
T. €. 110 OIPEJIEJIEHUIO TI0C/IeI0BATEILHOCTE { Y, } — GECKOHETHO
0OJIbIIIa. O

6.4. MoHOTOHHBIE IIOCJIeJ0BATEJIbHOCTHI

Onpepnenenne 6.6. IocienoBarenbuocTs {x, } Ha3bIBaA-
eTcst 803pacmaroueti, eCiu T, < Tnyq upu jgodom n € N.

[TocaemoBaresbHOCT {2, } HA3BIBACTCS YOBIBAIOULET, €CITH
Tp = Ty Opu Jiobom n € N.

Bospacraiomue n yObIBAIOIINE MOCIEI0BATETLHOCTH Ha-
3BIBAIOT MOHOMOHH LML

CupaBeJiyIUBBI CJIEAYIOIINEe YTBEPKICHUS O IIPeIesie Mo-
HOTOHHOM HOCJIE€10BATEIbHOCTHU.

Teopema 6.1. Ecau nocaedosamensvrocms 6o3pacmaem
U 02PAHUNEHA CEEPTY, MO oHa cxodumca. Ecau nocaedosa-
MEALHOCTNG YOBLBAEM U 02PAHUMEHE CHUSY, O OHA CTOOUM-
CA.
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Hokaszarenncrso. [Iycrs {z,} Bospacraer u orpamnu-
gyeHa cBepxy. Torma, mo Teopeme O CyIICCTBOBAHHM TOYHBIX
rpaneii, ona obsajaer cynpemymom: 3 sup{z,} = M. [loka-
xkeM, uro lim x, = M. I3 monoronnoctu {x,} u onpesee-
HUSL CYIIPEMYMa CJIEJVET, UTO

Ve>0 IN=N(s) Vn>N(e)
M—-—c<azy<z, <M<M+e¢,
OTKYy/Ia TI0JIy9aeM OlpeJieieHue TIpeiea:
Ve>0 dN(e) Vn>N(e) |x,— M| <e,

Bropast gacth yrBepKeHust: ecau {x,} yobBaeT u orpa-
HUYEHA CHU3Y, TO

lim z, = m = inf{z,},
n—oo

JOKa3bIBacTCAd aHaJIOI'MYIHO. U]

Teopema 6.2. Ecau nocaedosamesvHocms MOHOMOHHG U
HEOZPAMUMEHA, MO OHG ABAAEMCA beckoneuro borvuwot. [Ipu-

wem ecalu OHG Heo2paruvena ceepry, mo lim xz, = +o00, a
n—oo
eCAU OHG Heo2PaHUYeHa cHU3Y, mo lim xz, = —o0.
n—oo

Bameuanue. YTBEPKICHUSA TEOPEM u MOKHO
chOpMyIUPOBATH CJICIYIONIUM O00PA30M: BO3PACTAIONIAS T10-
CJIEJIOBATEJIBHOCTh CXOJUTCS K CBOEMY CyNnpeMyMy (KOHEeYHO-
My WM OECKOHEYHOMY ), a yObIBAIoNas IOCIEI0BATETLHOCTD
cxouTCst K cBoeMy nH(MUMYMY (KOHEIHOMY UM OECKOHEYHO-

My).
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Onpedenerue wucaa €

PaCCMOTpI/IM I10CJIEJ0BATE/IbHOCTD

1 n+1
Yn = (1 + —) .
n

Jlokaxkem, 4To ona yObIBaeT. /19 9TOTO UCIOIB3yeM COOTHO-
IIeHNe MeXK/Iy CPEJIHNM TIeOMEeTPUYIECKUM W CPeJIHUM apud-
MEeTUYECKUM:

ay+as+ ...+ ay,

)

Yaras . .. Ay <

n

rJIe BCE BEJUIUHBI (1, ..., d, ITOJIOXKUTEJIbHbI, & 3HAK paBeH-
crBa OyJeT Mpu yCJAOBUM A = Ay = ... = @,. PaccMoTpum
BEeJININHY

Torma

. 1 n . n n+1 n—1 n . n n+1
n n+1 ’ n n+1 ’
1 OKOHYaATEJIbHO

1 n+1 1 n
(1—1——) <<1+ ) ,
n n—1

T. €. Yp < Yn_1 — IHOCJIEJIOBATEILHOCTH YOBIBACT.
Omna, oveBH/IHO, OrpAHUYEHA CHU3Y: Y, > 1 npu Bcex Ha-
TypasbHbIX n. CjegoBaTe/bHO, Y 3TOH MOC/IEI0BATETHHOCTH
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CYIIECTBYET HpeJes. JTOT mpejies 0003HATA0T €:

1 n+1
lim {14+ — =e = 2,718281828459045. ..
n—oo n

PaCCMOTpI/IM I10CJI1€e J0BaTC/ILHOCTD

1\" n
n

W3 cBoiicTB 1Ipejiesia cJieIyeT, 9To

lim y,
n—00 lim (1 + ﬁ)
n—oo
Takum obpaszom,
1 n
lm ([1+—| =e.
n—oo n

OTUM COOTHOIICHUEM U OIIpeaessdAeTCd 91uCIo €.

Teopema Boavuaro—Betiepwmpacca das nocaedo-
sameanvHocmel

Teopema Bosbriano—Beiiepmrpacca jijisi 1mociiejoBaTe b
HOCTeH, ¢ OJHON CTOPOHBI, ABJIAETCA YaCTHBIM CJIydaeM Teo-
pembl bosbriano—Beitepirpacca jjist Muoxkects. Ho, ¢ apyroii
CTOPOHBI, ABJISIETCS BaKHBIM PE3YJIbTaATOM, KOTOPBII B CHJIY
CBOEll 3HAYMMOCTH HUMEET CMBICT (DOPMYJIMPOBATH CAMOCTOSI-
TEJIbHO M KOTOPBIII MOXKeT ObITh JIOKA3aH HE3aBUCHMO U€pe3
MOBE/IeHEe MOHOTOHHBIX ITOCJIEI0OBATE/THHOCTEI].

Onpenenenune 6.7. [lycTs 3a/1aHa 110CI€10BATEIBHOCTD
{z,,}. HocnenoBarensrocts {yy }:

Yk = Tp,, THE M <ng < ...<np<...,
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HA3BIBACTCA NOONOCACIOBAMENLHOCINDIO TTOCIIEJ0OBATE/ILHOCTH
{z,}. Ecau nocrenosarenprocts {x,} cxomures, To u mobast
ee TI0III0CIIeIOBATEIbHOCT CXOUTCS K TOMY 2Ke [IPeJIeJLy.

Teopema 6.3 (reopema Bosbnano-Beitepirpacca st
nocJe0BaTesIbHOCTel ). H3 410601 02panuiertot nocaedosa-
MEALHOCTNU MONHCHO BVLICAUMD CTOOAUYIOCA NOONOCAEA06a-
MEeALHOCTD.

HoxkazareabcrBo. 3 orpanndennoctu {z,} crenyer,
47O

AM >0 {z,} C[-M,M] = A,

Pasznenum orpesok 4y momojam u 0obo3Ha4YnM depe3 Ap JIo-
OyIO IIOJIOBUHY, COJEPKAIIYI0 OECKOHEYHO MHOI'O 3JIEMEHTOB
noceoBaresbHocTH {x, }; BosbMeM ,, € A;. Paznenum or-
pe3ok Ap momnoJsiaM u 0003HaunM depe3 Ag JT00YIO TTOJIOBUHY,
coziepzKalLyo 6ECKOHETHO MHOI'O 3JIEMEHTOB IOC/IEI0BATE b
wHoctu {x,}. Torma Haiinercs saemeHt x,, € Ay u ng > ny.
[Ipomiecc nmenenms oTpe3ka TOIOJaM, BbIOOpPA OJIHON M3 TI0-
JIOBUH OTPE3Ka 1 IJICMCHTOB B Hell IIPOJOJIZKUM 110 NHIYK-
mun. [Tosryanm cucreMy BJIOYKEHHBIX CTATMBAIOIINXCST OTPE3-
KoB A1 D Ay DAz D ... DA, D ... U IOCIEIOBATEILHOCTD
Tp, TAKyIO, YTO

VkeN Ng+1 > N, Ty, € Ak = [ak,bk].

Torma o Teopeme KanTopa O BIOXKEHHBIX OTpe3KaxX CyIIle-
CTBYeT eJIMHCTBEHHAs TOYKa ¢, IPUHAJIeKAIas BCEM OTPe3-
KaM u ap — ¢, by — c. Ilepexons k npegeny mo k — oo B
HEpaBeHCTBAX Ay X Tp, < by, mosrydnMm z,, — C. O



7. llpenen dpyHkmnm

7.1. lloustme pyHKOUN

Onpenenenune 7.1. CoorBercTBue f MEXKIY dJI€MEHTA-
Mu MHOKecTB X 1 Y HasbIBaeTca @yHkyueti, eCIm JFO0MY
9J1IeMeHTy € X II0CTaBJ/IeH B COOTBETCTBUE €IUHCTBEHHDIN
91eMeHT Yy € Y. DT0 0603HaTACTCs CJICYIONUM 00PA30M:

f: X-=Y I y=f(z), v € X.
[IpungaTser cieayiomue onpeaeeHus 1 0003HATEHI
X =D(f) — obaacmov onpedeaenus byarunu f;

Y — obaacmy snavenud,

f(X) = E(f) — noanwuii 06paz mmosrcecmsa X npu 0106~
pazkeHnn f;

T — npoobpas snemenma Yy TPH JTAHHOM COOTBETCTBUH
y = f(x);

y — 06pas saemenma x;

fYy) = {z € X : f(x) = y} — noanwti npoobpas
INEMEHMA Y.

CooTBercrBust, 3ajjaBaeMble (DyHKIMEH, ya100HO m300pa-
JKaTh B Bujie rpaduka

Iy =A{(z, f(z)),z € X}.

B xypce maTemaTnteckoro anajan3a B OCHOBHOM PacCMaT-
pUBAIOTCA YHUCIOBBIe (DYHKINHU, T.e. Takue, 4To X, Y C R.

Onpenenenune 7.2. [lycrsb nans! jaBe QyHKIAN:
f: X—=Y u g:Y—>2Z

Oyuxmus h @ X — 7, onpenensemas paBeHcTBoM h(x) =
= g(f(z)), HasbBaercs caoorcnol dynrkyuetd om f u g (wim
cynepnosuyuet gynruyud f u g).
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Onpenenenne 7.3. Ecaun mia goboro y € Y MHOXKe-
ctBo f~1(y) cOCTOMT U3 OJHOTO 3jIeMeHTa, TO COOTBETCTBHE
y — f1(y), onpenenennoe na Y, Gyzner dbynkimeil, Koropast
Ha3bIBaeTCA 00pamnots x Gynrxyuy f 1 obo3HaTaeTCA

.Y =X wm 2= f(y).

7.2. Omnpenenenue mnpeaesia (pyHKIINN B
TOYKe
[Iycts dbyuKIUSA f onpesesena B KaxKI0i TOUYKe HHTEPBa-
na (a,b), kpome, OBITH MOKET, TOUKH Tg € (a,b).

Onpenenenne 7.4 (onpejeienue mpejesa mo FeﬁHelT_GD.
Yucsio A HazbiBaeTcsa npedesom Gynxuuy f npu cmpemaeruu
T K X, €CJIU Jist JTI0OO0H [OC/IeI0BATEIbHOCTH { T, } TaKoil, 9To
{z,} C (a,b), x, # x0, T, = Ty, N — 00, MOCTETOBATEH-
HoCTh f(,) 3Havenuit byHKIwN f cxonures K A npu n — oo:

Yy

At
flx)t

~

0 XnXp

B sTom cirygae munryT

lim f(z) = A.

Tr—xTQ

10 Fenpux Idyapd T'etine (1821-1881) — nemenkmit Maremarnk. OCHOB-
HBIE TPYJbl OTHOCATCS K TEOPUU MHOYKECTB, MATEMATHYECKOH (bU3UKE,
Teopun PYHKIUH u 1uddepeHITnaIbHBIX YPABHEHUIH.
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Onpenenenne 7.5 (onpejesnenne mpejesa mo KOH_[I/]ED.
Yucsio A mazweiBaercst npedesom pyrxyuu f npu x — T, €CIH

Ve>0 d6(e) >0 Vze(a,b)
(0 < |x—x0] <0) = (|f(x) — Al <e).

/]

0 Xg-§ X X0 Xo+§ X

Teopema 7.1. Onpedenenus npedesa dynxuuu no Ietine
u no Kowu axeusasenmmol.

Hoxa3zaTeynbcTBo. [lokaxkem, 4To U3 onpeie/ieHus 1o
[eitne ciemyer onpenenenue o Komm. [Iposeem nokazarennb-
CTBO METO/J0M OT IIPOTHUBHOIO.

[Iycrs lim f(z) = A mo Teiine, vo me o Komm, T. e.
T—rT0

de>0 Vo(e) >0 Fas € (a,b)
(0 <|zs —xo] <O A |f(xs) — Al = ¢).

1 Oeroemen Jlyu Kowu (1789-1857) — Besmkwmit bpaHIty3CKuii MaTe-
MaTuk 1 MexaHuk. OIMH U3 OCHOBOIIOJIOKHUKOB TEOPUH AHAJINTUIECKIX
dbynkuuit u cozmaresteit MaTeMaTndeckoro anaausa. OCHOBHBIEC TPY/IBI IO
Teopun guddepenualbHbIX ypaBHEeHHI, MaTeMaTUIeCKON (pU3HKe, Teo-
PpUM 9HUCEeNI, TeOMETPUU. ABTOD KJIACCHIECKAX KYypPCOB MATEMATHIECKOTO
aHaJIN3a.
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ITycts 6 = +. Torpa naiinyres @, € (a,b) Takue, 4ro
1
0 < |z, — x| < o |f(xn) — A] > €.

Orciona x, # w9, T, — X9, Ho f(x,) - A, 4ro nporuBOpe-
qur Tomy, 9ro f(z,) — A mo leiine.

Tenepb JoKazkeM, 9TO U3 oupeeaenus npeaena no Komm
cJIeJlyeT onpejiesieHre mpejesia 1o [ efine.

IIycre lim f(z) = A mo Komm. Bosbmem mo0yio mocite-
T—T0

JoBaTeabuocTs {r,} C (a,b), v, — x9, T, # To. Bo3bMmem
sgroboe € > 0. Torma u3 onpenenenus upejesa 1mo Ko Haii-
nercst 0 > 0, [Aj1 KOTOPOTO, B CHJLY CXOJUMOCTH &,, — g, Haii-
siercst Homep N Takoii, 9to |z, —xo| < d npun > N. Torma u3
onpefesenns npenesa o Kommn caenyer, aro |f(x,) — Al < e,
410 o3Hadaer, 4ro f(z,) — A, T e. $li_>1£10 f(z) = A B cmbIcTe

ompenenenus [eitne. [
O0dnocmoporHue npedeast

Onpenenenune 7.6. [lycrs dyuknusa f onpenenena Ha
unrepsase (a,xy). Yucao A HasbBaeTcs npedesom Gynruun
f caesa 6 mouke xg,

A= lim f(z),

ecJ/ina

Ve>0 36>0 Vze (a,z)
(xo—d <x <z0) = (|f(x) — A] <e).

IIpeden pynxuyuu f cnpasa onpeesnsgercsa aHAJOITIHO.
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dcuo, aro dyukus f umeer mpeses B TOUKE Ty TOTJA U
TOJIBKO TOTJIA, KOTJIA B 9TOI TOYKe /Jist GYHKINUK [ CYIIECTBY-
10T IIpeJesbl CJIeBa U CIpaBa U OHU PaBHBIL.

Ecim 29 = +00, TO ET f(x) = A onpenensierca ciejy-

xX o

IOIIIM 0Opa30M:
o Kommn:

Ve>0 d6(e) >0 Va>de) = |f(x)—A| <e;
o [eitre:

Ve, > 4+o00= f(z,) > A mpun n— oo.

7.3. CsoiicTBa mpejena yHKINN

Apupmemuueckue ceoticmaa npedeaa GyHKUUY

ITycmo gynxyuu f u g onpedeaenv, na unmepsane (a,b),
Kpome, bbims Moodicem, moywku xo. Ecau cywecmeyrom npede-
av lim f(x), lim g(x), mo cywecmeyrom npedesvt cymmot,

T—T0 Tr—TQ

npousee@emm U OMHOWEHUA ITNUT (ﬁymcuuﬂ u uUmMernm me-
cmo pasexncmea.

1) Jim [f(z) + gw)] = lim f(z)+ lim g(x);

2) lim [£(2) - g(a)] = (lim f(x))- (lim g(x));

lim f(z)
. f (SL’) T—T0 .
3) lim = — , 1pu ycaosun lim g(z) # 0.
z—zo () lim g(x) T30
T—T0
OTH CBOICTBa BBITEKAIOT M3 COOTBETCTBYIOIIUX CBOWCTB
CXOMIINXC IIOCJIEIOBATE/ILHOCTE U OIIpeJe/IcHUs IIpejiesa

dyukiun no [eiine.
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Ozparuvernrnocms GyHruuu

Onpenenenue 7.7. Oyukius f HASBIBACTCS 02PAHUYEH-
HOU Ha MHOMcecmee X, eClIM MHOXKECTBO ee 3HadeHnit Y =
= {f(x)| € X} orpanndeno, . e.

dm,M eR Ve e X m< f(z) < M.

Ecau lim f(x) = A, mo cywecmsyem npokosomas oxpecm-
T—T0
HOCTN® TMOYKU T

O(l’o) = (I‘O — 5, I‘O) U (ZE(),.I‘O + 5),

6 Komopot ynxuus [ oeparuvena.

JeficTBUTEIBHO, U3 CYIIECTBOBAHUS IIPEIEIIA CJIC/LYET, ITO
s € = 1 cymecrsyer 6 > 0 takoe, uro |f(z) — Al < 1 upm
Beex & € Os(zp). OTciona

IM =1+]A >0 3O0s(x) V€ Os(xo) |f(z)] <M.
O

Omdeaumocms om HYyas

Ecau lim f(z) = A > 0, mo natidemca makas okpecm-
T—T0

noemw O(x0), wmo f(z) > 4 >0 npu ecex x € O(xp).

JleficTBUTE/ILHO, BOBbMEM € = é > (), Tor/1a U3 CyMIECTBO-
BaHMsI KOHEUIHOIO Ipejiesa ciepyer, 9To cymectByer O(zo)
Takag, 94To npu Beex T € O(xg)

A—é<f(x)<A—|—é, e f(z)>—=>0. O

2 2
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Cesoticmsea, cea3zarHble C HEPABEHCTMEAMU

1. Ecau lim f(z) = A, lim g(z) = B u Vz € O(x)
T—T0

T—T0
svinoanaemes nepasencmeo f(z) < g(x), mo A < B.

2. Ecou lim f(z) = lim g(x) = A uVa € O(xy) evinos-

T—T0 Tr—xQ
naromes nepasencmea f(x) < h(x) < g(x), mo
lim h(z) = A.

Tr—xTQ

loka3zaTe/JibCTBO 9TUX CBOHCTB CJIe/yeT U3 COOTBET-
CTBYIOIIUX CBOMCTB JJIsl CXOAAIIUXCS IIOCJIEIOBATEIbHOCTEN 1
ompejeseHus npejena GyHkimn o [eiine.

7.4. DBeckoHedyHO MaJible 1 OECKOHEYHO
Oosbime PyHKIINN

Omnpenesienne 7.8. OyHKuus o HA3LIBACTCH OECKOHEUHO
Manol Gynkyuets npu T — xo, ecan a(x) — 0 upu r — x.

Onpenenenue 7.9. OyHKIMs 7 HABBIBACTCS HECKOHEUHO
borvwotl pyHKyuet npu T — To, €Can

lim v(z) = o0

T—T0
I, B pa3BepHyTOil popme,
Ve>0 36(e)>0 VacOs(rg) = |y(z)] >e.

Teopema 7.2.
1. Ecau v u B — beckoreuno manvie Gynkuuy npu x — xo,
mo a—+ 3 — maxkotce 6ECKOHEUHO MAAGA YHKUUA NPU T — T(q.
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2. Ecau a — Geckoneuno manas Gynkyua npu r — o,
a Pynkyua f ozpanuvena 6 nekomopol npokosomot okpecm-
HOCTU MOYKY To, MO f — OECKOHEUHO MaAGA PYHKUUA NPU
T —r Xg.

3. (f(x) > Anpux — x9) & (f(x) = A+ alx), 2de o -
HEKOMOPaA OECKOHEWHO MAAGH PYHKGUA NPU T — Tg).

4. Ecau o — GeCKOHEUHO MAAGH PYHKUUA NPU T — To U
a(z) # 0 6 HeKkomopotl NpokosomMOts OKPECTNHOCTU TROYKY Xy,

R
mo — — beckonenno boavwan PYNKUUA Npu T — Tg.

5. Ecau vy — beckonewno boavuwias Gynkuua npu r — xo,
mo % — beCKOHeUHO Manas GYHKUUL NPu T — Tg.

JlokaszaTebcTBO clie/lyeT u3 onpejienenns [ eitHe mpe-
Jien1a PYHKIUA U COOTBETCTBYIOIINX CBOWCTB OECKOHETHO Ma-
JIBIX TI0CJIEIOBATEIbHOCTEI.



8. HenpepbIiBHOCTH (DyHKIINN

8.1. Touyku HempepbLIBHOCTU W Pa3pbiBa
dbyHKININ

Onpenenenue 8.1. [lycrs dyuknus f onpejienena B He-
KOTOPOiT OKpecTHOCTU TOUYKU To. Dyuknus f HasbiBaeTcs
HENPEPBIGHOT 6 MOYKe X, €CIIN

lim f(z) = f(2o)
Tr—xTQ
Ucnonways onpeenenne npemeta dyuxmnun o Ko u eiine,

MTOJIYIUM CJICJIYIOINIAE Pa3BEepHYTHIE OIIPE/IeJeHUs HEIPpEePbhIB-
HOCTU (PYHKITUU B TOYKE.

Onpenenenne 8.2. Oyuknusd f Ha3bIBACTCI HENPEPLLG-
HOT 6 mouke xo no Kowu, ecnn

Ve>0 3(e) >0 VazeOs(xg) = |f(x)— flxg)] <e.

Onpepnenenne 8.3. Oyukims [ HA3BIBAECTCS HENPEPLIG-
not 6 mouke xy no letne, ecin ¥ {x,} C O(xy) Takoii, aro
T, — Xg, Beosasercs f(z,) — f(zo).

Onpenenenne 8.4. Touky xy OyiaeM Ha3bIBATH MOYKOU
paspovisa pynkyuy f, ecim GyHKIUA HE OIpeJie/ieHa B 9TOM
TOYKE WJIN OIpeJieieHa, HO He sIBJIIeTCs HellPEPbIBHON B Hell.

Onpenenenune 8.5. Ilycts xy — Touka pazpbiBa HYyHK-
mun f. Touka xg HA3BIBAETCS MOYKOU PaA3Pulea HYALE020 POJa
(moukotl yemparnumozo paspvisa), eciu y GyHkuuu [ cyiie-
CTBYeT MpeJiesT B 3TOI TOYKe, He PABHBIN 3HAYEHWIO (DYHKIHN
B 9TO# TOUYKE.
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Touka (¢ HA3BIBAETCA MOUKOU Pa3pviea Nepeozo pooa, ec-
gy QYHKIUE f CYIMIECTBYIOT B 9TOW TOYKE KOHEUHBIE OJHO-
CTOPOHHUE TIPEJIESIbI, HE PABHBIE MEXK/Iy COOO.

B nporuBHOM ciydae TOYKaA Ty HA3BIBACTCS MO4K0l pas-
POIBA 6MOP0o20 Poda dynruu f.

CripaBe BBl CJIe/IYIOIIIE TEOPEMBI.

Teopema 8.1. Ecau gynxyuu f u g Henpepuienv, 6 moy-
Ke T, MO HENPePueHv, 6 movwke xo u dynkuuyu f £g, f-g.
Ecau g(xo) # 0, mo § HENPEPLIGHA 6 MOYKE L.

lokaszaTeabCcTBO clemyeT U3 cBONCTB npejena. [

Ilycrs dyuxnus y = f(z) oupenerena B OKPECTHOCTH
TOYKH X U IIEPEBOJUT 3Ty OKPECTHOCTDH B HEKOTOPYIO OKPECT-
HOCTB TOUKE Yo = f(20), & dyukiusa g(y) oupenenena B 910
OKPECTHOCTH TOUKH Y. Torma myist caoxkuoit dyuxnnn F(x) =
= ¢g(f(x)), ompeneseHnHOl B OKPECTHOCTU TOUKHU T(, CIIPABE]I-
JIMBA

Teopema 8.2. Ecau ¢ynxuyus y = f(x) nenpepvisha 6
mouke To, a dynkyua g(y) Henpepwena 6 mouxe yo = f(xo),
mo caoorcnas gynryus F(x) = g(f(x)) nenpepvisna 6 mouke
Zo-

HokaszatenncTBo. llycrs z, — z¢. B cuny nenpepnis-
HOCTH B TOUKE Lo (DYHKIUU f IOCIeI0BATETLHOCTD ¥y, = f ()
cxomurest K Yo = f(xo). Torga B cuiy HenmpepbIBHOCTH (DYHK-
A ¢ B TOYKE Yy mocyaenoBarebuoctb ¢(y,) = g(f(x,)) =
= F(x,) cxomurest K g(yo) = g(f(x0)) = F(x0). U3 onpegene-
uust Leitre ciepyer, uro dyuknus F(z) = g(f(r)) nenpepbis-
Ha B TOYKE . ]
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8.2. ®dDyHKIUU, HEOpepbIBHbIE HA OTPe3Ke

Onpenenenune 8.6. ['oBopsr, uro byukmms f nenpepuis-
Ha na ompeske [a,b], ecm OHA HEMPEPBIBHA BO BCEX TOUYKAX
uHTepBaJia (a,b), HepepbIBHA CIIPpaBa B TOYKE a, T. €.

lim f(z) = f(a),

z— a+0

U HEIpepbIBHA CJIEBa B TOYKE b, T. €.

lim f(z) = f(b).
z— b—0
Teopema 8.3 (mepmas teopema Beiiepimrpacca). Ecau
PynKkuuA HenpepLleHa 1A 0mpe3Ke, MO OHA 02PAHUMENT Ha
HEM.

HokaszaTenbcTBo. [Iycrs dyuknus f HernpepbiBHa Ha
[a, b]. HeobxouMmo J1oKa3aTh, 910

dM >0 Vaz€la,b] |f(x)] <M.

JlokazaTebLeTBO IIPOBEJEM METOJOM OT HPOTUBHOrO. IlycTh
Juts Kazkgoro M > 0 maiijgercs Touka Xy € [a, b] Takas, 9ro
|f(xar)| > M. Torma nus m060ro HATYPaJIBHOTO N HaWIeTCsT
x, € [a,b] Takas, aro |f(z,)| > n. Mbl noxyunm mocsenoBa-
TeJILHOCTH To4eK {x,} C [a,b], mpudaeM mociie10BaTeIbHOCTD
snavennit pynknun f(x,) — oo. U3 orpanuuennoctu {r,}
CJIeJlyeT CYIIeCTBOBAHUE IIOAIIOCIICI0BATEILHOCTH {Xy, } Ta-
KOii, 910 T, — ¢ € [a, b]. Torna u3 menpepsBHOCTH (DYHKINH
f Ha orpeske [a,b] u, B 9aCTHOCTH, B TOUYKE ¢ CJEIYET, UTO
f(zn,) — f(c), B TO Bpems Kax 1o nocrpoenuto f(x,, ) — oo.
[Tosry4eHHOE TPOTUBOPEYHE JOKA3BIBACT TECOPEMY. O
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Teopema 8.4 (Bropast Teopema Beiteprirpacca). @ymxk-
YUA, HENPEPOIBHAA HA OMPE3KE, OCNULAEM HA HEM CEOU MOY-
HOIE BEPTMIOND U HUINCHION 2panu, M. e. HaAUIYmcs MoKy
1,02 € [a,b] makue, wmo

fla) = inf f(z), f(c2) = sup f(x).

vefa vela]

JlokazaTeabcTBo. JlokaxkeMm CylecTBOBaHNE TOUKH Cs.
[IycTp
M = sup f(z), T e.
z€[a,b]
1) Veelnt f@) <M,
2) Ve>0 3Jz.€la,b f(z)>M-—c.
Torma

1
VneN 3Fz, € [a,] M—ﬁ<f(xn)<M.

Taxum oOpa3oM, MOCTpOEHA OTpPaHMYEHHAs IMOCTIEIOBATEb-
HOCTB {Z, }, 13 KOTOPOii MOYKHO BBIIEIATD MOJITOCIIEI0BATE h-
HOCTB { Ty, } TAKyIO, 9TO T, — 2 € [a,b]. Pynkims f mempe-
DbIBHA B TOYKE T = Cg, ciejoBarenbHo, f(z, ) — f(ca).
C npyroit cToponsl, npu Bcex k

1
M — — < f(zn,) < M.
N
U3 ceoiictB mpegena cuenyer, aro f(x,, ) — M. Cremosa-
TeJIBHO,

flez) =M = sup f(a). 0

z€[a,b]
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Teopema 8.5. Ecau ¢ynryua [ nenpepvisna na ompesre
[a,b], ee anavernua na xonuax ompesxa f(a) u f(b) ne pasro
HYAI0 U UMEIOTN, PA3HbLe 3HAKU, Mo Ha unmepsane (a,b) ume-
emes no kpatinetd mepe odna mowka ¢ makaa, wmo f(c) = 0.

Hokaszareabcrso. [Iyers f(a) < 0 < f(b). O6o3na-
InIM OTPE30K [a,b] = Ag. Pazaermm ero nomosnam. Eciu B ce-
pennHe orpeska Ag (DYHKIM paBHa HYJI0, TO TeOPEMa, JTOKa-
zana. Eciim mer, 1o oboznaunm 3a Ay = [aq, by| Ty u3 nojaosun
oTpe3ka [a, b|, Ha KOHIaX KOTOpoil (hyHKIWMA f nMeeT pasHbie
saakm: f(ay) < 0 < f(by). Pazmenum orpesok A momosram.
Eciin B cepesiune orpeska A GbyHKIUA paBHA HYJIO, TO T€O-
pema JjiokazaHa. Ecim wer, 1o 0603HaunM 3a Ay = [ag, be] Ty
U3 TIOJIOBUH OTpe3Ka [ay, by], Ha KOHIax KoTopoil dyuknus f
nmMeer pasuble 3HaKM: f(ag) < 0 < f(be). Paccyxmasa Takum
00pa3oM, MbI JTIOO Ha KAKOM-TO IIIare MoJIy9luM TOYKY, B KOTO-
poit pyukmsa obpamaercd B HOJIb, U TEOpEMa JIOKa3aHa, JIM-
60 MMOCTPOUM CHUCTEMY BJIOKEHHBIX OTPE3KOB, JJIMHBI KOTOPbBIX
CTPEMSITCS K HYJIIO U JIJIsl BCEX N BBIIOJHAIOTCS HEPABEHCTBA
f(a,) < 0 < f(b,). Bo Bropom ciyuae mo teopeme Kanto-
pa CyIIecTByeT TOUYKa ¢, IIPUHAJIEZKAIIAsT BCEM OTpe3KaM A,,.
[Mosromy ¢ € Ay = [a,b] n

lim a, = c= lim b,.
n—oo n—oo

Torma, ¢ ogHOIl CTOPOHEI,

lim f(a,) <0< lim f(b,).
n—oo

n—oo

C z1pyroit CTOPOHBI, B CIJTY HEIIPEPBIBHOCTH (PYHKINN f B TOU-

Ke ¢,
lim f(a,) = lim f(bn) = f(c).
Crenosarensho, f(c) = 0. O

Kak cnencTBue, mosrydgaeM cJieIyIonyo TeOpemy.
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Teopema 8.6. Ecau dynxuyus f nenpepwvisna na ompes-
ke [a,b], f(a) = A, f(b) = B, A < B uC - npoussosvhoe
wucao makoe, wmo A < C < B, mo na unmepsane (a,b)
natidemcsa no kpatined mepe odna mouka xo € (a,b), 6 Ko-
mopot f(xg) = C, m. e. nenpepvishan na ompeske PYHKUUA
NPUHUMAETM. BCE NPOMENCYMOYHBIE 3HAYEHUA MEAHCIY €€ 3Ha-
YEHUAMU HA KOHUAL OMPE3KQ.

lokaszaTenbcTBO. PaccMorpuM pyHKITUIO

rie A < C < B. Oyukiusa F' HenpepbiBHA Ha [a, b] n npuHu-
MaeT Ha KOHIIAX OTPe3Ka 3HAYCHUs PA3HBIX 3HAKOB:

F(a)=fla)—C=A-C <0,
Fb)=f(b)—C=B-C>0.

Tora, cornacHo mpeplLyIeii Teopeme, CYIIEeCTBYeT TOUYKa
z € (a,b) Takas, aro F(zg) =0, T e. f(xg) =C. O

8.3. PaBHOMepHasi HEIPEPHIBHOCThH
dbynknnii

Onpenenenune 8.7. Oyukius [ HA3BIBACTCST PABHOMED-
HO HenPepwvieHot Ha MHoHcecmaee X , €CTU BBITIOJHIETCS CJie-
JIYIOITee yCJIOBUE:

Ve>0 3Jd(e) >0 V€ X Ve X
(lzr = 22| <& = |f(z1) — fla2)| <o)
OueBnIHO, YTO PAaBHOMEPHO HEIIPEPBIBHAS HA MHOYKECTBE
X dyHKIMs HenpepbiBHA B Kaxk10i1 Touke x € X. O6parHoe,

BOOOIIE TOBOPs, HeBepHO. OIHAKO CIIpaBeTuBa CJIeIYIOast
TeopeMa.

78



Teopema 8.7 (reopema Kanropa). Henpepweras na om-
peske PYHKUUA PABHOMEPHO HENPEPLIGHA HA IMOM OMPeE3Ke.

loka3zaTe/ibCTBO IPOBEIEM METOJIOM OT IIPOTUBHOTO.
[Ipeamonoxkum,aro f He ABISETCS paBHOMEPHO HEIIPEPBIBHOM
Ha [a,b], T. e. cymectByer £y > 0 Takoe, 4To s JHOOOTO
d > 0 maiigyresa o, 2§ € [a,b] Takue, ar0 |r§ — 2§ < 0 m
() — @] > co.

Bospmem 6 = 9, — 0. Torma mHaiigyTcs jaBe moc/ieaoBa-
TEJILHOCTHU T, X' PA3HOCTH MEXKIy KOTOPBIMH CTPEMUTCS K
HYJTIO, & PA3HOCTh MeXKJIy MOCIeI0BATEIbHOCTIMI 3HAYCHMI
dyHKIMT He cTpemMuTcd K HyTO. Ecam w3 moceioBaTe b
HOCTH X, BBIIEJUTH CXOJAIILYIOCS IMIOJIIIOC/IEI0BATEbHOCTD
B34Th COOTBETCTBYIONLYIO €il IIO/IIOCIE0BATEILHOCTD X)), TO
UX PA3HOCTD OyJIeT CTPEMUTBHCA K HYJTI0. Torjia pa3HoCTb MexK-
Jly 3HavUeHusIMU (DYHKIUKA HA STUX IOJIITOCIEI0BATETHHOCTIX
B CIJIy HENPEePBIBHOCTH (DYHKIMH JIOJIPKHA CTPEMHUTHCH K HY-
JIIO, & B CUJIY IIPEJIIIOJIOYKEHNS OHa HE CTPEMUTCS K HYJIIO, YTO
JIOKA3bIBAET HEIIPABOMEPHOCTD IIPE/IIOIOKEHNUS. OJ

8.4. CymiecTtBoBaHre OoOpaTHBIX (PYHKIU

[Iycts jana ¢pyukiusa f, orobpazkarolias MHOKECTBO X
Ha, MHOYKECTBO Y :

fox By

DTO O3HAYAET, UTO JjIsd JIoboro y € Y cymectByer © € X
takoit, aro f(z) = y. Takum obpasom, Ha JIFOOOM 3JIEMEHTE
y € Y onpeneneno obparnoe coorsercteue f!:Y — X. Ho
obpaTHOe COOTBETCTBHE MOXKET He ObITh (DYHKIHEH, T. €. ol
HO3HAYHBIM COOTBETCTBUEM. BBIsICHUM J0CTATOYHBIE YCIOBUS
CYIIeCTBOBaHUs 00paTHON (DyHKITNH.
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Onpenenenne 8.8. Oyukiys f(z) HA3BIBaeTCSI CMPozo
603pacmarowets na Muocxcecmee X, eCoIu JJIst BCeX 1, Ty € X
U3 TOrO, 4TO Ty < Tg, cienyeT: f(xy) < f(x2). Anajormano
orpejiesisieTcs cmpoz2o yobuearowas Gyrxyus. Ctporo yoObIBa-
IOIIIe U CTPOTO BO3pacTaroliue (DyHKINN HAZBIBAIOTCS CMpPo20
MOHOMOHHBLMU.

Ha,
Teopema 8.8. Ecau pynrxyus f: X — Y u cmpozo mo-
HOMONHAA Ha MHoKHcecmee X, Mo 06pamHoe coomeemecmaeue
f71:Y = X odnosnaunoe, m. e. 6ydem obpammoti dpynryuet
U Moogtce CmpPo2o MOHOMOHHOT.

Teopema 8.9. ITycmov ynruyuay = f(x) onpedenena, re-
npepuisha u cmpozo 6ozpacmaem Ha |a,bl, f(a)=A, f(b)=B.
Toeda f([a,b]) = [A, B] u obpammnas ¢pynwxuus x = f~1(y)
onpedenena, HenpePuLEHa U CMpPo20 G03PACTNALTN. HA OMPE3KE

A, B].

8.5. DJjemeHnTtapHble PYyHKIINN

1. @yuknuga a, a > 0, onpejenieHa u HerpepbiBHa Ha R,
BO3pacTaer, ecyin a > 1, yowiBaet, ecu 0 < a < 1.

2. @ynkmudg log, x, a > 0, onpenesena n HellpepbIBHA HA
(0, +00), BO3pacraer, ecau a >1, u yopiBaer, ecan 0< a <1.
Ecin a = e, To jlorapudm 1Mo OCHOBaHUIO € HA3LIBAETCS Ha-
MYpasvHvLM T 0003HATAETCs In .

3. Oyukius r* onpejesena u HemnpepbiBHa Ha (0, +00),
BO3pacTaer, ecau a > 0, u yosiBaer, ecan a < 0.

4. Oynkuua (u(x))*@, e u(z) > 0, HasbBaeTCA cme-
NEHHO-NOKA3AMENOHOT T OTIPEIEISIETCS PABEHCTBOM

(U(I))U(x) — ev(x) lnu(x)y U(ZL‘) > 0.
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8.6. 3ameuaresbHBIE IIPEIEJIbI

Ilepsuiti 3amevamenvHuti npeden

JTokazkeM, 9TO UMeeT MEeCTO PaBEHCTBO:

. sinz
lim =1.
z—0 X
F 3
sinx
A X
tgx
X 1 R
\ 0 B /c D g

Uexopist n3 reoMeTpuIecKux pacCMOTPEHuUit (CM. PUCYHOK),
uMeeM CJIeIyIoIIue HepaBeHCTBa I BeJIMYUH ILIO0MIAIei:

Saroac < S_oac < Spoap-

Cunrag, uro 0 < x < 7, mojyqum

sinr <z < tgux,
T 1
<

1< — ,
Sin xr COS T

sinx
< 1.

cos T <
Zz

z O). U3 1o-

DTN HEPABEHCTBA BBITTOJTHAIOTCA U I T € (—2,
CJICJHETO HEPABCHCTBA CJICAYET, 9TO
x? s

Smx—l‘<2sin2§<— 0< o] < 3

x 2
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[Tepexong k tipesiesty ipu & — 0, oy IuM

S T -1 0

lim
z—0 X

Tabaruua 3ameuamensvbHvr npedenos

. . 1
1) lim ——=1; 2) lim (1 +2)= =¢;
In(1 r—1
3) fim 2D 4) lim &= =1,
z—0 €T z—0 xT
-1 1 @—1
5) lim & = Ina; 6) lim%:a.
z— 0 €T x— 0 X

Ecmm lim u(x) > 0u lim v(z) — KOHEUIHBI, TO ¢ y9IeTOM
T—r TQ T—r X0
PaBEHCTBA

(u(x))v(m) _ ev(m)lnu(m)
u3 HelpepbIBHOCTH (hyHKIW e* u Inx ciexyer, 910

. U(w) _ . xlgg v(x)
Jim (u(z)) (Jim u(z))*=*0

[Tocseiee paBeHCTBO MeeT MecTo U Jyist lim v(z) = +o00(—00)
T—T0

upu ycsaosun, aro lim u(x) = A >0, A # 1.
T—T0

Ecmm lim u(z) =1, a lim v(x) = oo, To cupaBeuBo:
T—T0 T—T0

lim v(z)(u(x)—1
lim (u(@)v(w) — ooty () (u(z) )7
T—TQ

ecau cymectByer limo(z)(u(x)—1), KoHEUHBIH WK GeCKOHEY-
T—rT0

HBbIMN.
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IIpumep 8.1. Boruaucgurs mpejesn
. 1
lim (cos x)sinZe
z— 0

Pemenmne.

. 1 . Incosa lim lncose
lim (cos x)sinZe = lim e sin2e = ew—0 sin?w
z— 0 z—0
lim ln(lfsin2 x) 1
:ezﬁo 2sin? z 2675.

IIpumep 8.2. BoruncauTs npejen 11m 1-cosz

Pemenue. Vcnonb3yem nepsbiit 3aMeaneJ1be1p“1 peJIet:
, 1 —cosz . (1 —cosz)(1l + cosz)
1im -—-—- = =
a0 g2 20 22(1 + cos x)

) sin? . sin*z 1 1
=lim —————~ = lim —— - lim = —.
-0 22(1 +cosx) =0 22 2501+ cosx 2

:1:2 +2x 76m2+m

3 €
IIpumep 8.3. Boruncanrs npemen }jlir(l) —

Pemenue.

et — gttt et (e — 1)
lim——m— =lim—~ =
=0 sin T z—0 sinx
i 2 e — . x
= lim ¢ " - lim im —— = 1.
z—0 z—0 €T 20 sin T
IIpumep 8.4. Boruncaurs npegen hm —hslflosxl,
Pemenune.
Incoszx . In(l+cosz—1)  cosz—1
im ——— = lim im ST
z—0 sSIn“x z—0 cost — 1 250 sin?z
(cosx — 1)(cosz + 1)
— lim _
2=0  sin®x(cosz + 1)
sin? x
= —lim — N
2=0 sin” (1 + cos x) 2
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IIpumep 8.5. Boruucgurs mpejesn

lim (Va?+ 8z — x).

T—r+00

Pemenue.

lim (Va2 48z —x) =

T—>+00
I (Va? +8x — x)(vVa? + 8z + x)
= lim =

T—r400 (Va2 + 8z + x)
8T . 8




9. JInddepennuaabHoe UCUYUCIEHAE
dbyukIuu ogHOI TIepeMeHHOo

Baxknoit xapaKTepUCTUKON JBUKEHUA MaTEPUAJIHLHON TOUYKHU
SBJISIETCSI €e MI'HOBEHHasl CKOpOCTh. JlomycTuMm, marepuaJib-
Hasl TOYKa JBIZKETCs 10 3aKoHy S(t). PuKcupysi MpoOu3BOIIb-
HBIIT MOMEHT BpeMeHU t u ero npupawerue At > 0, moxyanm
cpednioto ckopocms Ha OTpeske Bpemenn [t,t + At]:

S(t+ At) — S(t)
At '
HyCTb7 HallpuUMeEp, MaTepuaJibHasd TOYKa JABU2KETC 110 3a-

kouy S(t) = §gt2 [0 TIPSIMOIf, T. €. HAXOJUTCS B CBOOOHOM

aICHAN TI0[, JeMCTBUEM IIOCTOSHHONM CHJIBI TsxKecTu. Torma
CpedHAA CKOPOCTD

g- (t+ At)? — gt?
2At

1
Vep(t, At) = =gt + §gAt.
Menosennoti ckopocmuto (MM TIPOCTO CKOPOCTNBIO) JIBU-
JKyTeiicd TOYKH Ha3bIBAETCH MIPEJIe), K KOTOPOMY CTPEMUTCS
CPeJIHSIsT CKOPOCTD Vep (t, At) U CTpeMJIeHUN K HYJIIO [IpHpa-
IICHUS BpeMeHH, T. €.

L L S(t+ A - S
= At A0 =M T

v(t)

Urak, npn HAXOXKICHUU CKOPOCTH H3MEHEHUS KaKOH-TO
IepeMeHHoi Besmanunl y = f(2) B TOUKe & HAM HYXKHO CO-
BEPIINTH IIPEIEIbHDIN IePeXO/]

Af . fle+Azx) — f(x ,
lim — = lim ( ) ():f(:c)

Az—0 Az Az—0 Ax
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9.1. OmnpenesieHne u reoMeTpUYIEeCKUin
CMBICJI TPOU3BO/IHON (DYHKIINU B
TOYKE

Onpenenenne 9.1. [Ipoussodnoti pyrnkuyuu y = f(z) 6
moyKke T Ha3bIBAETCSA THUCIIO

, . flz+Az) — f(2)
=1
f(z) AnDo Ax ’
ecJIM TaKoii IIpeJiesl CYIIeCTBYeT.

Bajiaua 0 MPOBeIEHNN KacaTeIbHON K rpaduKy (hyHKIINn
y = f(x) B TOUKe T TOXKE MPUBOJUT K HEOOXOIMMOCTH COBEP-
[IATH TTOJ00HOTO POJIA TIPEIETBHBIA TEPEXOI.

Pacemorpum, Hanpumep, GyHKIWIO ¥ = ax” u ee rpaduk
(puc. 9.1). Ilposemem KacaTeabHYIO K 9TOIl KPUBOW B TOUYKE
M (z,az?). Kacameavnoti kK xpusoit B Touke M HazblBaeTCs
peJiesibHOe TI0JIoXKeHne cekyieit M M, (eciim oHO cyIecTBy-
er) Ipu crpemJieHnn Touku M; BI0JIb KPUBOii K Touke M:

2

yn Ml {
an
o
M Jax
8 B
o X X+AX 36
Puc. 9.1

[Ipumaaum abermcce x npupaienne Az, TOJTYIAM COOT-
BETCTBYIOIIee Mpupalienne GyHKnun Ay u TaHTeHC yIJia Ha-
KJIOHa cekyteit M M;:

Ay ylr+ Az) —y(z)
tef = Ar Azx '

86



Az)? — az?
a(z + Az) ar 2ax + aAx.
Ax

[Ipenenbroe mosiozkenne cekymeit cymecrsyer npu Ax — 0,
U TaHTeHC yIJla HAKJIOHA €€ eCTh

B namewm cioygae tgf =

= 2azx.

/ i z+ Az) —ylz

B obmiem ciydgae, ecim y byHKnuu f cymiecTByeT KOHeEY-
Has [IPOM3BOJIHAA B TOUYKE T(, TO CyIIECTBYeT U KacaTeIbHas
K rpaduky byHknun y = f(r) B TOUKe Tg, W IPOU3BOIHASI
paBHA TAHTEHCY YIJIa (v HAKJOHA KACATEJILHOI. Y paBHEHUE
KacaTeJbHON 3aITMChIBAETCS B BUJIE

y = f(xo) + f'(w0)(z — x0).

daemernmaprwvie c80lUcmaa npoudeoidHol

B sTrom pazgerne OyjieM cauTaTh, KaK IMIPABUJIO, YTO (DYHK-
IIUU OIpPeJIeSIeHbl B OKPECTHOCTH PACCMATPUBAEMON TOUKH.

Teopema 9.1. Ecau ¢ynxuyua f(z) umeem npouzeodnyio
6 MouKe T, Mo OHA HENPEPLIGHA 6 IMOTE MoUKe.

!’
Hoxaszarennbcrso. U3 cymecrBoBanus f () ciemyer,
YTO Pa3HOCTh

Af(Az)

“Ar f(z) =e(Az)

ecTb OeckoHewHO MaJtast pyukims npu Azr — 0. Orcroga npu-
parienue OyHKIIUNI

Af(Az) = f(z)Az + e(Az) Az (9.1)
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ectb Oeckonevno Magas ¢yukius npu Axr — 0. Orcooga

lim Af(Az) = lim [f(z + Az) — f(2)] = 0,

Az—0
T. €. Ahm0 f(z 4+ Az) = f(x), 910 O3HAUAET HEMPEPHIBHOCTH
x—

dbyukmum f(z) B TOUKe . O

Ob6parHOE HEBEPHO. DTO WILTIOCTPUPYET CJICTY IO TPH-
Mep.

IIpumep 9.1. Oyukuus f(z) = |x| HENIpPepbIBHA B TOY-
ke © = 0, HO Tpomu3BO/HAas B TOUKe T = () He CYIIECTBYET, Tak

|Az|
KaK He CyIIecTByeT Ipejen lim
Az—0 AZL‘

[IpousBoinas u apudMeTudIecKre orepalii CBI3aHbl CJie-
JIYIOTITIMU TTPABIIAMU.

Teopema 9.2. ITycmv ¢ynrxuyuu f u g umerom npouseoo-
Hole 6 mouke x. To2da umerm MeCmo cOOMHOWEHUA:

(af(x)) = af ().

- (f(@) +g(@) = f(x) + g (2).

- (f(@)g(2)) = [ (z)g(x) + f(x)g (x).

(Lx)) _ 9(@)f (2) — g'(2) f(x)
g(x)?

9(x)
HlokaszaTenbcTBO. JokaxkeM, HalIpuMep, CBOMCTBO 4.
Paccmorpum pasHocTHOE OTHOIIIEHUE:

Alf(x)/g(x)] 1 (f(iUJrAl") B f(l")) _
Az Az \ gz + Az) g(z)
1 flz+Ax)g(x) — fz)g(x + Az)

Az 9(0)g(z + Aa)
88
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npubaBuM U OTHUMeM B uuciurese f(z)g(x), 3areM pa3obbem
BbIpazKeHue Ha JIBe JIPoOu:

£/ (2)g(x) }

- Azg(x)g(z + Ax)
N -
~ g(x)g(x + Ax) < Ax 9()

u nepeiigem B pegeny npu Azr — 0:

f(x)g(x) = g'(x) f(x) -
g9(z)? '

—Az—0

IIpoussodnvie anemernmapHuir GYHKUUT

’

1. (z%) =az* !, a €R.

/

2. (sinx) = cosu.

!

3. (cosx) = —sinu.
12 1
4. (t = .
(te) cos?
12 1
5. (ctgz) = ———=—.
sin®
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9.2. JIunddepennupyembie pyHKITINA.
Huddepenmman
Onpenenenne 9.2. Ilycrs dyHkium ¢ u 1) — 6eckoHed-
HO MaJIble B TOUKe T, IpudeM 1(z) # 0 B HEKOTOPOii TPOKO-
JIOTOM OKPECTHOCTH TOYKHU Tq. HKcin
()
lim
T—rT0 '(/}(:C) ’

TO TOBOPAT, 9TO (DYHKIHS (0 €CcmMb OECKOHEYHO Maaas 6oaee
BHICOK020 NOPAJKG, YeM 1), 6 MOYKE Ty, I 0003HATAIOT

p(x) = o(¢(x)).

Onpenenenne 9.3. Paccmorpum ripuparnenue pyHKITTT
f B TOUKeE X:

Af(x) = flz + Az) — f(x).

Ecan sro npupartiesnne MoxKeT OBITH 3aIllUCAHO B BHUIE
Af(x) = AAx + o(Ax), (9.2)

riae A — HekoTOpast KOHCTaHTa, a 0( Ax) — GECKOHETHO MaJiast
60.J1ee BBICOKOTO mopsika, dem Ax, tpu Ax — 0, To QyHKIHS
f naswiBaercsa duggeperyupyemoti 6 mouke x.

Teopema 9.3. Qynkuusa [ Jupdepenuyupyema 6 mouke
T mo2da u Moavko moezda, Ko2da oHa UMEEM NPOU3BOIHYI0 6
aImoU mouke.

JHlokazarteabcrBo. Heobxonumoctsn. U3 onpene-
Jilenus puddepennupyemMoctu [ cieyer, 9To

Afr) _, , olAa)

Ax Ax
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O(A:c)

ITo onpenesnenuio o( Ax) nveem — 0 upu Az — 0. Torna

. Af(x) /
Ali—m Ax A:f(x).

/
Hocrarounocts. U3 cymecrBoBanust f (x) ciemyer,
YTO Pa3HOCTH

BIED _f(a) = c(aa)

ecTb OeckoHewHO MaJtast pyukius npu Azr — 0. Orcioga npu-
parrenne GYHKIINNA UMeeT BU/I:

Af(z) = f (z)Az + e(Az)Ax. O

Onpenenenne 9.4. Ecin byukius y = f(x) nudde-
peHIEpyeMa B TOUKe I, To JmHeiinag sactsh A Az = f(z)Ax
npuparerust A f(x) wHasbiBaercs dugdepernyuanrom Gynruun
f 6 mouxe x u obozHauaeTCs

df (x) = f (x)dx. (9.3)

Snecy Az = dzx.

Ha puc. 9T nokasan qudbepennumas u BUIHO €ro reoMeT-
pUYECKOe OTJIMYINEe OT IPUPAIIEHUS (DYHKITHIH.

IIpumep 9.2.
dx

dtez) = (tex) do =
(tgz) = (tgr) dr -y

d(a®) = (a®) dz = a® Ina dz.
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daemenmaprsie ceoticmea dupdeperuyuana

[Tycts dynakmun u(z) u v(x) muddepeHnupyeMbl B TOUKe
T, TOIJIa UMEIT MECTO PaBEHCTBA

1. dfou(z)] = adu(x).

2. d[u(z) + v(x)] = du(z) + dv(z).
3. d[u(z)v(@)] = u(z) dv(z) + v(z) du(z).
g [u(x)} _ v(@) du(x) — u(x) dv(x)

v(x) v (x)

JlokazaTe/TbcTBa 9TUX CBOMCTB JIETKO CJIEJIYIOT U3 OITpeJie-
Jlenns auddepeHimaia i COOTBETCTBYIOMNX CBOMCTB IIPOU3-
BOJ/THOM.

, eca v(z) # 0.

IIpumep 9.3.

d(te 7) J sin x cos z dsin x — sin x dcos x©
g €T —= = =
Cos cos? x
(cos® z + sin® 7) dx
= 5 de = ——,
cos? cos?
de*sinx) = e"sinxdr + ecosxdr = e*(cosz + sinx) dz.

9.3. IlpousBomaHasa CJIOXKHOI (PyHKIIUN

Teopema 9.4. [Tycmo 3adana caoocnasn dynkyua F(x) =
= f(e(z)). [Tycmov Pynryus @ umeem npoudsodHyro 6 mouke
Ty, a Pynkyua [ umeem npouseodnyio 6 mouke yo = @(xg).
Tozda pynryua F umeem npouseodnyro 6 mouke xy u

(20)-

/

F'(z0) = f (yo)¢
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HokazarenbcrBo. Tak kak dyskmusa f(y) mudde-
peHIpyeMa B TOYKE ¥y, TO

Af(yo) = f (yo) Ay + e(Ay) Ay,

rae €(Ay) — 0 upu Ay — 0. Torna

AF (o) = Af(yo) = [ (y0) Ay + £(Ay) Ay.
Paznenmus na Ax # 0, nosyanm

AFA(;TO) —f (yo)i_z + 5(Ay(AZL‘))2—Z- (9.4)

[Tockosbky cymmectByet ¢’ (o), dyHKIUSA () HEpepbIBHA B
Touke o (Teopema (9.1)), ciemosarensuo, Ay— 0 npu Az — 0.
[Mepexonga k npeneny B (9.4) npu Az — 0, noayaum

F'(z0) = [ (y0)

/

(ZL‘Q). O

ITpumep 9.4. Haiijiem npou3BoIHYIO CI0XKHOM (DYHK-
nmn F(z) = ¥,

Pemenue. annas byHKIMA eCTh CyNEPHO3UIIU JIBYX
dyHKIINI — 9KCIOHEHTHI U CUHYCA!

F(z) = f(p(x)), e f(y)=¢e", y=p(x)=sinz.
[To mpasuty auddepeHnupoBanms CJIOXKHON (DYHKITUN:

/

F'(z) = e¥(sinz) = e™ cos .
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9.4. IlpousBomHasa obpaTHOIl pyHKITUN

Teopema 9.5. [Tycmov ¢ynxyus y = f(x) onpedesena,
HENPEPLIBHA U CMPO20 MOHOMOHHA 68 HEKOMOPOT OKPECTHO-
cmu mowku o, u nycmo f () # 0. Tozda u obpammasn diyrx-
yua v = [~ (y) umeem npoussodnyro ¢ mouxe yo = f(xg),

npuvem / X
7 (o) = o)’

HoxaszaTennbcTso. [lo Teopeme 06 obpaThoit byHKIIHT
cymecrByer obpatHag gyukuus v = f~!(y), HenpepbiBHas u
CTPOrO MOHOTOHHAsI (HAIPUMEp, CTPOrO BO3DACTAIOINIAS) Ha,
(A, B] = [f(a), f(b)]. Hockombky dbymxum f(z) u f~(y)
HEIIPEPBIBHBI B TOYKax To U Yo, Ay = Af(zg) — 0 npm
Ar — 0;u Ax = Af Y (y) — 0 upu Ay — 0. Uz crpo-
roif MOHOTOHHOCTH ciiefyeT, ato Ax # 0 < Ay # 0.

Paccmorpum
Af ') A1
Ay Ay (A
Ax

Urax, nockonbky Ay — 0 < Az — 0, umeem

(£ (o) = lim AFT0) _ yypy A7

Ay—0 Ay N Ay—0 A_y B
. 1 1
:Alggo Ay  f(mo) =
Ax

IIpumep 9.5. Ilonb3ysack JlokazaHHOI TeopeMoil, Haii-
JIeM TIPOU3BOHBIE HEKOTOPBIX OOPATHBIX (PYHKIIHI.
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l.y=a" x=1log,y, y > 0.

( )/ 1 1 1
(0] —_= —= —= :
Sal¥ (@) (a®*)lna  ylna’
/ 1
(Iny) = -
Y
. . ™ ™
2. y =sinx, r = arcsiny, nupu 5 <<y
: ‘ ), 1 1 CoS T i OW
arcsin = — — _
Y (sinxz)"  cosz Ha [—5,5]

1 1
+4/1 —sin’z a \/1—3/2'

3.y =tgx, x = arctgy, upu —g <z < g
/ 1 1 1
t pu— pu— 2 = pum .
(arctgy) ey Cos™ % = o FRvCI By

9.5. IIpousBoanrnie n muddepeHnnaNbI
BBICHINX IIOPSIIKOB

Onpenenenne 9.5. Ilycrs dyukius f omnpeneneHa u
muddepenipyema Ha uaTepBase (a,b) u zo € (a,b). Ilpo-
n3BoHas yHKIMH f B TOUKe 7 (€CJIH OHa CyIMeCTByeT) Ha-
3BIBAETCsST 8Mopoti npoudsodnot dyHkun f 1 0bo03HaAIAETCs
£ (o).

AHAIOTUYIHO OIIPEIEIIeTCs NPOU3B0IHAA N-20 NOPAJKG e~
pe3 mpou3BojHy0 (n — 1)-ro mopska.
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IIpumep 9.6.

2. f(x) =a”,
f () =a*Ina, f'(z) = a*In’a,
3. f(x) =e€"sinuz,
f(x) =e*sinz + e*cosx, f (x) = 2e® cos .

Onpenenenune 9.6. Oynkius f Ha3bIBaeTCA N pa3 He-
npepueto duddepernyupyemoti Ha HEKOTOPOM IIPOMEXKYTKE,
ecJIN Ha 9TOM IMPOMEXKYTKEe OHA MMeeT HelPEPBIBHBIE MTPOU3-
BOJIHBIE JIO M-TO TOPSIIKA BKJIOUNTEHHO.

Onpegenenne 9.7. Ilycrs npoussonnas f () mudde-
peHIpyema B ToUKe g € (a, b). Torma muddepenmman B 91oit
TOYKe (DYHKIUU dy, ec/ii PacCMATPUBATL €ro Kak (hyHKITUIO
TOJILKO OT MEPEMEHHON T IpU (PUKCUPOBAHHON BTOPOII Iepe-
MeHHOH dx, mMeeT BuL (0603HAYUM €ro J, B OTMdue OT d Jist
nepsoro juddepeHnuaa):

’

S(dy) = o [ f’(x)dx}

- [f’(;p)dx] . ox = [ (xo)dxdz.

T=XT(Q Tr=

Bmopvim duddepenyuanom d*y dyukimun y = f(z) B TOU-
Ke To Ha3biBaeTcs quddepentmar ot dy (1. e. nuddepeHmmat
ot nepsoro juddepentmana dy = df (z, dxr) Kak GyHKIUH OT
HepeMeHHOl = Tipu (PUKCHPOBAHHON TepeMeHHOl d):

d*y =& (v, dv) =d(dy)| _ = ["(wo)da’.
dx = dx
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Anasormaso onpeensorcea auddepeHIuaIbl 001ee BBICOKIX
MTOPSIJIKOB:

d"y =6 (d" y)| o -
bz =dz

9.6. IlpousBomnHasa pyHKINU, 33 JaHHOM

ImapamMerTpunieCckKun
[Iycts dynkIMn
x = xz(t)
’ 9.5
{ y=y(t) (85)

OIPEJIeJIEHbI, HEIIPEPBIBHBI HA HEKOTOPOM POMEXKYTKe (a, f3),
a dyukIws x(t) crporo MoHOTOHHA Ha HeM. Torga s yHK-
mn x(t) cymecrByer obpatHas dbyHkims ¢ = t(x), ompee-
JICHHAs HAa HEKOTOPOM IIPOMEKYTKe (a,b) W, CIe0BaTesIbHO,
nmMeer cMblcst caoknasg dyuknua f(z) = y(t(x)). Dra dynk-
st y = f(r) HasbBaercs (DYHKIUEH, NapaMempuiecky 3a-
JarHof cucremoii (9.5)).

Teopema 9.6. IIycmov cucmemoti gynruut (9.5) napa-
mempunecky zadana gynrkuua y = f(z). Ecau pynkyuu x(t)
u y(t) umerom 6 mouke ty npoussodnvie u x (L) # 0, mo
napamempuuecku zadarnas Pynkyus f(r) umeem 6 mouxe
xo = x(ty) NpouseodHylo, U OHA BLIUUCAAEMCA NO POPMYAE

o) = y (to)
f( 0) - Sl?/(t(])

HoxkazarenbcrBo. Obparnas Gynknus t = t(z) ume-
eT B TOYKe Iy IPOU3BOJIHYIO II0 TeopeMe O IMPOU3BOIHOM 06-
parHoii dbyrknun (Teopema [9.5)):
/ 1
t (ZE()) = — .
' (to)
97
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ITo Teopeme 0 IIPOU3BOIHOM CII0KHOM hyHKIMY (Teopema
s dyuxmun f(z) = y(t(x)) momygaem:

’

[ (20) = yl(t(fco))t

!/

y (to
(.CCO) = ,( ) O
' (to)
ITpumep 9.7. llpousBognas byHKIUUA, 3aIaHHON A~
paMeTpudecK CUCTEMOM

T = cost,
<t<
{y:sint, Ostsm,

Terepb yKe MOXKeT ObITb BRIYUCICHA 110 IPEeIbLIyIeil Teope-

Me: ;
, cos x x
foy-
—sint sin arccos « 1— 22

9.7. OcHoBHBIE TEOPEMBI
anddepeHTnaJIbHOIO NCUNCIEHUSA

Teopema 9.7 (Teopema (DepMaED. Ecau pynrxuusa f onpe-
deaena na unmepsane (a,b), 6 mouxe & € (a,b) npurumaem
nauboavwee (HAUMEHBUIEE) 3HAMEHUE U UMEETN 6 IMOT MOoY-

ke npouseoduyio f (&), mo f(€) = 0.

lokaszaTenbcTBo. PacemorpuMm cirydait HanboIbIero
snadenns. [lo ycmoBuio Teopemsr it Bcex @ € (a, b) BBIO-
nstercst nepasenctso f(z) < f(€) (puc. 912). Torna

flx) = f(§)

ecn x <& To ————T2 >, (9.6)
r—¢§

12 ITvep @epmd (1601-1665) — dpanmyscknit MmaTemMaTnk, 1o mpodec-
cun 1opuct. OIUH 13 co31aTeIel TEOPUI YICe U AHAJIITHYECKON TeoMeT-
pun. ABTOD TPY/JIOB 110 TEOPUH BEPOATHOCTEHH, NCUNCIICHIIO HECKOHETHO
MAJIBIX, OIITHKE.
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ectn x> &, TO M < 0. (9.7)

Tak Kak cymiecTByeT TPOU3BO/IHAS

) -t F@) = 1)

z—E€ .I‘—f

Y

TO CyHIECTBYIOT U OJJHOCTOPOHHME IIPOU3BO/IHBIC, 1 OHU PaBHBI
o ’
npoussognoit f (£). Ilosromy u3 HepaBeHCTBA cieryeT

’

FL(&) = £(&) 2 0, ams (9.7) crenyer fi(§) = F(§) < 0.
Orciona numeem f(§) = 0. O

i 1)
~yw

S e,
p-

Fan)
R PR T N VR R YO
&
o
Qe
Fand
j=p)
&

Puc. 9.2 Puc. 9.3

Teopema 9.8 (Teopema POJIH?IED. Hycmv pynruua f:
1) nenpepwiena na ompesxe [a, b);
2) umeem 6 Kaodtcdol mowke unmepsasa (a,b) npouseoo-
HYI0;
3) umeem na Konuaxr ompesra pasHule 3HAYEHUA:
fla) = f(b).

Tozda cywecmsyem mowka £ € (a,b) makas, wmo f’ (&) =0.

13 Muweav Poaaw (1652-1719) — dbpantyscknii MaTeMaTHK.

99



JlokazaTteabctBo. [Io Bropoit Teopeme Beitepmrpac-
ca menpepbiBaas Gyuxmus f(r) na orpeske [a,b] mpummMaer
HarOOJIbIIlee W HAMMEHbIee 3HAYEHHs B HEKOTOPBIX TOYKAX
orpeska [a, b] (puc. 9[3)). IlycTs

M = max f(x), m = min f(z).
z€a,b] z€la,b]

Eciu m = M, to f(x) = const, nosromy f (z) = 0 na
(a,b).

Ecmm m # M, 1. e. m < M, 1o u3 ycuosus f(a) = f(b)
cJIeJlyeT, 9To OJIHO U3 3HaueHuit, m wim M, dyuknueit f(x) ve
IPUHUMAETCS Ha KOHIAX OTpe3Ka [a, b], a npuHuMaeTcs BHYT-
pu unTepBasa (a,b). IlycTs, mas oupegeseHHOCTH, 3HAYCHHE
M upunnmaercst BHyTpu uHTepBasia (a,b), T. e. cyliecTByer
Touka & € (a,b) Takas, 9TO

m[ax]f(x) =f(&)=M > f(x) nanaseex x € (a,b).

z€la,b
Tak kak npousBojHast dyuknuu f(z) cymecrByer B Touke &,
10 110 Teopeme Pepma f (€) = 0. O

Teopema 9.9 (Teopema ﬂarpaHmaE[). Iyemoy dynxuus
f(z) nenpepwisna na ompesxke |a,b] u umeem npouzsoduyro 6
Kaotcdot mouke unmepsana (a,b). Toeda cywecmsyem mouxa
¢ € (a,b) maxaa, wmo

f(b) = f(a) = f(&)(b—a)
(puc. 9H).

4 XKosed JIyu Jlazpanore (1736-1813) — Buigarommiicss bpaHIry3cKmit
MaTeMaTHK, MeXaHWK, acTpoHoM. Hambojiee BaxKHBIE TPY/bl OTHOCATCS
K BAPUAIMOHHOMY UCYUCJIEHUIO, K AHAJUTHIECKON U TEOPETHIECKO Me-
xaHuKe. KMy mpuHaieKaT BbIIAIONINECS] UCCJICOBAHNS 110 PA3TUIHBIM
BOIIPOCAM MAaTEMATHUIECKOTO aHAJIN3a, TEOPUHU Uuces1, ajareope, mudde-
PEHIIUAIbHBIM YPaBHEHUSIM, MATEMATHIECKOH KapTorpaduu U Ip.
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fay &
T 3&0 E(:.’)C) I X
Puc. 9.4 Puc. 9.5
okaszaTenbcTBO. PaccMorpuM pyHKITUIO
F(z) = f(z) — Az, tae mapamerp A\ BbIGepeM Tak, 9TOObI

F(a) = F(b), 1. e. f(a) — Xa = f(b) — Ab. Orciona

0~ S

b—a

Jlnst dyuknuu [ BBITOJIHEHBI BCe yCJI0BUSA TeopeMbl Poiis:

1) F(z) menpepbiBHa Ha [a, b];

2) cymecrsyer F'(z) = f'(z) — X B (a,b);

3) F(b) = F(a).
Toryna mo teopeme Posutst cymectsyer € € (a,b) Takasi, 9T0
F'(§) =0, 1 e f(&) =\ CrenosarensHo,

/ f(b) = f(a)
£l =100, =

Bameuanune. I[lpu a = x9, b = x, b —a = Az (1 e.
npu b = a + Az) noaygaeM Gopmyay KOHEUHBLT NPUPaUuserutl
Jlazpanorca:

/

f@) = f(zo)=f (&) (xr—x0), E=x+0Ax, 0<0<I1,

nJjIm

Ay = f'(z+ 0Az)Ax
(puc. 9[)).
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[IpuBesiem Tpu TEOpeMbI, KOTOPBIE ABJIAIOTCH CJIEICTBUSA-
MU U3 TeopeMbl Jlarpamxka.

Teopema 9.10 (o npeseste npousBonoit). I[lycmo dymk-
uusa f:

1) nenpepwvisha wa [o,b);

2) dupdpeperyupyema na (o, b);

3) cywecmeyem xii£1+0 f(x), xomewnwidi wa nem.

/
Tozda cywecmsyem npasas npoussodnas f,(To), womewras
UAU HEm, U

f;(xg): lim fl(x)

r—x0+0

’
Harmomunwm, uro f, (x9) = 400, ecin dynkims f Herpe-
PBIBHA B TOUKE I CIPaBa U CYIIECTBYET

lim f(xo + Az) — f(x0)
Az—40 Az

IIpumep 9.8. s dyukuuu f(r) = Vsinx? Bbrunc-
am f_(0), f,(0), f_(v/7):
, ) / ) T cos z? . z
f-(0) = xgglof (z) = IE{EO Veinz? xgglom =1

£.00)= lim f(z)= lim — =1

z—040 z—040 ]:(;\ -

Y

2
p T COST
" (4/7) = lim = —00.

/ (\/_) z—/7—0 y/sin 22

Teopema 9.11 (o mocrosiactse dyukuuu). [ycms @dymk-
wus f nenpepwiena na a,b] u cywecmsyem f - xoms 6o na
(a,b), pasnas na nem nyaro. Toeda f(x) = const.
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JokazarenbcrBo. Bosbmem xq, 2 C [a, b]. ITo Teope-
me Jlarpamxa f(x1) — f(22) = f (c)(z1 — x3), e ¢ — Touka
MeXJy 1 U Ty Ho B mnTepBasie (a,b) HpousBojHas paBHA
HYJIIO, caenoBaresibio, f(x1) = f(xg). O

Teopema 9.12 (o monoTonHoCcTH dyHKIMN). [Tycmo dyrk-
yus f nenpepvisha Ha |a,b] u dupdepenyupyema na (a,b).
Qynruyua f monomonno 6ozpacmaem (yoweaem) wa [a, b] mo-
20a u moavko mozda, kozda f'(x) = 0 (< 0). Ecau f'(z) >0
(< 0), mo f cmpoeo eospacmaem (yoweaem) na |a,b.

HoxaszarenbcrBo. [lycts dyuknus f Bozpacraer Ha
[a,b], ee mpupainenne B Jr060it Touke x9 C (a,b) TOro ke
3HaKa, 4TO ¥ Ipupainerne aprymenta, roraa f(xg) = 0.

[Iycrs f'(z) > 0. Ilycrs x1 C [a,b], x2 C [a,b] u xo9 > ;.
[To Teopeme Jlarpamxka

/

f(xe) = f(z1) = f (e)(22 — 71),

rJe ¢ MEXKJLy T1 U To, Torma f(xe) = f(x1). O

Ob6o6menneM TeopeMbl Jlarpamka cayKuT

Teopema 9.13 (reopema Kommn). ITycmo gynrkyuu f u g:

1) nenpepwvieho. na ompeske [a, bl;

2) dudppepernyupyemo. na unmepsane (a,b);

8) npouseodnas g # 0 6o ecex mouxax unmepsana (a,b).
Tozda cywecmeyem makas mowka & € (a,b), wmo umeem me-
cmo

JokazarenbcrBo. 3amernm, uto ¢(b) # g(a), nnade,
corstacHo Teopeme Posutst, s dyskimn g(x) Hamiach Obl
Touka ¢ € (a,b), B KoTopoit g (£) = 0.
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Pacemorpum dyukmmio F'(z) = f(x) — Ag(x). [apamerp
A mogbepeM Tak, 4rodnl F(a) = F(b):

f(a) = Ag(a) = f(b) — Ag(b),

CJIEZI0BATE/IBHO,
BEIOKIC) TaK Kak —ala
A= g(b) —g(a)’ g(b) — g(a) # 0.

Nrak, dyakiusa F' yaoBIeTBOPsieT BCEM YCJIOBUSIM TeOpe-
mbl Posuist, mosromy cymiecrsyer Touka & € (a,b) Takast, 910

F'(¢) = 0. Otcioma f'(€) — Ag'(€) = 0

9.8. PackpbiTue HeonpeaeJIeHHOCTEN
o npaBuity Jlomurass

3J1ech IPUBE/ICHBI JTBe TeopeMbl 0 Tipasuiax Jlormmrand )

Teopema 9.14 (mepsoe npasuio Jlommramns). [Tycmo
dynruuu f u g:

1) Jdudpepenyupyemot 6 6uikoromoti oxpecmuocmu O(xg)
MoKy xo;

2) lim f(z) = lim g(z) = 0;

Tr—xTQ T—T0

3) g'(x) # 0 das ecex x € O(xy);

15 Putiom @pancya Jlonumdav (1661-1704) — bpanmmysckuii MaTeMa-
TUK, aBTOP IMEPBOr0 MEYIATHOIO yueOHUKA 10 AuddepeHnnaIbHOMy UC-
uucsennto (1696).
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(@)

KOHEUHBIT uau becko-

4) cywecmesyem npedea lim

!/ 7
T—rT0 g <l’)
HeyHoll.
- flz)
Toz0a cywecmsyem u npeden lim ——= u umeem mecmo pa-
T—T0 g(x)
8EHCMEBO

lim @) = lim @

s glz) o g (2)

JHokaszaTenbcTBO HPOBEJEM JJIs Caydasi, KOraa T —
20+0. Oynkimn f 1 g HeNPEpBLIBHLI HA HEKOTOPOM HHTEpBAJIe
(x0, b) kak quddepenupyemble Ha HeM dyHkmn. Joonpee-
auM dyskiuu f u g B Touke xo: f(x9) = g(ro) = 0. Takum
00pa30M, OHU CTAHOBSITCS HEIPEPBIBHBIMU Ha OTPe3Ke [Zo, b].
Bosbmem moboe © € (xg,b), Torma Ha oTpeske [xg, x| dyHK-
i f ¥ g yIOBIETBOPAIOT ycsioBusiM TeopeMbl Komru (Teo-
pema 0 CpeJHeM 3HAYeHUH, [IOITOMY CYIIECTBYeT TOYKA,
¢ =¢&(x) € (z9, ) Takas, 9ro

Bamerum, uro g(z) # 0, mmade no Teopeme Pomna g (€) = 0
B HEKOTOpOil Touke & € (x,b). fAcno, uro &(x) — xo mpm
x — 2o + 0. ITosTomy

(&) ()

li = I =~ = ] —_— 7,
ea00 g (€)  aomro g (E(x)) | aaot0 g()

IIpumep 9.9.

. sinz . cosx
1. lim = lim
z—0 I z—0 1




2. lima :lima na:lna
x—0 €T z—0 1

3 lim 1—cosz i sinz 1
z—0 ;1:2 z—0 27 2

Teopema 9.15 (Bropoe npasuio Jlomurans). ITycmo
dynxuuu f u g:

1) Jupdepenyupyemv, na unmepsane (a, +0o0);

2) lim f(z)= lim g(z) = oc;

T—r+00 T—r+00

3) g'() # 0 na (a, +00);

4) cywecmeyem npede/b hm f, (ZE) s KOHEUHBHLT UAU 66C7€O—
T—r+00 g (.I)

HEeYHBUL.
f(x)

Toz0a cyuecmeyem u npeden lim ——= u umeem mecmo pa-
z—+00 g()

lim M: lim /(@)
S g(z) e (@)

GEHCMBO

IIpumep 9.10. Ilycts a > 0, a > 0.

) Inzx 400 . 1
1. llm — =|—| = lim =0.
z—+oo L& +00 T—+o00 %
.oa” . ona"? , n!
2. lim — = lim =...= lim — = 0.
z—+oo g%  z—+oo g% lna z—+oo a* In" a
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9.9. ®opmyaa Teiiopa

[Iycrs y dyuknun f B TOUKe o CYIIECTBYET IPOU3BOIHASL
(n — 1)-ro mopsiaka. Torga /711 Hee MOYKHO 3allUCATh MHOTO-
qJIeH

naspBaeMblii MporodtenoM Teittopa | Pasencrso
flx) =T, 1(x) + Ru(z), € O(zp),

cIIpaBeJInBoe B HEKOTOPOil OKPECTHOCTH TOYKU T, Ha3bIBa-
ercs popmynoti Tetinopa dynxyuu f 6 okpecmmocmu mowku
xo; Tho1(x) — mmozounsen Tetinopa crenenn n — 1 dbyHKIUNI
f, Ru(x) — ocmamounwii waen dopmynsr Teitopa n-ro mo-
psIKA.

Teopema 9.16. [lycmv pyrxuyus f umeem n-10 npous-
600HYI0 6 OKpeCHOCTU MoKy To. To2da cnpasedausa dop-
myaa Tetinopa

flz) =T, 1(x) + R,(x), x € O(xy), (9.8)

ede ee ocmamounwl waen n-20 nopadka R, (x) moocem 6vimo
sanucar 6 popme Jlazpanoica:

F™()

n!

R (x) = (x —xo)", £ € (z,20). (9.9)

16 Bpyx Tetinop (1685-1731) — aRTImifCKuil MaTeMaTHK.
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JoxazaTebcTBO IPOBEIEM I T > To. 3apUKCUPY-
eM z € (9, b]. IlpecraBum ocTaTOYHBI WieH B BUJIE

R.(z) = (x — x9)"H,

riae H 3aBucut ot xo, T U N.
Paccmorpum dyHKIMIO

D (u) :f(u)+%($—u)+fz—(!u)(x—u)Q—l—...+
+ —ﬂnil)(u) (z —u) ™V 4 (z —u)"H.

(n—1)!

Oynknus P (u) obaagaer creayomuMIE CBORCTBAME:

1) ®(u) onpeesiena n HepepbIBHA Ha OTPE3Ke [Xg, |, T0-
ckobKY Takosbl ynxiun f(u), f (u), ..., f*~Y(u) na orpes-
Ke [zo, z|;

2) ®(u) mMeeT MPOM3BOJHYIO Ha WHTEpBase (T,g), Tak
KaK Ha HeM MMeET IIPOM3BOJHYI0 N-T0 HopsaaKa QyHKIms f;

3) B(wo) = fla) + 2 (19!”0) (x—29) + L ;"TO) (x — o)+
+ —l—w(x—x YD (2 — a)"H = f(x)

Kpowme Toro, ®(x) = f(x).

Canenosarenbio, Gynknus P (u) yaoBaeTBopsier Ha OTpe3-
Ke [To,x] ycmoBusm teopembl Postsa. Ilosromy cymectByer
TakKasl IPOMeKyToIHast Touka & = xg + 0(x — xp), 0 < 0 < 1,
MeXKJLy TOUKaMH T U 2, 910 B Heil &' (£) = 0.

Boimumem mponsBoIHyio

p (x —u)™ !

O (u) = Wf(”)(u) —n(z —u)" 'H.
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Tak kax ® (£) = 0, To HOTyHUM ypaBHEHHC
(z -
(n—1)!
Orcrona naiigzem
@ i
(n—1)! n(z — &)

CremoBaTeIbHO, OCTATOYHBIN UJIEH 3aIUINETCS B BUJIE

F() (
(n)!
Bameuanue. B ycmousx teopemst [0.16] cipaseymsa
dopmyna Teitropa

FE) —n(z— & " H =0.

ARI(S)

R,(z)= (v —x)"H = x —xo)". O

1@ = 1)+ Ho0 oy e Loy
f(n—l)(%) -
ot T ) R (),
rie
RC( ) f(n ($0 + 9( )) (1 —0>n_1(l’—1’0>n, 0 c (O, 1)7

(n—1)!
ecTb 0CTaTOuHbI wieH B dopme Ko,
Teopema 9.17. ITyemo dynryus f umeem 6 mouke g

npoussodryro (n—1)-20 nopadka. Tozda cnpasedausa dopmy-
aa Tetinopa

f(x) = f(xo) + / (1?0) (x — x0) + / é!xo) (x — 0)*+
b ) (z — 20)" + RP ()



2de RE(z) = o((x — mo)"™1) — ocmamounwiti waen 6 gopme

ITeand™.

lokaszaTenbcTBO. BBesieM dyHKINIO

f, Zo f” Lo

() (
- (n—=1)!

g(x) = f(z) = f(z0) =

u nokazxeM, uto g(z) = o((x — zo)" ).
HeiicTBuTesibHO, IPUMEHUB N — 2 pa3a upasuio Jlonmra-
Jd, a Ha nocaeaneM mare onpegerenne ™ (zq), momyamm

lim —g(:c)
T—T (:B — xo)"’l

= 0. 0J

Bameuanue 1. Popmynny Teittopa dyakmum f B oKpecT-
HOCTU TOYKH Xy =0:

£ 1) , (V)
1 T+ 9] o (n—1)!

ALY —FR,I;(:C),

MHOT/Ia HA3bIBAIOT (hopmyaot Tetropa—M cm/wpeﬁﬂ PyrruuY
f ¢ ocmamovunvim waerom 6 gopme Jlazparoica:

RE(z) = %ﬂ")((n), 0<6<L.

17 Joicysenne Ileano (1858-1932) — mranbancKuii MaTeMaTHK U JIO-
ruk. lI3BecTeH BasKHBIMHU De3yJIbTaTaMH B MAaTEMATHIECKOM AaHAJIM3E,
reopun uddepeHIIaIbHBIX YPaBHEHNI, FeOMeTpHUHI, Pa3pabOTKON MexK-
JlyHAPOJIHOrO sA3bIKa Ha ocHoBe Jarhinu (Latino sine flexione), a Taxzke
paboTaMu B 06JIACTH JIOTHYECKAX OCHOBAHMH MATEMATHKH.

18 Koaun Maxaopen (1698-1746) — anrmmitckuit MmaTemaTux. MaTema-
TUYECKHE UCCIIEAO0BAHMUS OTHOCATCS K aHAIN3y W TEOPHU IJIOCKUX KpPH-
BBIX BBICIIIUX MOPSIJIKOB, PsiJl UCCJIEIOBAHUIT TIOCBSAIIEH MEXaHUKe.
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Bameuanune 2. Popmyia

(x "(x ) (g
f(z) :f(x0)+f (1!0)x+f él 0)x2+...+—f n(! 0)

" +o(z")

HasbIBaeTca opmynoti Tetinopa—Maxnropena dynxyuu f ¢ oc-
MamouHvM waerom 6 gopme Ilearo.

®opmyna Teitsiopa aJisi OCHOBHBIX
3JIeMEeHTapHbIX (OyHKIIii

1. Oyskmus f(z) = e”.

Brraucmy npoussoamsie: M (x) = e, fM(0) =1,
f(0x) = €. Tlomyunm dopmyry Teitnopa ¢ OCTaTOUHBIM
qjenoM B ¢opme Jlarpamxka:

2 3 n—1 n
eyt T GO
e —1—1—1!—1—2!+3!+...+(n_1)!+n!e ,

u B opwme [leano:

‘ 1+x+x2+x3+ + o +xn+(")
e’ = -4 =4+ =+...+ — + — Fo(x").
w20 3l (n—1)! nl

IIpumep 9.11. Boraucaum 9uciio e U OIEeHUM ITOI'PeI-
HOCTb BBIYWCJIEHUS:

S LS S )
T T Ty T T oy
1 3
Ro(1)] = —¢® < — <

= aC SuSar

SBameuanune. C nomompio dopmysisl Teitiopa ¢ ocra-
TOYHBIM 4jieHOM B (hopme Jlarpanzka MOKHO BBIMHC/IUTH [IPU-
OJTMYKEHHO 3HaUeHUsT (DYHKIIUI U ONMEHUTDH BEJTUIUHY OINUOKU.
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@opmysty Teitopa ¢ ocrarounbiM 4ieHoM B ¢dopme [leano
Y100HO UCIOJIB30BATH KAK ACUMIITOTHIECKYIO, HAPUMED, TIPH
BBIIHCJICHUN [TPEJIETIOB, B TEOPUH PSIJIOB U HECOOCTBEHHBIX MH-
TErpajioB.

2. Qynkmug f(z) = sinzx.

!/ " .

Beraucianm npoussogmsie: f () = cosz, f (x) = —sinax

ur g f(z) =sin (z+ Z). CiegosareibHo,

£E3 $5 :L,Qn—l
f(x) =sinz = x‘?*ﬁ_‘ . .+(—1)"m+R2n_1(aﬁ),
re
2n+1 2n+1
I x . ™ ||
npu r — 0, n
Ry y1() = o(z™").
2 4
3. f(x):cosle—%—l—%—..ﬂ—
- $2(n—1) B
2 .3
4. f(z)=In(l+z)=0— —+—=—...+
2 3
l.nfl
-1
5. fle)=(14+2)" =1+ mx+ m(rr;' )x2+
-1 -2
mm—1m=2) ,




m(m—1)...(m—n+2)

+ (= 1) 2"+ R, (7).
B gactaOM Ccityuae
L l—z+22—. ..+ (=1)"2" + o(a"),
1+
1ix = l+ax+2>+...+2"+o(z").

IIpumep 9.12.

pown(l+ o) —sing) m |

—0 arctgr —

0

3nech mora00saTCs hopmyibl Teitiopa:

23
arctgr = v — 31 o(z?),
2

In(l+2z)=x— % + o(z?),
3
sine =z — % + o(z?).

HO,HCTELBI/IB X B BbIpa2K€HUE I10J] S3HAKOM IIpejeiia, IOy IUM

r(n(l+z)—sinz) w(r— % +o(a?)—z(r— % + o(x?’))'

arctgr — x ;C—%3—|—0(1;3)—1’
CretoBaTesibHO,
In(1 — si 3
lim z(In(1 4+ z) — sinx) _3
z—0 arctgr — 2
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9.10. HNccnenoBanme noBejieHust pyHKITAN
MIp1 MOMOIIM MPOU3BOAHBIX

Onpedeaenue u Heobxrodumovie Ycao8us
akcmpemyma Pyrruuy 00H020 NepemeHH020

Onpenenenne 9.8. Ilycrs dyuknus f(x) onpenerena B
HEKOTOPOl OKPECTHOCTH TOYKH To. [OBOPAT, 4TO (byHKIHS
f () mmeeT B 3TOM TOUKE AOKANLHBIT MAKCUMYM (MUHUMYM,),
€CJIM CYIIECTBYET TaKast OKPECTHOCTD TOUKH Lo, B KOTOPOIi /11t
BCEX T 7# X( BBITOJIHIETCS HEPABEHCTBO

flx) < f(xo) (f(x) = f(20)).

Ecm JJId BCEX T 7& To U3 HeKOTOpOﬁ OKPECTHOCTU TOYKHU
Lo BBIIIOJIHAETCA CTPOroe HEPaBEHCTBO

flx) < f(xo) (f(z) > f(x0)),

TOrJIa TOYKA To HA3BIBAETCH MOUKOT CMPO2020 MAKCUMYMA
(Munumyma) QyHKIUN.

Toukn MakcuMyma ¥ MUHUMYMa (DYHKIMUA HA3BIBAIOTCSI
MOYKAMU IKCMPEMYMQ, & 3HAYeHUs (DYHKIUE B STUX TOYKAX
HA3bIBAIOTCS IKCMPEMYMAMU PYHKUUL.

Teopema 9.18 (HeoGxoMMOe YCJIOBUE TOUKH IKCTPEMY-
Ma). Ecau mouka xg Asasemea mowkol sKcmpemyma Gyn-
wun f(x), mo aubo f (xo) =0, aubo f (xy) ne cywecmeyem.

HokaszaTtennbcTBo. llycth 2y — TOuka Munnmyma. To-
ra

f(@) = f(zo) 20
B HEKOTOPOIii OKpecTHOCTH 3Toit Touku. Ecyu cymecrByer mpo-
U3BOJHAS B TOYKE T, TO CYIIECTBYIOT IpaBas U JieBas Ipo-
u3BojHble u oHM paBHbl. [lockombky f(x) — f(zg) = 0, TO
fl(x0) <0, a fi(xo) 20, ™ e f(20) =0. O
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Touku, B KOTOPBIX TPOU3BO/IHAS PaBHA HYJIIO UJIU HE CY-
IIIECTBYET, HA3BIBAIOT MOUKAMU, NOOO3PUMENLHOMU HA IKC-
mpemym (WA MOYKAMU 803MOHCHO20 dKcmpemyma). Touaku
9KCTpeMyMa (DYHKIIUH CJIeyeT MCKATbh TOJBKO CPEJI TOYEK,
MIOI03PUTEIbHBIX Ha SKCTPEMYM.

Teopema 9.19 (0cTaTOYHOE YCIOBUE TOYKU FKCTPEMYMA
Yepes HepByIO MPOU3BOJHYIO). Ecau cyuecmesyem npoussoo-
HAA 8 OKPECTNHOCTU MOYKYU To U NPU nepexrode uepes amy
MOYKY OHG MEHAEM 3HAK, MO MOUKG To ABAAECMCA MOUKOU
axempemyma pynryuy f(), npuvem ecau

f@)<O0npuz<zy uw f(x)>0npuz >z,
mo Ty — MOUKA MUHUMYMG, G ECAU
f@)=>0npur<zy u f(z)<0npuz >z,

mo g — moYka MAKCUMYMUGQ.

HokazaTenncTso. [lycts x < xy. Ilo Teopeme Jlarpan-
XKa

f(x) — f(xo) = f/(c)(x—%)’

rjie ¢ € [z, 20]. Ecim f'(c) < 0, To B cuuty Toro, uto x —x¢ < 0,
nosnyanm f(x) — f(xg) > 0. Anamorudno Jyist Bcex T cripaBa
ot Touku xo noiydaem f(x) — f(zg) = 0, 1. e. ky — TOUKA
MHUHUMYMa. [
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Buinyxaocms GyHKUUYU HA NPOMEHCYEKE.
Touxu nepezuba. Acumnmomast

Onpenenenune 9.9. Oyukius f HA3BIBACTCA GbNYKAOTU
enu3 (e6epr) na (a,b), ecim Ha J06OM 11, 29] C (a,b) Tpa-
dbuk dyHKIUM JIEKUT He BbIe (He HUXKE) XOPbl, COeJIUHSIIO-
Iieil KOHIIBI 9TOro rpaduka.

Onpenenenue 9.10. Touka Ha rpaduke QyHKIUN Ha-
3bIBaeTCA TOYKOH Iepermda, ecau TPHU IEepPeXoje vYepe3 3Ty
TOYKY MEHsIeTCS HallpaBJIeHNe BBITYKJIOCTH.

Teopema 9.20 (HeoOXOAUMOE YCJIOBHE TOUKH TI€peruoa ).
ITyemv mouka xg asasemes moukot nepeeuba gyrkyuu f(x),
mozda ecau 6 aMoti MouKe ecmb 6Mopas NPou3eooHas, Mmo
OHA PABHA HYAIO.

Teopema 9.21 (kpurepuii BBIILYKJIOCTH UYepPe3 BTOPYIO
npon3BoHy0). [Tycmo dynkyus f(x) umeem na (a,b) npo-
u3600HY10 6Mopo2o nopadka. /las mozo wmobw f(x) 6viaa 6vi-
nykaol enus (eeepzr) na (a,b), neobrodumo u docmamouro,
wmobw f"(x) >0 (<0).

Omnpenenenne 9.11. Ecim lirf f(x) = A, 1o npsimas
Tr—r+00

y = A Ha3BIBACTCS 20pU30OHMANLHOT acuMnmMomot Tpaduka
dbyukmum f(z). Amamornano npu lim f(x) = A. Ecim
Tr—>—00

li = 00,
:c—>ac015%(+0) f(flf) o

TO IpdAMasd T = Ty Ha3bIBAETCA 6EPMUKAALHOT ACUMNMOMOU.
[Ipamas y = kx + b, e

k= lim @, b= lim [f(x)— kx|,

z—=+(—)oo T x——+(—)oo

HA3BIBACTCH HAKAOHHOU acumnmomot upu x — +(—)oo.



10. IlepBoobOpa3Hasi, HeonpeaeJeHHbI
WHTErpaJl 1 uX CBONCTBA

Ounpenesienne 10.1. Oyukua F(x), onpenenennas Ha
npomeskyTke X C R, HasbiBaeTcsa nepeoobpastoti dymryued,
win nepeoobpasnot, dbyuxiwn f(xr) wa npomexyrtke X, ec-
s oHa jauddepeHnupyeMa Ha HEM U UMEET MECTO PABEHCTBO
F'(x) = f(x) s kaxgoro z € X.

Teopema 10.1. Ecau F(x) — xakxaa-1ub0 nepsoobpasras
dynxuyuu f(x) na npomesrcymre X, mo ecarxan Pynryus 6uda

O(z)=F(x)+C

MaKoHce ABAACMCA Nepeoobpaznoti das gymnxuyuu f() na npo-
meorcymre X u ecaxas nepsoobpasnas gynkyuu f(x) nped-
CMABAAEMCA 68 MAKOM 6ude.

HokazatennbcTBo. [lycts @ u F' — 1Be nepBooOpa3ubIe
s f ma npomexkytke X, r.e. ' (x) = f(x) n F'(x) = f(x),
r € X. Pacemorpum dyukimo g(x) = ®(x) — F(x). Dra
byHKIMS MMeeT TPOU3BOJIHYIO, PABHYIO HYJIIO, BCIOIY Ha IIPO-
MEXKyTKe X .

Bosbmem Jitobbie Touku x, o € X. Oyukuus g(x) yiao-
BJIETBODSIET Ha OTPE3Ke [, To] Teopeme Jlarpamxa. CiemnoBa-
TEJIHHO,

Je € (x1,22) 1 g(w1) — g(22) = g'(c)(z1 — 22) = 0.

Orciona BeiTekaet, uro g(z) = const Ha X, a 3Haunt, ¢(x) =
=F(z)+C. O
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Onpenenenne 10.2. Ilycrs f(z) mveer mepBoobpasHyto
Ha HEKOTOpOM IpomexyTke X. Heonpedeaermvim urmeepa-
aom oT byaKImn f Ha mpoMexKyTKe X Ha3bIBAETCs COBOKYII-
HOCTb BCeX IepBoobpasubix dyHkiwmil jis f(xr) na X.

Heormpeienennsiit uarerpas obosuadaerca | f(x)dzx. Io-

/f(x)dac =F(z)+C,

riae F(z) — onna u3 nepBoobpasubix s [ Ha X.

9TOMY

Csoticmea HeonpedeaeHH020 uHMEZPANG

1. Eciim F' qudpdepennupyema rva X, TO
/F'($)dx =F(z)+C.

2. Ecnu dyukiusa f umeer mepBooOpasHyIo, TO

d/f(x)dx = f(x)dx.

3. Ecimm f; u fo umeror riepoobpas3Hbie Ha IIPOMEXKYTKe X
To dyuknud af; + bf, TakKe uMeeT 1epBoOOPA3HYIO U
CIIPaBEJTMBO PABEHCTBO

/(afl()+bf2 a:_a/f1 dac+b/f2

DTO PABEHCTBO HYKHO IIOHUMATH KaK COBIAJIEHUE JIBYX
ceMeiicTB pyHKIHIA.
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JlokaszaTe/bCcTBa ITUX CBOMCTB CJEIYIOT U3 OIpPee-
JICHUU TTPOU3BOJHON U HEOUPEACACHHOIO MHTErpaJia.

Tabauua neonpedeaerHHvlr uHME2PAN08

Ucxonss m3 ompejieieHns HEONPEIEIEHHOTO WHTErpaJa,
TaOJINIIBI IIPOU3BOMHBIX U IIPABUII I depeHITnPOBaHNS, MOXK-
HO 3alicaTh CJIeIyOIIe PaBeHCTBa, BepHbIe Ha COOTBETCTBY-
IOIIUX [TPOMEXKYTKAX:

xa+1
) /w v=——7+tC0 aF-L

2) /d—len|x|—|—0;
T

3) /axdx:a +C, a>0, a#l,
Ina
4) /sinxdx:—cosx+6’;

5) /Cosxdx:sinm—I—C';

—tgx—i-(];

shxdx =chx + C;

/
s

8) /chxdw—sthrC
/

119



10) /ngcm:thx—i—(];

11) /Sg%:—cthaﬂ—C;

12) /%:éarctg%%—c*;

13) /%z%ln Zii +C;

14) /\/%:arcsing—i—c;

15) /\/%zln‘x—l—\/m +C.

10.1. HekoTopble MeTO/Ibl BHIYUCJICHUS
HEOIIPeJIeJIEHHOT'O MHTEerpaJja

Hrmeepuposarue 3ameHoti nepemeHHol

Teopema 10.2. [Tycmo gynryuu f(u) uu = g(x) onpe-
denervl Ha HEKOMOPHLT NPOMEHCYMKGT MAK, YN0 ONPEIeNEH
caroorcnas pynryua flg(x)]. Myemo gynrkuua f umeem nepso-
obpasnyro F, a ynkuua g dugpdepenyupyema, mozda dhym-
yus flg(x)]-g' () umeem nepsoobpasnyio (x) = F[g(x)].

HlokaszatenbcTBo. Oyuknuu F' u [ omnpeseseHbl Ha
OJIHOM ITPOMEXKYTKE, CJIeJIOBATEILHO, MMEET CMBICTT CJIOXKHAs
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dbyukiusa Flg(x)]. CormacHo mpaBuity BBIUUCIEHUS TIPOU3BOJI-
HOI CJIOYKHOM (DYHKIINH NMeeM

d _ dF[y] dg(x) _
= f(u) u:g(m)g'(u’t) = flg(@)]g'(x)

Taxkum obpasom, dyuknusa f[g(x)]-¢'(r) nmeer B KagecTse
OJiHOI M3 cBOMX MepBoOGpasHbIX dyHKIWO F[g(x)]. O

s TEOpEMbBI CJIeAYyET, 4YTO JJid BBIYHUCJ/IEHUA MHTErpaJla

/ flg( x)dx cHaYaIa BHIYUCIISIIOT / f(u)du = F(u)+C,

a 3aTeM IIOACTaBJIAIOT BMECTO HepeMeHHOI/I u beHKHI/HO u =

= g(w).

IIpumep 10.1.

d 1 [d
/£: [u:xz—l—a?; du:Qxd:z:} :_/_u
% 4 a? 2) u

1

u=x2+a?

1
ziln(xQ—i—az)—i—C.

u=x2+a?

Hrmeepuposarue no wacmasam

Teopema 10.3. Ecau ¢ynxuyuu u, v dugdepernyupyemovs
na npomescymre X u cyuecmeyem nepsoobpadnas 0As u'v
na X, mo cyuecmeyem nepeoobpaznas ois uv' na X u ume-
em Mecmo GopMYyAG UHMEZPUPOSAHUA NO UACTIAM

/ w(@) (@)dz = uv — / o (2)0(z)dz.
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JlokazaTeabcTBo. Tak Kak
(u()v(2))" = u(z)v'(z) + u'(z)v(z),

TO
/ o / /
w(z)v'(z) = (u(z)o(z)) — u'(z)v(z).

[TepBoobpasznas mpaBoil YacTh ITOrO PABEHCTBA CYIIECTBYET,
cJIe0BaTe/IbHO, CYIIECTBYET IIePBOOOpa3Hast sl JIEBOI JaCTH
u(z)v'(z).

@opMysia HTHTETPUPOBAHUS 110 YacTsAM CJIEyeT U3 paBeH-
cTBa

[uaw @ = [ (@) - d@pls)ds =
= /(u(a:)v(a:))'d:c—/u’(:c)v(:c)dx:

= u(z)v(z) — [ (2)v(x)dz. O

YuursiBast pasencra du = u'(z)dzx, dv = v'(x)dx, dop-
MYJIy MHTEIpUPOBaHULA 110 9aCTAM MO2KHO 3allUCaTb B BHUJC

/udv:uv—/vdu.

IIpumep 10.2.
/xsinxd:c: [u:x; dv=sinxdzxr; v=—cosx| =

= —xcosx+/cosxdx = —zcosz +sinz + C.
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Hrmeepaase om payuoHasbHvlr Gynrkuul

Ecnu panuonasibiast 1podb ¢ AeiicTBUTEIBHBIMI KO3Ddh1-
IUEeHTaMU

Py (z)
Qk+2m<x> ’

npaBWiIbHadg, T. €. N < k + 2m, TO ee MOXKHO €JIMHCTBEHHBIM
00pa30oM IpEJICTABUTH B BUJIE CYMMBbI IIPOCTBIX JIPOOEit:

Qriom(z) = (2 — a)F (2% + 2px + @)™

Pn(l‘) A1 AQ Ak
= - St
Qriom(z)  v—a (z—a) (z —a)
bix + ¢4 box + ¢
w2+ 2px+q (224 2px +q)?

b + Cp,
(22 + 2px + g)™

Wurerpajbl 0T IPOCTBIX APOoOeit UMEIOT BUIL;

dx 1
1'/(x—a)k:1—k(x_a)lk+0’ k#1.

d
2./ ’ =Iln|z—a|l+C.

r—a

") 24 2pr+q | A 2prtq=uP4q—p® |

_ / du _
) w4 qg—pPlumatp
1 2
arctg q > p°
-~ V4 Vaq—p?
= 1 o

p2>q.

5= et v=a
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4 / xdx B / (u—p)du
") o2+ 2p24+q ) w4 q— p?lu=oty’
9TO Jlajiee CBOJUTCH K TaOJIMYIHOMY MHTErpPajly W HHTErDAJLY
THIA 3.

5'/(x2+2cjoxx+q)m N [u:Hp} -

B / du B / du
) 2+ qg—p)lu=erp ) (w2 £ a?)™

du
O6o3HaunM [m = ﬁ 1 BbIBEJEM PEKYPPEHTHYIO
u* 4+ a*)m

dopMyTy JIjI €10 BHIYUCICHUS:

/ / du 1 / 22 +a? — x2d
m = _— = — —_—ar =
('LL2 + a2)m a2 (ill'2 + a2)m

1 / dx 1 xd(z? + a?)
o a2 (x2 +a2)m—1 2q2 (xQ +a2)m o

g ()
T g2t 2(m — 1)a? o (2% 4 a?)m-1 N

Taxoif MeTo/T CITyCcKa MOYKHO IIPOBECTH C JIFOOOT0 HATYPAJIbHO-
ro m > 2, IOIIaroBo MOHUXKas CTelleHb B 3HaMenarese. Jjs
m = 2 MOJIy9InM:
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I _/ du B 1 I+ T B
27 (u? 4 a?)? T 227t 2a?(z? + a?) N

1 / du n x B
C2a2 ) ur4a?  2a%(2? +a?)

ol T
= —arctg— + ———.
2q3 "8 2a%(z? + a?)

B kadecTBe ynpaxkHeHus mpejjiaraeM IUTATE IO BBIBECTH CO-
OTBETCTBYIONIYIO PEKYPPEHTHYIO (DOPMYITY I

du
Jm o / (u2 _ a2)m

[Tocneanunit TUIT UHTETPAJIOB:

6/ vdv —[u—x—k }—
@z T T

_ (u—p)du _ [ (u—p)du
N / (u2 +q — p2)m u:x—i—p_ / (U2 + a2)m’
Jlajiee CBOJIUTCA K TabJIMYHOMY WHTErpajly U WHTErpaJy TU-
na d.
Takum obpazom, MHTErpaj OT paIUoOHAJILHON (YHKIINN
BCerjia «0epeTcsi» B 9JIEMEHTAPHBIX (DYHKIUAX — KOHETHBIM

YU CJIOM onepaunﬁ OH IIPUBOAUTCA K BBIMTHCJICHUIO TaOJIMTIHBIX
nHTEerpaJioB.

CaMOCTOATECJILHO.




11. OmpeneeHHBII MHTErPaJI

Onpenenenue 11.1. BBejem B paccMOTpeHHE CJIEIYIO-
mye IIOHATHA:

pasbuenue ompeska [a, b] — 510 KOHEUHOE, YIIOPSATOUEHHOE
10 BO3PACTAHUIO MHOXKECTBO TOUYEK

T ={a=uwx,x1,...,2, =b};
meakocmb pasbuenus T

A = max Az = max(xy — Tp_1);
1<k<n
unmezpasvras cymma GYHKIUN f, oTBedarolias pasou-
eanto T u BBIGOPY TO4ek & € [xp_1,74], k = 1,...,n, ecTb
caeAyIomast CyMMa:

o(f,T) =Y f(&) Dy

DOyukius f Ha3bIBAETCS UHMeE2PUPYemoti Ha OTpe3Ke [a, b],
ec cymecTByeT ncyiao [ € R | aro nng oboro € > 0 Haii-
nercst 0(g) > 0 Takoe, uTo Jyist Jir060ro pazbuenus T oTpeska
[a,b] ¢ memkocThIO A < 0(g) m st J11060r0 BHIOOPA TOUEK
& € |rk—1, k), K =1,...,n, BIIOTHSETCS

Zf(gk)Axk —1I| <e.

k=1

Yucao I Ha3BIBACTCA ONPEOCACHHDBLM UHME2PAAOM, I
UHME2PANOM PumaHﬂ dbyukum f Ha orpeske |a,b|, n uH-
TerpaJj 0003HATAETCH

I— / ’ Ha)de.

19 Bepnxapd Pumar (1826-1866) — BBIIATOIIHUTiCS HEMENKUI MaTeMa-
THK, MEXaHUK. Ero paboTbl oKa3a u CUILHOE BINUSHKUE Ha PAa3BUTHE Ma-
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[Mocrostrnast ynknus f(x) = ¢ uATErpEpyeMa Ha JH000M
orpeske [a, b], Tak Kak st 060ro pasduenus T

if(fk)ﬂﬂﬁk ICiAaﬁk =c(b—a)= /bcdx =1.
k=1 k=1 a

Teopema 11.1 (He0OX0UMOE YCJIOBUE HHTEIPUPYEMOCTH ).
Ecau f unmeepupyema na ompesxe |a, b|, mo ona oeparnuena
G ITMOM Ompe3sKe.

Hoxaszarenncrro. Ilycrs dyukiua f He orpanndena
Ha oTpe3Ke [a, b], HO mHTerpupyema Ha Hem. Tora

I—e<> flé)hm,<I+e

k=1

JIJI KAKOro-To pazdmenud 1’ npu 3ajannom € > (0 u jgob6om
BeIOODE & € [25_1,2x]. C Apyroit cropoHsl, Hajigercs orpe-
30K pasbueHusi [ry_1,Ty|, HA KOTOPOM f He OrpaHUYeHa, W,
ciefioBaTesibao, ciaaraemoe f (&) Axy, a MOTOMY U BCA CyMMa
> f(&x)Axy BBIGOPOM TOUKH & MOTYT OBITH CJIEJIAHBI CKOJIb
yrojHo GosbimmMu (10 abCOJIIOTHOM BeJIMYKMHE), U, 3HAYWT,
CyMMa BBIJIET 3a yKa3aHHbIE TPAHUIIbL. O

TemaTuku BO 2-ii mosioBuHe XIX B. m B XX B. OH IOJIOXKUJI Hadajo
U peobPa30BaJl HECKOJIBKO 0DJIACTEl MATEMATHKN: TEOPUIO AHAIUTHIE-
ckuxX (YHKIUN, TEOPUIO KOHMOPMHBIX OTOOpParKEHUM, aHAJIATHIECKYIO
Teoputo auddepeHnnaIbHbIX YPABHEHU, TOMOJIOIHIO, aHAJATHIECKYIO
TEOPUIO UUCEJI U JIP.; JaJ OOIIYIO U0 MATEMATHIECKOTO IPOCTPAHCTBA.
C ero mMeneMm CBs3aHBI TaKWe TMOHATHS, KaK rumore3a Pumana, nzera-
dbyukusg Pumana, nnrerpas Pumana, puMaHOBa TeOMETPHSI, PUMAHOBA
[IOBEPXHOCTH, chepa Pumana, Ten3op KpuBusHbl Pumana u ap.
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11.1. Cywmwmbl Jdap0Oy. Kpurepuii
MHTEIrPUPYEMOCTH

[TonesupIM 11t TAJLHERIIEro AB/IIETC IIOHATHE KoACOu-
nusa dyaknun f Ha orpeske |a, bl:

w(f,la,b]) = sup f(z)— inf f(x).

Z’E[a,b] $€[a,b]

B JaCTHOM CJIy4dae JIJId KpaTKOCTU 6yﬂeM 0603Haanb
W(f:h%—l,xkb ::kaf)

[Iycts M, = SUD e lap 1 1] f(x), mi = infoep, | o0 f(2).
CyMMbr

S(T) = Z M Az, s(T) = kaAxk
k=1 k=1

HA3BIBAIOTCSI COOTBETCTBEHHO GEPITHEN U HUNCHET CYMMAMU
Jlap6if), coorsercrryomumu pazéuennio T

CsoiictBo 1. IIpu dukcuposanunom pazdbuenun 1 cym-
™Mbl J[apOy SBISIOTCS TOYHBIMU IPDAHUIIAMUA MHOYKECTBA UHTE-
I'PAJIbHBIX CYMM.

CBoiictBo 2. [Ipu mobapienun Tovuek Je/IeHUsS] HUKHAA
cymMa JlapOy pasBe JIMIIb yBEJIMIUBACTCS, & BEPXHsisi pa3Be
JIUIIb yMEHBIAETCS.

CsoiictBo 3. Ilycts pazbuenue T mosrydueno u3 pasbue-
Hust 1’ 100aBIeHNeM p TOUYEK JIEJIEHUsT B A — MEJKOCTb pPas-
6uenusi T. Ilycrs M — Bepxusst rpanura dyuknun [ Ha [a, b,
m — ee HIKH«As TpaHuna. Torma

S(T)—S(T") < (M —m)pAr.

20 3Kam Tacron JTap6y (1842-1917) — dpanmysckuit maremarnk. Oc-
HOBHBIE TPY/BI HOCBAIIEHBI 1UbdEPEHIIATBHON TeOMETPUY, TCOPHU HH-
TErpUPOBAHNUS, AHAJUTHICCKUM (DyHKIMAM, airedpe, MEXaHUKe W MaTe-
MaTH4IecKoil pusnke.
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CsoiictBo 4. Ilyts [* = ir%f{S(T)}, a I, = sup{s(T)}.
T

Torma
I" = lim S(T), I*:/l\ims(T).
—

A—0 0

Hokaszatenncrso. Jokaxewm, aro [* = lim S(T), 1. e.
A—0

Ve>03d(e)>0 VT (A<d =ST)-1"<e¢).

BameTuM, 9T0 910 yrBepxKaenue ouesuHo s f(x) = C (mo-
JyMaiiTe, movueMy ), U IpoBeJIeM JT0Ka3aTeIbcTBO s f (), oT-
JUYHON OT KOHCTAHTHI.

N3 onpenenenust I* numeem:

Ve>0 37°: S(T€)<I*+§.

Bozbmem 6 < rje p — YUCJIO TO4YeK Jejienus 1,

£
3(M—m)p’
M, m — rounste rpauu f(z) na [a,b]. Bosbmem mpoussosbHOe
pazbuenue T ¢ menkocTbio A < §. Ilycrs T' comepzkur Bee

Toukn paszobuenwnit T'u T¢. Paccmorpum
0 < S(T)—I' = S(T) — S(T') + S(T") — S(T°) + S(T*) — I".

Torma S(1°) — I* < £ mo BuGOpy 1°, S(T") — S(1¢) < 0,
tak Kak 1" moiydeno u3 1° nobaBjieHreM TOUYEK pas3OUeHUst

(cBoiicTBo 2), a 10 CBOCTBY 3

S(T) — S(T") < (M — m)pé < (M — m)pm - g

Orcrona
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Teopema 11.2 (xkpurepuit Pumana). /laa mozo wmobui
oeparuiennas gyrkuus [ ovuia unmezpupyemoti Ha ompeske
[a,b], Heobxodumo u docmamouno, wmobv, das 06020 € > 0
nawnocy maxoe pazbuenue T ompeska [a, b, npu xKomopom

Zwk(f)AIk < €.
k=1

HokazaTtenbcTBo. HeobxopumocTsh. Ilockombky
dyHKIMs wHTErpUpYeMa, Haiigerca I Takoe, 9TO

Ve >036() >0 VT, V{&)

n

G Ae — 1

k=1

A<de) = <§.

Bepewm smo6oe pasouenne T' ¢ meskocrbio A < 0(g). Torzma
€ a €
I—--< Az <1+ .
; kZ J() Dy < 1+ 5

[TockosbKy HUXKHSAA U BepXHAd cyMMbI JlapOy gaBiisroTces, ipu
BeIOpaHHOM ', TOYHOI HMKHEH M BepxHell rpaHuIeil MHOMKe-
CTB& MHTEI'PAJIBHBIX CYMM, TO

I— % <s(T) <Y fle)bay < S(T) < I +e,
k=1

n
S(T)—s(T) = Zwk(f)Axk < 25 <e.
k=1 3
JloctatouanocTbh. /Ing Hauana 3amerum, aro [* = I,.
JleficTBUTEIBHO, TIOCKOJIBKY

0< I* — I < S(T) — s(T),
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st ioboro T, a 110 yeioBuio Jutd Jirodboro € > 0 cyiiecTByer
pasbuenue T', nyst koroporo S(T') — s(T) < €, To st 11060T0
e>0

0<I"— 1, <e,

Te I*—I[,=0wmIl*=1,=1.
Hanee, njst jiroboro pasouenust 1’

s(T) <D f(&)Ary, < S(T),

k=1

a npu A — 0 no csoiticrBy 4 cymm Hapby s(T) — I, = I u
S(T) — I* = I. CiietoBaTe IbHO, TI0 TIPABUILY <«JIBYX MUJTHIIA-
OHEPOB», HHTErpajbHas CyMMa TOXKe CTpeMHUTCs K 1. O

11.2. Kuaaccel nHTErpupyemMmbix oyHKITHIA

Teopema 11.3. Ecau pynxyus f nenpepwvisna 1a ompes-
ke [a,b], mo ona unmezpupyema na smom ompesrxe.

Hoxaszarennsctso. Cormacuo reopeme Kanropa, Gynk-
st f paBHOMEDHO HelpepbiBHA Ha [a,b]. Bosbmem mpouns-
BoJIbHOE € > (, B CHJIy PaBHOMEDHOII HETPEPHIBHOCTH Haii-
nercs takoe 0 > 0, aro st o6eix o', 2" € [a, b], ynoBreTBo-
PSIONIUX yeJaoBHIO |2' — x| < 0, BbIIOIHAETCS

€

7) = Fa) < .

Eciu B3s1Th pasbuenue orpeska [a, b] ¢ MeakocThio A < 0§,

TO U3 ycnosus wy(f) < 5 OJTY THM
—a

n c n
Zwk(f)Axk < b—a Z Al’k = €.
k=1 k=1
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CrietoBaTeIbHO, 10 KPUTEPUIO HHTErpUpyeMOcTH, (DyHKIus f
HHTerpupyeMa Ha oTpeske |a, bl. O

Teopema 11.4. Ecau dynruus MOHOMOHHA HG Ompeske
[a,b], mo ona unmezpupyema na smom ompeske.

Hoxkaszarenbcrso. [lyers dbyHakius Bo3pacraer Ha [a, b].
Bosbmenm so6oe £ > 0 u pasbuenne T' orpeska [a, b] Takoe, 9T0

f(b) = f(a)

N3 monoronnoctu f ciesyer, 9To

wi(f) = flar) — f(zr—1) > 0.

CrenoBaTesbHO,

D we(H)Aze <A wilf) = Mf(0) — fla)) <e.

OTcrona, Mo KPUTEPHIO HHTErPUPYEMOCTH, (PYyHKIMA f HHTe-
rpupyema Ha [a, b]. O

Teopema 11.5. Ozparuuennan na ompeske [a,b] Pymx-
yus f, umerowas na [a,b] Koneuwrnoe wucao mouex paspwisa,
unmezpupyema Ha [a, b).

11.3. IlIpocreiiniue cBoiicTBa MHTETrpajia
CsoiictBo 1. Eciin dyukius f maTErpUpyeMa Ha OTpe3Ke
[a, b], To oHa unTErpupyema Ha o6oM orpeske [ai, by] C [a, b].

CsoiictBo 2. Ilycts a < ¢ < b. Ecm f unrerpupyema
Ha OTpe3Kax [a, c| u [c, b], To oHa HHTErpUpyemMa U Ha OTpe3Ke
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[a, b] n uMeeT MecTO paBEHCTBO

/abf(.r)dm = /acf(a:)dx+ /cb f(x)dx.

CsoiictBo 3. Ilycts dbyuknun f u g uaTerpupyembl Ha
orpeske [a, b]. Torga ux cymma f + g Takzke HHTErpUpyeMa Ha,
orpeske [a,b] 1 uMeer MecTO PABEHCTBO

/ab(f(x) + g(z))dz = /abf(:(:)dx + /abg(x)dm,

CsoiicTBo 4. [lycts dbyukius f uarerpupyema Ha 0TpPe3-
ke [a,b] u C' — koncranrta. Torna dynknus C f uaTerpupyema
Ha [a, b] U UMeeT MeCTO PaBeHCTBO

/;C’f(x)d:c = C’/abf(x)dx.

CoiicTtBo 5. Eciu dyukiun f u g mHTErpupyeMbl Ha
orpeske [a,b], To ux npoussesieHre fg TOXKE UHTEIPUPYEMO
Ha oTpe3ke [a, b].

CsoiictBo 6. [lycts dbyukmus f wHTErppyeMa Ha OT-
peske [a,b] u f(x) > 0. Torma npu a < b

b
/ f(z)dz > 0.
CsoiictBo 7. Ilycts dyarmmsa f wHTErpHpyeMa Ha OT-

peske [a,b] u f(x) > 0. Ilycrs cymecrByer Touka xy € [a, b
Takas, 9To f HelpepbiBHA B TOUKe To U f(xo) > 0. Torma upu

a<b ,
/ f(z)dx > 0.
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CsoiicTBo 8. [lycts dbyukIus [ nuaTerpupyema Ha 0Tpe3-
ke [a, b]. Torna dyakuus | f| rakKe HHTErprpyeMa Ha OTPe3Ke
[a,b] u npu a < b uMeer MecTO HEPABEHCTBO

/abf(x)dx < /ab |f(z)|dx.

11.4. Teopembl 0 cpegHeM 3HAYEHUU

Teopema 11.6. Ilycmo dynxuuu f u g unmezpupyemos
na ompesrke [a,b], m < f(z) < M wa [a,b], g(x) = 0 na [a,b].
Tozda, npu a < b,

m/abg(x)dx < /abf(x)g(x)dx < M/abg(x)dx.

HoxazaTteabcrBo. llo cBoiicTBy 5 mHTerpamsa yHK-
nust fg MHTErpupyeMa Ha OTpesKe [a,b]. YMHOXKasl HEpaBeH-
creo m < f(z) < M na g(x) > 0, nosyanm

mg(z) < fx)g(x) < My(x).

Uurerpupyst ero 1o orpesKy [a, b], ucrosb3ysi cBOWCTBA MHTe-
rpaJia, MmoJIyanM TpedyeMoe HEPABEHCTBO. [

Teopema 11.7. [lycmv dynxuyus f nenpepuera Ha om-
peske [a,b], a pynryus g unmeepupyema u g(x) = 0 na [a,b).
Tozda cywecmeyem & € |a,b] makoe, wmo svinoanaemes pa-
BEHCMBO

/a  fa)ge)dz = £(6) / gy

HokaszarenbcrBo. Tak kak f HenpepbiBHA Ha [a,b),
TO CYIIECTBYIOT
m = min f(x), M = max f(z).
z€[a,b] z€la,b]

134



B cuity npesbiLyiei TeopeMbl UMEIOT MECTO HEPABEHCTBA
b b b
m/ g(x)dx < / f(z)g(z)dr < M/ g(x)dx.
b

Ecm / g(x)dz = 0, To B KadecTBe { MOXKHO B3Th JIIO-
a

b
Oy1o TOUKy u3 oTpeska [a,b]. Eciu / g(z)dxr > 0, 0

/ (2)g(x)dx
m < St < M.

/a g(x)dx

Takum obpasom,
b
[ syt

/a ' o)

B cuiy TeopemMbl 0 IPOMEKYTOYHOM 3HAYEHUH CYIIECTBYET
¢ € [a,b] Takoe, uro f(§) = C. Orcioga noryaaem Tpebyemoe
paBeHCcTBO. ]

C € [m, M].
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11.5. MHWurerpaj c nepeMeHHLIM BEPXHUM
npegegoMm. PopmyJia
HproTrona—Jleitbruiia

[Iycrs dbyukius f unrerpupyema Ha [a, b]. OyHkims

F(x):/xf(t)dt, € lab]

Ha3bIBaCTCA UHME2PANOM C NEPEMEHHBIM GEPTHUM npe(?e,/Lo,M
UHMEZPUPOBAHUA.

Teopema 11.8. [lycmov dynkuus f urmezpupyema Ha
ompesxke [a, b]. Toeda unmezpan ¢ nepemerHvLM BEPTHUM Npe-
JeNOM UHMEZPUPOBANUSA HENPEPLIEER Ha ompeske [a, b].

HokaszaTenbcTsBo. I3 uarterpupyemoctu (pyHKIUH [
clleflyeT ee OrpaHHYeHHOCTh, T.e. cymectsyer M > 0 Takoe,
aro |f(t)] < M upu Beex t € [a,b]. Ilycts 2y — mobas Touka
u3 [a,b], € > 0. Ucnonb3yst cBoiicTBa MHTErpaJia, MOJIYIiM

Flz) — Flzg) = / " Ftydt — / " byt = / ()t

CrenoBaTesbHO,
7w = Pl =| [ s < | [ 11| < vio -l
xo xo
Wrak, nis 3aganaoro € > 0 qucio § = = > () TakoBO, UTO

IS BCEX X CO CBOMCTBOM |z — zg| < ¢

M
[F(2) = Fao)| < Mz 0] < =% =,

T. . pyHKIU F' HENpepbIBHA B TOYKE Xy. O
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Teopema 11.9. Ecau f unmeepupyema na [a,b] u nenpe-

puleHa 6 mouke To € [a,b], mo gynkyua F duddepenyupyema
6 mouke xo u F'(xg) = f(xg).

JokaszaTeabcTBO. BBUIY HenpepblBHOCTH (DYHKIMI
f B Touke xg, muga soboro € > 0 cymectByer 6 > (0 Takoe,
910 I8t Beex t € [a,b] ¢ yemoBuem |t — x| < § BBIIOTHSETCS
|f(t) — f(xo)|] < e. Torma mus moboro z, 0 < |z — zg| < 9,
BBIIOJIHACTCS

PO = Fw0) _ gy = J1or ~ flao) =

r — Xy r — X9
[ = s —m) [ 150 - seolar
- T — T N T — T '
CretoBaTesbHO,
dt
rreg VOS]
T — T |z — x|
€ / dt
20 ‘ elx —
< = =&
|z — x| |z — x|

YTO 110 OLPEEICHNIO O3HadaeT AuddepeHnnpyeMocTb PyHK-
mn F(x) B Touke xy € [a, b]. O

Teopema 11.10 (o cymiecTBOBaHUM TIEPBOOOPAZHOIA).
IIyemwv pynxyua f nenpepwena na ompeske |a,b|. Tozda dyrx-

UUA N
- / F(t)dt

ABAAEMCA NEPE000pasHot das pynkuyuy f na ompeske [a,b].
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JlokazaTeabcTBO. M3 npeaplyIeii TeOpeMbl CJery-
€T, 9TO
T /
| i) = sa)
x0

a 9TO 10 OIPEJICJICHNIO O3HadaeT, uTo F(x) sBisgercs mepBo-
obpasnoit dbyuxiweit aisg f(x) Ha orpeske [a, bl. OJ

Teopema 11.11 (dbopmyia Hb}OTOHaﬂﬂeﬁ6HHuaED. Ec-
au pynkyus fouenpepwiena na ompeske |a,b] u ® ecmo ee
nepe0oobpasHas Ha IMom ompesKe, Mo UMEEM MeCMo HopMy-
Aa

/ f(z)dz = ®(b) — D(a).

JlokazaTeabcTBO. M3 IpeaplyIeii TeOpeMbl CJeTy-
X

et, uro yukims F(r) = f(t)dt ecrb epBoobpasnast st
a
dbyukm f Ha orpeske [a, b]. CremoBarenbHo, 0bast Ipyrast

ee nieppoodpasHasg ® nmeer BuI

®(z) = F(z) + C = / Ft)dt+ C,

21 Heaax Hvromon (1642-1727) — Beqnkwmit aHTIMHCKHTT MATEMATHK,
MEXaHWK, aCTPOHOM, (busuk, Teosjor. OCHOBATEb KJIACCUIECKON (husu-
KH. CO3,£La.H TeOpeTI/I“IeCKI/Ie OCHOBBI MEXaHUKHU U a.CTpOHOl\/H/II/I7 OTKpI)I.H
3aKOH BCEMUPHOI'O TATOTEHUsI, pa3paboTas Hadasa IuddepeHmaabHO-
0 ¥ MHTErpPaJIbHOrO MCYUCJIEHUMN, YCTAHOBUJI (DYHIAMEHTAJILHBIE MOJIO-
keHus dusmdeckoii ontuku. 306peraresb 3epKaIbHOTO TEJIECKOIIA.

22 Tom¢pud Buaveeavm Jletionuy (1646—1716) — memenkmit umocod,
MareMaTuk, GpU3NK U U300peTaTesib, IOPUCT, UCTOPUK, st3bikoBe . OuH
u3 cozparesieil nuddepeHmaabLHOr0 1 MHTErPaJbHOTO UCIUCICHN, Co-
37aTe/Ib KOMOMHATOPUKU. 3aJI0XKMJI OCHOBBI MATEMATHYECKON JIOTMKH,
chOpMyYIMPOBAI 3aKOH COXPAHEHHs] SHEPTHHA B MEXAHUKE.
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IIO3TOMY

@@p:/ﬂﬂ@ﬁ+47:c,

mm:/w@ﬁ+a
CirieoBaTesibHO,
@@—Mw_/f@# 0

[Tonyuennast popMysia Ha3BIBAETCS 0CHOGHOU HOPMYAOT
UHME2PAALHO20 UCHUCAEHUA. e TacTO 3aluChIBAIOT B BHJIE

b b
/ fityde = F)|
Fﬂe BBe,ZLeHO 0603Ha‘{eHI/Ie
b
Ft)| = F(b) - Fla)

11.6. MeTtoabl BbIYNCJICHUS
oIpeJieJIEHHOTO MHTerpaJa

Memood unmezpuposarus no wacmam

Teopema 11.12. /las nenpepvieno duddeperyupyemoir
na ompesxe [a,b] Pynryud u, v umeem mecmo Hopmysa UH-
ME2PUPOSAHUS TO HACTILAM:




JlokazaTeabctBo. [lo dopmyne Hoiorona—/leiitbaura

/ fu(a)o ()] dz = u(x)o(z)

a

Y4aurbiBas, 4TO
[u(z)v(2)] = u'(z)v(z) + u(z)v'(2),

oJryyaeM

/ab[U(x)v(x)]’dx = /abu/(x)v(g;)dx 4 /abu(x)v/(x)dx.

Orcrosa cieryer TpedyeMoe paBeHCTBO. 0

[Tocnenuroro opmysty yaIo0HO 3allUCaTh B BUJIE
b

- /ab v(x)du(z).

IIpumep 11.1. Beraucanm uHTerpall

iy iy T iy
/ xcosxdxz/ rdsinz = xsinx —/ sinx dxr =
0 0 0 0

™ T
= —/ sinz dr = cosx
0

/ u(z)dv(z) = u(z)v(x)

= 2.
0

3amera nepemenroli nod 3HAKOM
onpedenerHrHo20 uHmMe2pana

Teopema 11.13. ITycmo gynruus x = g(t) umeem nenpe-
PULBHYI0 NPou3sodHyto Ha ompeske [m, M| u
min ¢(t) =a, max ¢(t) =0,
te[m,M] g( ) te[m,M]g( )
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npuvem g(m) = a, g(M) = b. Toeda

/ e / flo(®)g (t)dt

npu yeaosuu, wmo Gynkyua f nenpepvisna na ompeske |a, bl.

HokazarenbcrBo. [lycrs ®(x) — HEKOTOpas 1epBoO-
obpasnasi byuknuu f(x). Oyakmun @(z) u z = g(t) qudde-
pEHIUpyeMbl Ha OTpe3Kax [a, b] u [m, M| coorsercrBento. Co-
[JIACHO MPABUJIy BBIYHMCIEHUS POU3BOIHON CIIOXKHOM (DYHK-
I,

S (1)) = ' (o(0))9 (1)

YunteBast, aro '(g(t)) = P'(z) mpu z = g¢g(t) u uro
d'(z) = f(z), moayanm

Takum obpasom, bynkuusa P(g(t)) asasgercsa ma orpeske
[m, M| mepBoobpasuoit mist dbyukuuu f(g(t))g'(t) u, cremnoba-
TeJIbHO,

/ flg(@))g (t)dt = 2(g(M)) — ®(g(m)) = ©(b) — P(a).

B urore, ¢ oj1HOII CTOPOHBI,

/ f(x)dz = B(b) — B(a),

a, C JIpyroil CTOpPOHBDI,

9TO U TPeDOBAJIOCE. O



11.7. IlpniaoxkeHus ompeaeieHHOI'O
MHTETrpaJjia

Buiuucaenue naowadedi

[Iycrs dbyukuusa y = f(z) onpeleneHa, HelpepbiBHA U
HeoTpHIlaTeIbHA Ha oTpe3ke |a,b]. [liockasi dburypa, orpa-
HUYeHHAs Jyroil rpadpuka (GyHKIUKE HA 3TOM OTPE3KE M IIpd-
MbIMEH T = a, * = b, y = 0, Ha3bIBaeTCI KPUBONUHETHOU

mpaneyuet; (puc. 11[1)).
H Y

Puc. 11.1

[Lomaip KpUBOMHEHHON Tpalenuu onpejessercs 1mo Ghop-
MyJIe

b
S = / f(z)dx.
[Lnomaas GuUrypsl, OrpaHu<IeHHoil HeIPEPLIBHBIMU Ha OT-
peske [a,b] kpuBbivu y = f1(x), y = fo(x) u upambivME = a,

x = b, upu ycaosuu, uro fo(x) > fi(x) na [a,b] (puc. 11[2)),
orpesiessieTcs Mo popMyJie

b
S :/ (f2(z) — fi(2)) da.
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Puc. 11.2

[Iycts r = r(¢) (¢ € [, f]) — ypaBHEHHE HEIPEPBIBHOIL
KPUBOI, 3aJIAHHOIT B OJISIPHBIX KOOpMHaTax. 11mockast (ury-
pa, orpaHnyenHas Jyroii rpaduka GyHKIINA HA STOM OTPE3Ke
M JIyd9aMi @ = o U @ = (3, Ha3BbIBACTCH KPUGOAUHETHVIM CEK-

mopom (puc. 11[3)).

Puc. 11.3

[Lnoma ap KpPUBOJMHEHHOIO CEKTOpa OIpejie/isieTcs 1Mo (hop-
MyJIe

1 [P
S = 5/ () dep.
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Buwiuucaenue daun dye

HyCTb KYCOYIHO-TIJIaJlKad KpHUBad 3a/laHa ITapaMEeTPUICCKU:

{x:x(t), t € [a,bl.

y=y(1),

Torma jymHa ee Iyru BBIYHCSIETCA 110 POPMYJIe

L= / VEOR T 0.

Eciu dyuknus y = f(x) menpepsisro nuddepenimpyema
Ha OTpe3Ke [a,b], TO jymHA JyrH COOTBETCTBYIONIEH KPUBOIL

HaXoUTCs 110 popMyie

L:/ I+ ((@)da.



12. Merpuieckne IpocTpaHCTBA.
CxoammocTh B mpocTpaHcTBe R"

12.1. Paccrosame. CxoJauMocTh B
METPUYECKOM IIPOCTPAHCTBE

Onpenenenne 12.1. Ilycts X — npousBosibHOE HEIyc-
TOe MHOYKECTBO, & T, Y, 2, ... — €r0 3JIeMEHThl. DTO MHOXKECT-
BO HA3BIBACTCA MEMPUYECKUM NPOCTPAHCMEOM, €CIIN yKa3a-
HO TIPABUJIO, 110 KOTOPOMY KazKJIOil 11ape 3JIEMEHTOB X, Y CTa-
BUTCsI B COOTBETCTBUE €INHCTBEHHOE HEOTPUIATEIHHOE TUC/IO

p(z,y), mpuaem

1) p(x,y) = 0 Torma u TOJBKO TOI/Ia, KOTJA T = Y;

2) ple,y) = ply, v);
3) pz,2) < p(x,y)+p(y, 2) (HeEpaBeHCTBO TPEYTOJBHIKA).

DTO MPABUIIO HA3BIBAETCH (PYHKUUET PAcCMOAHUA WA MEM-
pukoti B X, a p(x,y) HA3BIBAETCS PACCTNOANUEM MEACIY T U Y.

MeTrpudeckoe nmpocTpancTBo Oy/ieM 0603HadaTh (X, p) win
npocto X.

IIpumep 12.1. MuoxectBo R BerecTBeHHBIX Ynce]1 00-
pasyeT MeTpUUIecKoe IIPOCTPAHCTBO, €CJTU BBECTH METPHUKY

p(x,y) = |x —y|.

Onpenenenne 12.2. Ilycts Ha MHOXKecTBe X 3aJaHbI
JIBE METPUKU — p1 U Po. MeTpuKm p; U ps HA3BIBAIOTCH K-
BUBANEHMHBILMU, €CJIH HalixyTcs «, § > 0 Takue, 910

api(z,y) < pa(z,y) < Bpi(z,y)

npu Beex x,y € X.
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Onpenenenune 12.3. Ilycrs r» > 0. Oxpecmmuocmovio pa-
duyca r (r-okpecmmuocmoio) toukn a € (X, p) HazbIBAETCHA
muoxectBo O, (a) = {z € X : p(x,a) <r}.

IIpumep 12.2. B npocrpanctse R (cm. mpumep [12.1)
Ofa)={xeR: |z—a|<r}=(a—r,a+r).

Ounpenesnenne 12.4. Ilycrs (X, p) — Merpudeckoe mpo-
crpancrBo u A C X.

Touka a HA3BIBAETCS GHYMPEHHET MOUKOTU MHOHCECTNEA
A, ecmr e > 0: O.(a) C A.

MuozkectBo A HasbiBaeTcst omrpvimvim B (X, p), €cim Kazx-
Jlasl €ro TOYKA BHYTPEHHSISI.

Mo oxpecmmocmvio mouky G MOHUMAIOT JTHO60E OTKPBI-
TOe MHOKECTBO, cojiepzKaiiee Touky a. Obosnagaor O(a).

Touka a HaspIBaeTCA GHEwHeld MOuKol Mmuodcecmea A,
eciim 30(a) 1 Oa) C X\ A.

Touka a Ha3bIBAETCS 2panu4Hol, Mowkol MmHodcecmea A,
ecym

VO(a) 3z € ANO(a) n Jy € (X \ A) NO(a).

Touka a Ha3BIBaETCA NPEdesvHOT MOUKOTU MHOMHCECMEA A,
ecmn

VY O(a) ANO(a) # 0.

Win (SKBUBAJIEHTHOE OIPEJIEJIeHNe) TOUKA ¢ HA3bIBAETCS
npedeavnoti moukoti mnoscecmea A, ecm B 1000t ee OKpecT-
HOCTH HaiijeTcss OECKOHEYHO MHOIO TOYEK MHOXKECTBa, A.

MHOKeCTBO BCeX HpesleIbHbIX TOYEK MHOXKecTBa A 060-
snagaror A’.

MuoxectBo A nHazbiBaercs zamrnymom B (X, p), ecan
A C A.
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Touka a HA3BIBAETCS MOUKOU NPUKOCHOBEHUA MHONHCECTEE
A, ecn

V O(a) ANO(a) # 0.

MHozkecTBO Beex TOUEK MPUKOCHOBEHUsT MHOXKecTBa A 000-
3HAYA0T A 1 HA3BIBAIOT 3ambikaruem A.

Yopaxknaenne. llokaxkure, 4T0:

1) A 3aMKHyTO TOIJIa U TOJBKO TOIJA, KOTJa OHO COBIIA-
JIaeT CO CBOUM 3aMbIKAHUEM;

2) A 3aMKHYTO TOIJIa U TOJIBKO TOIJIA, KOTJa €ro JOMO0JI-
HEHUE OTKPBITO.

Oupepnesienne 12.5. Muoxecrtso A C (X, p) Ha3biBaer-
e ogpanudentom, ecarn Hajigyres a € X u O(a) Takue, 9T0

A C Ofa).

Omnpenenenne 12.6. CoBOKYITHOCTb OTKPBITBIX MHO-
xkecrB {G,} HA3BIBAETCS OMKPLIMBIM NOKPOIMUEM MHOHCE
cmea A, ecin A npuHa Ie)KuT 00beuHeHnio G, .

Onpenenenune 12.7. MuoxkectBo A HazbBaeTcs Kom-
naxmuoim (Komnarmom) B (X, p), ecin u3 1106010 OTKPHITOTO
IIOKPLITHUA 3TOI'O MHO2KECTBa MO2KHO BbIJIC/JIUTH €I'0 KOHECTHOE
TIO/ITOKPBITHE.

KommakTHOE MHOYXKECTBO ABJISETCS OIPAHUYEHHBIM U 3aM-
KHYTBIM B ITPOM3BOJILHOM METPUYECKOM ITpOocTpaHcTBe. Ecim
X — KOHEYHOMEpPHOEe TTPOCTPAHCTBO, TO B HEM JIIOOOE OTPaHU-
YeHHOe 3aMKHYTOE MHOYKECTBO ABJIAETCH KOMIIAKTOM.

Onpenenenne 12.8. Ilyctb xq,x2,...,2Ty, ... — IOCIE-
JOBATEJILHOCTh TOYEK (3JIEMEHTOB) METPUYECKOIO MPOCTPAH-
crBa (X, p). Dra MocsIe10BaTEILHOCTD HA3BIBACTCS CLOAULET-
ca 6 (X,p), ecau cyiecTByer Takoil sjgeMeHT ¢ € X, 49ro
7}1—{& p(xp,a) = 0.
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To ecThb CXOUMOCTB ITOCJIEIOBATE/ILHOCTHU 3JIEMEHTOB MET-
PUYECKOTO MTPOCTPAHCTBA O3HAYAET, UTO PACCTOSHUE OT ITUX
3JIEMEHTOB JI0 TIPEJIe/IbHOM TOYKU CTPEMUTCS K HYJIIO.

astee Oy1yT paccMaTpUBaTbHCd KOHKPETHBIE METPUYIECKHE
IPOCTPAHCTBA, JIJI OIIPeIe/IeHNsT KOTOPBIX HAIIOMHUM OJIHO U3
MOHATHUNT TEOPUU MHOYKECTB.

Onpenenenune 12.9. Ilycrs A u B — npou3BoJibHBIE MHO-
xkecrBa. Jlexapmosvim npoussederuem MHOKecTB A u B (060-
snavaorT A X B) Ha3biBaeTCcst MHOKeCTBO Hap (a,b), rae a € A,
b € B, upuuem (a,b) = (b,a) < a =Db.

Hexaproso npoussegenue R x R x ... x R obosznagaercs

-

n pa3
R™ 1. e. R™ — MHOXkKeCTBO BCceX yHOPsAI0YEHHBIX HAOOPOB U3 N
BEIeCTBEHHBIX Yuces (T, Tg, ..., T,). Kaxkaerii Habop Gymaem
Ha3bIBATh MOYK0U B MpocTparcTBe R” WIn n-mepHuM 6eKMO-
pom 1 0B603HAYATH OJHON OYKBOU = = (1, T, ..., L. ., Ty).
[Tpu 3TOM 9HCII0 X; HA3BIBAIOT i-if KOOPJAUHATON BeKTOpa (T04-
ki) € R™

Onepanun CJIOXKEeHHsT 3JIeEMEHTOB M YMHOKEHUsT Ha, CKaJIsip
B R" BBOJIATCA MOKOOPIMHATHO: JIJIst JTIOOBIX X,y € R™, A € R

r+y = (T1+y, T2+ Yo, T+ Yn),
Ar = (Axg, Az, ..., Azy,).

C makum 00Opa3zoM BBEJICHHBIMU OIEPAIUSIMHU IIPOCTPAHCTBO
R™ gBisiercst IMHERHBIM (BEKTOPHBIM) ITPOCTPAHCTBOM.

HawuboJstee u3BecTHBIMEU IIpUMepaMu TpocTpancTBa R™ saB-
JISTIOTCS:

R! = R — MHOXKECTBO BeIECTBEHHBLIX YUCel,

R? — upcioBag ILIOCKOCTb, B KOTOPOH 3a/laHa CHCTEMa
KOOD/INHAT,

1 R3 — «wncioBoe TpexMepHOE TPOCTPAHCTEO.
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12.2. Merpuieckoe npocrpaHcTBo R"

[Iycts * = (21,22, .-, Zn), Y = (Y1,Y2, - - -, Ypn) — TOUKH
npocrpancrsa R”. OnpeaennM paccTogHne MexK 1y HUMU Tpe-
Ms Pa3HBIMU CIOCODAMU:

1) polz,y) = max|z; —yil;

3

2) pilz,y) = } 1|$z' — uil;

n
3) pa(x,y) = /> (x; — y;)? (eBKIMIOBA MeTpHKA).
i=1
Oyukuun po(x,y), pi(x,y), pe(z,y) aBasdorcs MeTpuKa-
M. JlokazaTesbcTBO 3TOrO He MPEJICTABIAET OCOOBIX TPY/IHO-
CTell M IIpejjlaraeTcsa YUTaTeNo, 38 MCKIOYeHneM HepaBeH-
CTBa TPEYTOJIbHUKA, JJIsi METPUKH po(Z,Yy), KOTOPOE MBI Ceii-
9yac IpOBeJIEM.
Bravaste nokazkeM HepaBEHCTBO KOLHI/I*ByHHKOBCKOFﬂi

n n n

Zaibi < Z|ai|2 . Z|bz|2

i=1 i=1 i=1

Hns samannbix (ag,...,a,) 1 (by,...,b,) BBegeM (DYyHKIUIO
n

o(t) = > (a;t + b;)?, t € R. Ilpencrasum ee B BUje
i=1

n

o(t) = t* Za? + Qtiaibi + Xn:bf.
=1 =1

i=1

2 Buxmop Sxoeaesun Bynaxoscruti (1804-1889) — pyccknit MaTema-
THK, aBTOP paboT 110 TEOPUH HUUCEJ U TEOPUU BEPOSITHOCTEIH.
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[Mockosbky @(t) >0 1pu Beex ¢, IUCKPUMHHAHT 3TOTO KBAJI-
PATHOrO TPEXUIeHA

n 2 n n
=1 =1 i=1

OTKY/Ja ITIoJIydaeM HY2KHO HEPaBEHCTBO

n n

2 PILENDIL
i=1

=1 =1

W3 sroro mepaBeHCTBa cie/lyeT HepaBeHCTBO MUHKOBCKO-

I‘dglﬁ

n

> (ai+b;)? < zn:aer zn:bg. (12.1)
=1 =1

i=1
JleficTBuTe/IHHO,

n n

=1 =1

=1 =1
2

<

2 Tepman Munkoscruti (1864-1909) — HeMenKmit MaTeMaTHK, pa3pa-
GOTABIINIT TEOMETPUYECKYIO TEOPHUIO YHCE/T M TEOMETPUICCKYTO YETHIPEX-
MEpPHYI0 MOJIE/Ib TEOPUU OTHOCUTEJILHOCTH.
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Tenepnb Jierko jg0Ka3arTh HEPABEHCTBO TPEYTOJILHUKA JIJIs
METPUKHU Po:

pQ(fE,y) < p2($, Z) + )02(279)

njin

n n n

D @i =y < D (mi— )+ | Dz — )

i=1 =1 i=1

Ono nosyuaercss u3 Hepasercrsa Munkosckoro (12.1]), ecsn
B34Tb a; = X; — 2; 1 b; = z; — y;.

IIpumep 12.3. Uzobpasurs O,(a) B (R?, po), (R?, p1)
n (R27p2)‘

a, X
Puc. 12.1 Puc. 12.2 Puc. 12.3

OTsBer:

B (R?% p2) : (71 —a1)* + (22 — az)? < r?, . e. OTKPBITHIiT
KpYT C [EHTPOM B TOUKe a pajumyca r (puc. 12.1).

B (R?, p1) : |z1—ay|+|z2—as] < r— KBagpar ¢ nearpom B
TOYKE @, JUATOHAJN KOTOPOIO MapaslIeJbHbI KOODIMHATHBIM
ocam OX; u OXy u pasusl 2r (6e3 rpanunpt) (puc. 12.2).

B (R? pg) : max{|z; — a1}, |zs — as]} < r — kBagpar c
IIEHTPOM B TOYKE @, CTOPOHBI KOTOPOI'O TapAJIIeIbHBI KOOD-
JIMHATHBIM OCsIM U paBHbI 21 (6e3 rpanutpl) (puc. 12.3).
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N3 puc. 12.1-12.3 Bu1HO, 9TO B OKPECTHOCTH OJIHOT'O TH-
Ia MOYKHO BIIMCATH OKPECTHOCTD JIPYTOTO THIa (TOro Ke I
MEHBIIEro pajuyca), 1 HaobOPOT, KarK/Iast OKPECTHOCTD COJIEP-
JKUTCsI B OKPECTHOCTH JIPYTOro THIIA (TOrO YKe WJin GOJIbIIero
pajuyca). Hanpumep, ecim obosuatuts O, ;(a) OKPeCTHOCTD
TOUKH @ pajuyca r B MerpudeckoM npocrpanctie (R?, p;), To

Or1(a) € Oy2(a) C Oyp(a)

Orp(a) € O, 55(a) € Ogi1(a).

OTHU BKIIOYEHUS CJIyzKaT FeOMeTpH‘{eCKOﬁ I/meeﬁ JO0Ka3aTeJIb-
CTBa 9KBUBaJIEHTHOCTU METPUK, KOTOpasd (Ha A3BbIKE CXOAMMO-
CTI/I) 3aKJ/II0O9aeTCd B TOM, YTO CXOJUMOCTD ITOCJIEJOBATCJIBHO-
CTH K TOYKE€ a B OJHOM IIPOCTPaHCTBE pPaBHOCHUJIbHa CXOIH-
MOCTH 3TOM IIocJjie10BaTeJIbHOCTU K TOYKE a4 B JIIOOOM APyrom
METPUYIECKOM IIPOCTPAaHCTBE. A “MeHHO UMeeT MecTo

Jlemma 12.1. ITyemo {af = (2,28, ... 2F)} — nocaedo-
sameavrnocms 6 R" uwa € R, a = (ay,as, ..., a,). Toeda ecau
a = lim 2P 6 R" ¢ odnum u3 paccmoanuii py, p1 usw py, mo

p—o0
a=lim z? u 6 R" ¢ mobvim dpyeum us paccmosrnud py, p1, P2-

p—00

Hambie oy R™ mMbr Oy/ieM MOHUMATH METPUYECKOE IIPO-
CTPAHCTBO C KaKOH-HUOY/Ib U3 YKA3aHHBIX METPUK.

Teopema 12.1. /[rs mozo wmobv. nocaedosamesvHocmo
{zP} cxodunracy 6 R™, neobrodumo u docmamouro, wmobo.
cxoduaucy {xf} — nocaedosamesvrnocmu 00HOUMENHOIT KO-
opduram das mobozo i. Ilpuvem

a=lim2? < a=(ay,as,...,a,),
p_>OO

ede a; = lim xt.
p—0o0
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JlokasaTeJsbCTBO IPOBEJEM B METPUKE py.
Heob6xoaumocts. Ilyers mociemoBarenbrocTs {2P}
cxomurest B (R™) pg), T. e.

da = (ay,as,...,a,) Ye>03IN=N(e)eN VpeN
>N = pola,a”) < o).

[Tockonmbky
— p
po(a,z’) = m?X|=T¢ — a,
IOJIy YaeM
Vi=1,...,n = |2} —a] <e.
Taxum obpazom, Jiuts J1I000T0 ¢ = 1, ..., N BBIIOJHEHO YCIOBUE

Ve>0 IN=N(g)eN VpeN (p>N = |2 —a] <e),

T. e. lim 2¥ = a,.
p—00

JloctatounocTh. IlycTh cxomuTes KaxKjasi 1OCJIEJI0-
BaTeJILHOCTH KoopauHat {x}}, 1. e.

Vi=1,....n da; €R Ve>0 dN, €N VpeN
(p>N,- = |mf—ai|<€).

[Monoxkum N = max{N;}. Torga ais kaxgoro i = 1,...,nu
1

IU1s BeeX p > N OJHOBPEMEHHO BBLIIOIHACTCH
p
|2 — a;] < e,

CJIE/I0BATEJILHO,
max |z} — ai <,
7

T.e.Ve>0 IN VpeN (p>N = po(a,2P) <e). O
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Cesoticmea crodsauwuxrcs nocaedosamenbHocmet

K sytemenTapabIM cBOWCTBaM CXOIAINXCS TOCJIEI0BATE -
HOCTEN MOXKHO OTHECTH CJIeTyIOIIHe:

1. EauHcTBEeHHOCTD IIpejieia.

2. Ecan mocaenoBaTebHOCTH CXOAUTCA K TOUKE ¢, TO JIIO-
Oasl ee MOMIIOCTIEIOBATEILHOCTD TAKIKE CXOIUTCA K .

3. Omepanus npeebHOIO Iepexojia JUHEeHHa, T. €. eCJIn
2P — an y? — b, To g modbix A, p € R
AP 4+ py? — Aa + pb.

Ob6cyiuM CBsI3b OTPAHUYEHHOCTH U CXOJIUMOCTH.

Onpenenenne 12.10. Ilocraegosarensnocts {2} Ha3bI-
BaeTcd ozpanuvennol B R"™, ecom Haiijercs Takas OKDPECT-
uoctb O,(a), aro {aP} C O,(a). (Cp. ¢ oupenesnenuem 12.5.)

Jlerko mpoBepuTh, YTO JI00as CXOMAMIAACA ITOCIEI0Ba-
TEJILHOCTHL OorpaHuyena. 3BecTHo, 4To oOpaTHOE yTBEpK/ie-
nne #e nMeeT Mecto B RY. JII8 9HCIOBBIX MOCEI0BATEILHO-
cTeit ObLIa JI0Ka3aHa jJemMMa Bosbiano—Beitepirpacca, ycra-
HaBJIMBAIOIIAsi HEKOTOPBIN OC/IabeHHbIN aHajor oOpaTHOIO
yTBep:ienus. Tor ke (pakT mmeer MeCTO U B ITPOU3BOJILHOM
npoctpancTse R™.

Teopema 12.2. B npocmparcmee R™ u3 110600 oeparu-
wennot nocaedosamenvrocmu {xP} moocro evdesums croda-
wyroca nodnocaedosamenvrocmo {axPk}.

JloKka3aTeabcTBO IpoBeaeM 11a R3.
[TocnenoBarenbHoCcTh {27} Orpanntvena, T. €. CyIEeCTBYIOT
takue b € R* r > 0, uro {27} C O,(b). o oznauaer, 4ro

max{|x] — b, |25 — ba, |25 — b3|} <r, pEN,
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1. e. nocienoBarensoctr {2}, {25} u {a}} orpanuyenst.

3 orpanudeHHOil 4mc/0BOil 10CcsenoBaTebHOCTH {27}
BBIJIEJIIM HOJ[II0C/Ie10BaTebHoCTh {ah* }, KoTopas cxonuTes K
HEKOTOPOMY 9HCITy, 0603HAYNM €ro a;. 13 mocienoBareabHo-
cru BeKTOpOB {xP} TOXKE BBIIEIUM MOJIOCIEI0BATEIbHOCTD C
sTUMH ke Homepamu {zP+ }. [lepeobosznaunm {27+ } kak {x*}.
U3 nocseioBaTe/IbHOCTH BTOPBIX Koop/uHat {zh} Belienum
CXOJIAILYIOCS  IOJIIOCTIEOBATEIBHOCTE {24!}, 0603HAYNM ee
npejient ay. VI3 mocse1oBaTebHoCTH BeKTopoB {x”} Bbitemnm
COOTBETCTBYIONILYIO TIOJIIOCIeIoBaTe/IbHOCTh {2/} n nepeo6o-
snaunm ee kak {r'}. U3 nociesosartebHOCTH TPETHUX KO-
opuHaT {75} BbLIEIMM HOJIOC/IEI0BATEILHOCTD {xﬁf}, CcX0-
JIAILYIOC K HEKOTOPOMY {HCJIY ag. I10/Iocsie/oBaTeIbHOCTh
{x'a} cxomurea x a = (a1, as, az), Tak Kak

. ! : ! : l
lim zy =a;, lim 2y =ay, lim 25 =as. O
lg—00 lg—00 lg—o0

Ounpenesienne 12.11. Merpuueckoe ipoctpanctso (X, p)
HA3BIBACTCH MOAHbILM, €CJIU B HeM Jiobas (pyH1aMeHTaabHas
HOCJIEIOBATEIHHOCTD CXOUTCS.

BaMeTuM, ITO 8 A1060M MEMPUUECKOM NPOCTNPAHCNEE A10-
ba.s CTOOAULAACA NOCACIOBAMEALHOCTIL ABAACNCA GYHIAMEN-
maavrot. JlefcTBUTENLHO, ec/id TOCIe10BaTe/IbHOCTL { 2P}
CXOJINTCSI, TO CYIIECTBYET TAKOH veMeHT a € X, 910

Ve>0 IN=N(e)eN VpeN <p>N:>p(xp,a)<g>.
Torma js mobbIx p,q > N

p(a?,2%) < pla¥,a) + p(at,a) <
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Teopema 12.3. Mempuueckoe npocmparcmeo R™ — noa-
Hoe.

Hokaszarenncrso. Ilycrs {2P} — dymnamenranbuas
nocsrenosaresibHOcTh B (R™, pg), T. €.

Ve>0 IN =N(e) Vp,qeN
(>N, ¢> N = po(2f, z7) = max{|z} — x|} < e).

Torna ycimoBue

Ve>0 AN =N(e) Vp,qeN
(p>N, ¢>N= a8 — 2| <e),

BBITIOJTHEHO [T KazKJ0T0 ¢ = 1,...,m, T. €. KaxK/as MOCJIe10-
BarebHOCTD {2} } dyHmamenTanbaa. B cuy kpurepust Komu
JITsl 9UCTIOBOM IIOCJIC/IOBATEIBLHOCTH U3 (DyHIAMEHTAILHOCTH
CJIEJIyeT CXOJMMOCTbB, T. €. CYIIECTBYIOT Takme a; € R, 9ro

lim 2 = a;. Orcrona no reopeme [12.1{o nokoopauHATHOI CXO-
p—00

JMMOCTH CJIEJIyeT, 9TO TOC/Ie0BaTebHOCTh { 2P} exomures. [

IIpumep 12.4. ITycrs X = R\{0} u p = |z —y|. IIpo-
crpancTBo (X, p) He mOJIHOE.

B camom fiesie, oc/1e10BaTeIbHOCTD { + b byHiaMenTaIb-
Ha B 9TOI MeTpUKe (JIEFKO IIPOBEPUTH ), HO HE CXOJUTCS B 9TOM
MPOCTPAHCTBE, TAK KaK He CYIIECTBYeT TaKOTro a € X, 9TOObI

a= lim i.
n—oo



13. Ilpenen dpyHKIUM MHOTHX
nepeMeHHbIX

[Iycts X CR™ Y CR.

Ecnan kaxxkaomy snementy x € X 110 olpejieIeHHOMY TIpa-
BHUJIy IIOCTaBJIEHO B COOTBETCTBUE €JIMHCTBEHHOE YUCI0 Y € Y,
TO TOBOPSIT, YTO Ha MHOXKeCTBe X 3aJlaHa (PYHKUUL MHO2UT
nepemennvix. Ecam aTo nmpaBuio obosnaduts f, To X Ha3biBa-
10T 00J1aCTRIO ONpeieeHnus, a Y — 00J1acTbio 3HaYeHu it PyHK-
mun f. Obo3HATEHNA:

y = f(x), re X CR",
T e x=(x1,Ta...,2,), T; € R, nam

y=f(x1,22,...,2n), (x1,22,...,2,) € X.

[Ipu wmccinenoBanun (GyHKINUKA OJHON IT€pEMEHHONH YacTo
UCIOJIL3YIOT ee rpaduk, KOTOPBIl MOXKHO BCerja N300pa3uTh
Ha 1I0cKoCcTu. I'paduk dyHKIUM IBYX MEepEeMEHHBIX N300pa-
JKalT B TPEXMEPHOM IIPOCTPAHCTBE. YI00HO B ciydae n = 2
HE3aBUCUMBbIEC TI€pEMEHHbIe 00O3HAYaTh &,Y, a (DYHKIUIO —
z = f(z,y); B ciiydae n = 3 He3aBUCHMbIE TIEPEMEHHbIE 00bIY-
HO 0003HAYAIOT T, Y, 2, a GyHKIWIo — u = f(x,y, 2).

Onpenenenne 13.1 (onpejenenne npejena 1mo Komm).
[Iycrs @ — npenenbras Touka MmuokectBa X (a € X'). Hucmo
A € R naswiBaercs npenesiom GyHkiuu f(z) B TOUKe a, eciu

VO(A) 30(a) Yz € XNO(a) = f(z) € O(A).
O6osnavenne: A = 1i_r>n f(x).

Hamomumm, uro O(a) = Ofa)\{a} ects npoxoromas
OKPECTHOCTNG MOYKY, Q.
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Ecim ykazaHbI pajiycbl OKPECTHOCTEM, TO 9TO OIpeese-
HUe 3aliIIeTcs B BUJE

Ve>0 36=46(c) >0 Vo€ XNOs(a) = f(z) € O(A),

nJIn

Ve>0 36=46(e) >0 Ve eX
(0 <p(z,a) <d=|[f(z) - Al <e),

wm Ve >0 36 =0(¢) >0 Ve e X

0<|LE1—CL1|<5,
0<|x2—a2|<5,
S f(x)— Al < e

0<|z,—a,| <§

Ounpenesienne 13.2 (omnpejenenne mnpejena mo leiine).
[Iycrs a € X'. Yncno A € R HasbiBaercs mpeiesioM GyHKIIHT
f B TOUKE a, ecam

V{zP} C X, 2’ #a, 2’ —a = f(a?) = A.

Teopema 13.1 (06 5KBUBAJIEHTHOCTH OIPEJIEICHUI MTpe-
gena). Iyemo y = f(z), x € X CR", a € X' uAd € R.
Tozda

A =lim f(x) (no I'etine) < A =lim f(z) (no Kowu,).

JlokazaTeJabCTBO JIETKO IPOBOJAUTCA TI0 TOH 2Ke cXe-
Me, 9TO U JIOKA3aTeJbCTBO 3TOI TeopeMbl st caydas PyHK-
AN OJHON IIEPEMEHHOMA.
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Omnpenenenne 13.3. Ilycrs a € X'. T'oBopsr, uro ¢pyHK-
mus [ beckoneuno 6oavwas 6 mowke a uian lim f(z) = oo,
Tr—a
ecJIn

VE>0 36=0(F)>0 Ve eX
(0 < p(x,a) < o= |f(x)] > E).

Ecmm muo)kectBo X C R™ He orpanmveHo, TO B HEM Cy-
IECTBYET TaKas [OCJIeI0BATeIbHOCTh {2P}, uro lim 2P = oo,

p—r00
WJIH, €CJIM IIPUHATE 0603Hauenue xP = (xf, b, ... aP), 1o Hail-
Jiercst Takoe ¢ = 1, n, uro lim x! = oo.
p—o0

Byunem rosoputs, uro lim f(z) = A, ecin
Tr—00

(mo Kommm) Ve>0 JA(e) >0 Vee X
(z € Oa(o0) = [f(z) — Al < &),
YLITH

(no Teiine) V {2’} C X (lim 2 =00 = lim f(xp):A).

p—0o0 p—o0

%y

II 13.1. , lim ——— =0
pumMmep JokazaTb, 94T0 Zléré Ry
3nech
%y
) = 5 9> ) S RQ 070 ;
f(z,y) R (z,9) \{(0,0)}

touka (0, 0) — npeesibHast TOYKa 06JIACTH OIPeIeIeHUsT (DY HK-
un f.
Bo mHOrTX 3a1a9ax mMoJI€3HO MOIb30BATHCS HEPABEHCTBOM

2 b2
|ab\<a —2|- , a,beR,
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KOTOpOE€ IIOYTU OY€BU/IHO:
0 < (Ja| — |b))? = a® — 2|ab| +b* <= 2|ab| < a® + b*.

[Ipumennm ero k dyukiun f:

|2%y] |zy| 2’ +y*  zf
x =——==|r <o = —,
|f( >y)| $2+y2 | |1:2—|—y2\| |2(1'2+y2) 9
e
ol
IIpumep 13.2. Jlokasarb, 9T0 lin& f(z,y) He cymecr-
BYET, €CJIn o

LY 2 2
= —"— 0.
f(x,y) 2 C +y F#
BosbmeMm 1ociie1oBaTe/IbHOCTD TOYEK {Mn (%, %)}, OHAa
crpemures K Touke (0,0), vo M, # (0,0).
11 - 1
M,) = — = | ==

Bosbumen apyryio nociegosarensnocts { M), (£, 2)}, ona rak-
ke exomures K (0,0), m M) # (0,0).

, 1 2 2 9

Taxum obpasom, f(M,) u f(M)]) crpemsarcs K pasHBIM IIpe-
nenaM, 3HaqnT, f(x,y) He mmeer npezerna B Touke (0,0) (co-

IJIACHO oIpe/iesieHnio 1o [eitne).
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Hapsity ¢ y2Ke BBeJIeHHBIM HOHATHEM TIpejiesia (s n = 2
OH HA3BIBACTCA 080UNLIM, & ISt . = 3 — MPOotHbLM) JJIsI
yHKIINIT MHOTUX ITepEMEHHBIX OIIPE/IENSIIOTCS TIOBTOPHBIE TIpe-
nenbl. Mbl paccMoTpuM ciaydait n = 2.

Ounpenenienne 13.4. Ilycrs dyuknus f(x,y) onpesee-
Ha Ha JIeKapTOBOM Ipou3BesieHnn MHOXKeCcTB X n Y : X X Y
(X CR,Y CR). IIycrs g € X', yo € Y'. Ilycth npu Kazk-
qom x € X, x # xg, cymectsyer lim f(z,y) = ¢(x). Ecau
CYIIECTBYET o
lim p(z) = lim lim f(z,v),
T—rT0 T—IT0 y—>y()
TO ITOT HPEJIESI HA3BIBAECTCA NOSMOPHHIM NPEIENOM PYHKUUL
f(z,y) 6 mouxe (xq,yo).
AHaJIOruaHO OIpeIesIsieTcsi BTOPOil MOBTOPHBIN TIpeie)t
lim lim f(z,y).
yg)yo Tr—T0
3amerum, 4To IIOBTOPHbIE Tpejiesibl pyHKImu f(z,y), B3s-
Thle B PA3HBIX MOPSIIKAX, B OOIIEM Cilydyae He PaBHBI.

ITpumep 13.3. Haiiznem noBropuble npejiesbl pyHKINN

_r -y 2 2
f(x,y) A Tty # 0,
B Touke (0,0):
2 _ 2
lim lim —— 2 — _q,

y—02—0 12 + y2
R T
lim lim ——=% =

z—0y—0 12 + y2
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Samerum TaK2Ke, 9YTO U3 CyIIeCTBOBaHUA U PaBEHCTBaA I10-

BTOPHBIX IIPEJICJIOB B ODOIIEM CJIydae He CJIeyeT CYIEeCTBOBA-
HUE JIBOMHOTIO.

IIpumep 13.4. lna dyaxkiun

Ty
flzy) = 55—, 24y #0,

- )
.TQ + y2
IIOBTOPHLIC IIpeaesbl paBHLI:
Ty Ty

lim lim ——~— = lim lim ——~— = 0,
y—0x—0 72 + y2 z—0y—0 12 —+ y2

a JIBOWHOrO mpe/iesia He cyinecTByeT (cm. mpumep (13.2)).

Tem me MeHee CyIIECTBYeT OIpeJe/ieHHAsd CBA3b MEXKJLY
,ZLBOfIHbIM 1 IIOBTOPHBIMU IIpE€Je/IaMu, KOTOPad BbIPpazKa€TCd
CJICZIYIOIIEA TEOPEMOIA.

Teopema 13.2. [Tycmv gynxyua f(x,y) onpedeaena na
mmoocecmee X XY u xg € X', yo € Y. Ecau cywecmesyem
lim f(z,y) = A u das wmoboeo x € X, x # xy, cywecmsyem

T—T()
Y—=Yo

lim f(z,y) = ¢(x), mo cywecmsyem u lim lim f(z,y), u
Y—Yo T—T0 Y—Yo
on pasen A.

lokazaTeanbcTBo. [lo onpenenennio 1BOIHOTO MIpe/ie-
Ja

Ve>0 36=46(e) >0 V(z,y) e X XY

0<|x—xzo| <9§ 5
—Al<=].
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ITo ompeieniennio oHOKpPATHOTO IIpeJiesia, Jijist Jiroboro x € X,
T 7é Zo,

Ve>0 36=0(e) >0 VyeV

~ €
(0<ly—wl <3 = If(wy) — ¢la) < 5).-
Boszbmem x € X u3 mpoKoJIOTON )-OKPECTHOCTH TOUKU T W
paceMorpuM pasHocThb ¢(x) — A. IIpubaBum u OTHUMEM B 9TOM
seipazkernu f(z,y) cy €Y, 0<|y — yo| <min{d, d}, u momy-
IUM OIEHKY

[p(x) = Al = le(z) £ f(z,y) — Al <
< o(x) — flo,y)| + [ f(z,y) — Al < g+ <

9 —

T. e. lim lim f(z,y) = A. O

T—T0 Y—Yo



14. HenpepbIBHOCTb (PYHKIINN MHOTHUX
nepeMeHHbIX

14.1. HenpepbIBHOCTH B TOYKE.
JlokaJjibHBIE CBOliCTBa
HeTIPEePBIBHBIX (PYyHKITIi

[Iycrs dynknus f(x) onpenenena na mao)kectBe X C R”
n Xy € X.

Onpenenenue 14.1. Oyuknus f HA3BIBAETCST HENPEPDLIG-
HOT 6 MOoYKe Tq, eCJIn

VO(f(x0)) 30(xo) Vo e XNO(xo) = f(z) € O(f(x0)),

njaimn

Ve>0 30=46(e) >0 Vo e X
(p(z,20) <6 = [f(x) = f(x0)| <2),
wm Ve >0 36 =0(¢) >0 Ve e X
|op — 29| < 6,
|zy — 2| < 6,
: = |f(@) = fl@o)l <e |

|z, — 2% < ¢

rae T = (Ty,To, ..., Tn), To = (20,29, ..., 20).

rrn

Ecmu zg € X', o dyukuus f(x) HenmpepblBHA B TOUYKE X
TOTJIa U TOJBKO TOTJa, Korjga lim f(x) = f(xo).
T—T0
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Onpenenenne 14.2. Ilycrs y = f(z), x € X, xy € X.
Oynkuus f(r) HA3BIBAETCS HENPEPLIEHOT 6 MOYKE To, €CIIN

V{z"} Cc X <1}Lr£10xp = Zo :>plg£10f(xp) = f(:pg)> :

[IpuBeieHHBIE ONIpe/ie/ieHns] PABHOCUJIBHBI, UTO CJIE/LyeT
13 3KBUBAJEHTHOCTHU OIIpejeseHnii npegena mo Ko u 1o
Teitne.

Teopema 14.1. Ecau ¢pynxyus f nenpepuiena 6 mouke
zo u f(xg) >0 (f(zg) < 0), mo natidymea marue O(xy) u
r >0, wmo

flx)y=zr>0 (f(x)<—r<0) npu z € O(xy) N X.

Hokaszarenbcrso. Ecmmzg € X', to lim f(x) = f(x),

T—T0
T. €.
Ve>030=0(c) Vo € Os(xo) N X = |f(x)— f(zo)| <e.
[Iycrs f(xg) > 0. Iomoxkum € = @ > 0, o HeMy Haiiaem
d(e) m gy moboro x € Og(z) N X mosymm
x

() ~ Flan)] < T2

o f(xo) 3
T
fzo) = 20 fla) <5 f(zo),

OTKY/I&

f(x)>r:f(§0)>0. O

Kak n g dyHknum ofHo# mepeMeHHoil, UMEI0T MeCTO
TEOPEMBI O HEIIPEPBIBHOCTU CYMMBI, IIPOU3BEICHUSA U YACTHO-
ro JIBYX HENpPepBhIBHBIX (hyHKIN. POPMYJTHPOBKU U JTOKA3a-
TEJILCTBA 9TUX TEOPEM Te K€, YTO U JIId (PYHKITUU OJTHOI I1e-
PEMEHHOM.
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Teopema 14.2 (HenmpepbIBHOCTH CJIOKHON (DYyHKINN).

IIyemv omobpasicenue x = @(t) onpedeaeno 6 Hexkomopot
oxpecmrocmu mowky tg = (t?,t%, . ,tgl) € R™ u nenpepwis-
nvLm 0bpazom omobpasicaem ee 6 mouky o = (2, x9,...,20) €

R™. ITycmo gynrxyua f(x) onpedeaena 6 nexomopot oxpecm-
HOCTMAU TOYKY To U Henpepwuera 6 mot mowke. Tozda caoorc-
nasa gynruua F(t) = f(p(t)) nenpepvsna 6 mouke ty.

JoxkazaTesbcTBO. 3aMETHM, UTO JIJI OTOOPAXKEHUS

o(t) = (@1(t), p2(t), ..., on(t))

HEIIPEPBIBHOCTH B TOUKE fj O3HAYAET HEIPEPBIBHOCTH KAXK 0
u3 Gyukumii @;(t) B ToUKe to Kak DYHKIUN M IepeMEHHBIX,
T. e. eca {tP} CR™ u t? — ¢y, TO

pP—o0

P(17) = (1(t), 02(t7), - on(t7)) =

— (Qpl(to)a 902(t0)7 sy QON(tO)) = ($(1),3178, s 73:91) = To.

Pp—00
[Monoxkum aP = @(t*), Torga xP 2 o B cuny menpepbis-

nocru dbyuknuu f, f(zP) = f(zo), T e.

F(t") = f(o(t") — f(z0) = f(p(to)) = F(to). O

14.2. HenpepbIBHOCTH Ha MHOYKECTBE.
CsoiicTBa pyHKIMIT, HEITPEPHIBHBIX
Ha MHOXKECTBe

Ounpenesienne 14.3. Oyukius f(x) Ha3bIBaeTCS Henpe-

pueroti Ha mHoocecmee X C R™ ecam oHa HellpepbIBHA B
KayKJIOM TOYKE MHOXKECTBa X.
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Onpenenenune 14.4. Muoxkectso M u3 R™ naswiBaercs
CBA3MHDILM, €CJIH JTIOOBIE JIBE TOYKH MHOXKECTBA MOXKHO COEIH-
HUATH HENPEPBIBHON KPUBOM, JIezKaIlleil B 9TOM MHOXKECTBE.

Hanomuanwm, 910 Henpepviehoti kpueoti Ha3bIBAETCS HETIpe-
PBIBHBIIT 00pa3 0Tpe3Ka

I = IEl(t),
a<t<p,
Ty = X (1),
rie z;(t) HenpepbIBHBI Ha [a, ] pu Beex @ = 1,2,...,n.

Teopema 14.3. IIycmv G — csa3noe muoorcecmeo 6 R™.
ITycmo dyrryua [ nenpepvieha va G u cywecmeyrom a € G
u b € G makue, wmo f(a) # f(b). Toeda dan mobozo wucaa
C, aaxaouennozo meacdy f(a) u f(b), cywecmeyem mouka
c € G maxas, wmo f(c) = C.

HlokaszaTenbcTBo. Tak Kak G — CBA3HOE MHOXKECTBO,
CYIIIECTBYET HelpepbIBHASA KPUBAS

11 = @i(t),

I %:fﬂ%
- a<t<p,

Ty = Spn<t>7

COeIMHAIONIAA TOUKHN @ U b u jexkamad B G, T. e.
a = (pr(a), p2(@), .., on(@)), b = (p1(8); p2(B), -+ n(B))
uz = (pi1(t),pa(t),...,on(t)) € G upu mobom t € [a, f] .

[Iycts F(t) = f(pi(t), pa(t), ..., on(t)). Ilo Teopeme o
HEIPEPBIBHOCTH CJI0XKHOM dyHKImu dyHKIws F(t) Henpepbis-

na na [, 5] u F(a) = f(a), F(B) = f(b), r.e. F(a) # F(5) n
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C vexy F(a) u F(B). Torma mmo Teopeme 0 MpoOMeXKy TOTHOM
SHAUEHUM HENpPEPbIBHON Ha oTpe3ke (DyHKIMU OJHOTO Iepe-
MEHHOI'0 HaiijeTcs Takas Touka v € (a, ), aro F(y) = C, a
torga ¢ = (p1(7), 2(7), - - ., on(y)) € G — uckomas rouka.]

Teopema 14.4 (nepsast Teopema Beiiepirpacca). Jobas
HENPEPVIGHAA HA KOMNAKME PYHKUUL 02PAHUYEHA HA HEM.

HoxaszaTenbcrso. [lycts dynkiusa f nHenpepbiBHa Ha
komnakTe F'. Ilpeamnosnoxum, aro ona He orpanmyena na F
T. €.

VE>0 32 ¢ F |f(z")] > E.

Tora, nonarag £ HATYPAJIbHBIMHI, TIOJTYIUM
E=1 dzt e F |f(z")] > 1,
E=2 322 € F |f(2%)] > 2,

E=p JaP € F [f(a?)] > p,

[MocaemoBarenbrocts {aP} orparndena (4To ce/yer u3 orpa-

HuIeHHOCTU F'), BBIIEJUM U3 Hee CXOJISIILYIOCsT TIO/IOCIIEI0-

BaresibHOCTL {2P*}, u mycTh a — ee npegen. [lockoabky F

saMKHyTO, @ € F. 13 menpepsiBHOCTH byHKIMN f ciemyer,

970 kILm f(aP*) = f(a), a u3 nocrpoenus {aP} cremyer, 4To
e.9]

klim | f(2P*)| = +00. Tlosydennoe npoTuBOpedne JI0Ka3bIBACT
— 00

orpaHndYeHHOCTb ByHKIMKU [ Ha Kommakre F. 0

Teopema 14.5 (Bropas Teopema Beiiepirpacca). Henpe-
POIBHAA HA KOMNaxmMe GYHKUUA J0CU2aem CE0UT MOUHDLT
epanet.

JlokKa3aTeJsbCTBO IIOTHOCTHIO COBIAIAET C JJOKa3aTEb-
CTBOM 3TOi TeOpeMbI Jiid (DYHKIIUU OJIHON TIePEMEHHOIA.
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Onpenenenune 14.5. Ilycrs dynkiusa f onpesenena Ha
muoxkectBe X C R”. f HazbIBAETCS PAGHOMEPHO HENPEPBLLEHOT
Ha X, eciin

Ve>0 36=46(e) >0 Va' 2" e X
(p(a', ") <o =|f(@") — f(a")] <e)

win (ecm o' = (2,2, ... x)), ax’ = (of 25, ...,2"))

Ve>0 36=46(e) >0 Va',a" € X

|27 — 21| <6,
|$/2 - w/2/| < 67 ’ / " "
: = |f(a,...,2)) — f(of,...;2l)| <e

|el —al|, < §

BameTnM, 9TO W3 PABHOMEPHOI HEIPEPBIBHOCTU HA MHO-
xKecTBe X cjejyeT HelpepbIiBHOCTH Ha X . Ho He Besikast Herpe-

pbiBHasg Ha X (QYHKIHA SIBJISETCS PABHOMEPHO HEIPEPbIBHOM
na X.

Teopema 14.6 (Teopema Kanropa). Henpepuishas na kom-
naxme PYHKUUA PAEHOMEPHO HENPEPYIGHA HA HEM.

JlokaszaTeabCTBO IOJHOCTHIO COBIAJIACT C JIOKA3ATE b=
CTBOM 3TOi TeopeMbl i (PYHKIIUN OJIHON TIepeMeHHOIA.



15. unddepennmupyemoctsb PyHKINN
MHOTHUX IePeMeHHBIX

15.1. YacTHBIEe IPOU3BOAHBIE

Ounpepnenienne 15.1. Ilycrs dyuknus f(x,y) onpemele-
Ha B HEKOTOPOI OKPEeCTHOCTH TOYKHM (Zg, Yo ). Eciu cymecrBy-
10T KOHEYHDIE IIPEJIEIIbI

lim flxo + Az, y0) — f(x0,v0)
Az—0 Ax

I f(x(b Yo + Ay) B f(ﬂjo, yO)
im ,
Ay—0 Ay

TO UX HA3BIBAIOT YACMMHLMU NPOU3BOOHBIMY DYHKIUU f B
TouKe (g, Yp) MO MEPEMEHHBIM T U Y COOTBETCTBEHHO U 00O-
3HAYAIOT

9 , ) ,
o) mwan f(oosg0) 0 Gz, o) £ (oo, ).

Ecim qacTHBIE TPOU3BO/IHBIE CYIIECTBYIOT B KayKJI0H TOU-
Ke HEKOTOPOI'0 MHOXKECTBA, TO TOBOPAT, YTO PYHKUUA UuMeem,
YACMHBLE NPOUIBOTHBLE HA IMOM MHOAHCECTNEE.

AnasiornaHo onpesiegiorT u 0603HaYAI0T YACTHBIE TPOU3-
BOJIHBbIE (DYHKIINK TPeX U Hosiee mepeMeHHbIx. Hanpumep, ecin
CYIIECTBYET KOHEUHBIH Ipeiest

. [, Tk, e+ AT, Tat, - Ty)
lim -
Azp—0 Axy,

flzr, .o xpy . p)
Al’k ’

170



TO €ro Ha3bIBAIOT 4acmHot npoudseodnot byHknun f B TOUKe

(1,22, ...,T,) IO TIEPEMEHOIT T} U 0603HATAIOT
of
— Ty, Ty T).
8:Ek

JL1g BBIYuC/IeHns YaCTHOM TPOU3BOHON —— OOBIYHO I10JTb-
ox k
3y1orcs popMysiaMu 1 IpaBusiaMu JuddepenupoBannsd OyHK-

AN OJTHON TIEpEMEHHOU, cunTad BCE NEPEMEHHbIE, KPOME Tj,
IIOCTOAHHBIMU.

15.2. Omnpenenenne nuddepeHINPYEMOCTHA
u audpdepenimana pyHKIAN

Pacemorpum miosiHoe nipupartenue dyukinun f(z, y) B T04-
xe (20, Y0):

Af(zo,y0) = f(xo + Az, y0 + Ay) — f(0,%0).

Ounpenesienne 15.2. Oyukius f(z,y) HaspiBaercsa dugh-
depenyupyemoti B Touke (g, Yo), €CIU CYMIECTBYIOT dncyaa A
u B Takme, 9To ee mosHoe mpupalnenue B 3TOH TOYKE IPeI-
CTaBMMO B BHJIE

Af(ro ) = ADe + BAy+ofp),  (15.1)
rae p = y/Ax? + Ay? — 0 npu (Az, Ay) — (0,0).

Teopema 15.1. Ecau gynxuyus f(x,y) duddepenyupye-
ma 6 mouke (To,Yo), MO ONG UMEEM 6 IMOT MOUKe “acm-
Hole NPOU3BOdHBLE NO KadncIomy apeymenmy x,y. Ipu smom
%(xo,yo) = A, g—;(xg,yo) = B, 2de A u B — wucaa u3 pasen-
cmea ((15.1)).
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HlokazaTtenbcTBO. B onpenenennn puddepennupye-
moctu nosioxkuM Ay = 0, a Az # 0 u noxyanm

f(zo + Az, y0) — f(20,%0) = AAz + o(Aw).

[Mogenum Ha Ax u mocuuraeMm Ipee

A - A
lim f(xo + Ax,y0) — f(20, Yo) — lim A+ o(Az) _A
Az—0 Ax Az—0 Ax
T. €. CYIIEeCTBYeT %(xg,yo) u oHa pasna A. O

YVauTbiBas JI0Ka3aHHOE CBOMCTBO, ycaoBue JuddepeHIm-
pyemocTu (byHKIME MOYKHO 3alliCaTh B BU/IE

0 0
A, ) = 5 (oo o)+ 5 (o, ) Syol v B+ B,

YHacro 6biBaeT ya00Ha creyomnias (SKBIBaIeHTHAsT) (Hbop-
Ma, onpe/iesieHus uddepeHImpyeMOCTH.

Onpenenenne 15.3. Qyuxknus f(z, y) HassiBaeTcs dugh-
depenyupyemoti B Touke (o, Yo ), €CJIU ee MOJTHOE MPUPAIIEHIe
B 9TOH TOYKE IPEJCTABUMO B BUJIE

0 0
Af(wo,y0) = _f(fb'o, Yo)Az + _f<an Yo)Ay +a- Az + - Ay,
ox dy
rie Gyukiyn o = oAz, Ay) u f = B(Ax, Ay) — 6ecKOHETHO
masiete ipu (Az, Ay) — (0,0).

Onpenenenne 15.4. Ilycrs dyuxiusa f(x, y) nuddepen-
nupyeMa B Touke (g, o), T. €. ee MOJHOe MPUPAIIEHNe B STOI
TOYKe YIOBJIETBOPSIET PABEHCTBY . Hoarvim dugpghepen-
yuasom dyuaknuu f(x,y) B T0UKe (X0, Yo) HABBIBAETCS JIMHE-
Hasi OTHOCUTEILHO npupamenuii Az, Ay 9acTb IpUpaIleHnst
dbyukum f; oboznauaercs df (o, Yo):

0 0
df (zo, yo) = a_i(on’yo)Ax + a—]yc(ﬂfo,yo)Ay-
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JTugdpeperyuanom nesasucumots nepemernnoti T WIA Y HA3bI-
BaIOT IIPUPAIIEHUe STOi mepeMeHHoit, T. e. dr = Az, dy = Ay.
Torna nuddepentman dbyukuun f(x,y) B Touke (o, Yo) MOK-
HO 3aIlUCaTh B BHUJIE

df (o, yo) = g(mo,yo)dif + ﬁ(9507340)0@-

ox oy

Ota dopmyna obobimaercs Ha caydail quddepennupye-
Mol yHKIuE n nepeMeHHbIX f(x1,Ts,. .., T,) CIELYIONUM
obpazom:

of of aof

df (29,29, ..., 2%) = —=—dx; + =—dxs + -+ dx,,.

f( 1s42 n) 85171 1 6172 2 8$n n
3J1ech pou3BoIHbIe B3ATH B Touke (20, 29, ..., 20).

Eciu dyuknua f nuddepennupyema ra mMHOX)KecTBE X,
TO U ee TOJIHBIH quddepennuar omnpeaesaeH B KaxK 0l TOUYKe
MHO)KecTBa, X . B sToMm ciyuaae df ecth dyHKINS 2n mepeMeH-
HBIX:

df =df (z1,..., 20, Ay, ..., Axy).

OsHako B psjie caydaes nepemennbie Azy, . . ., Ax, duKcupy-
0T ¥ PACCMATPHUBAIOT df KakK QYHKIMIO TOUKU & = (X1, ..., Ty).
Hanpumep, Tak HOCTYNAIOT IPHU OIPEIETICHIE BTOPOI'O U BBIC-

X auddepeHantoB QYK f.

15.3. nddepeHiimpoBaHne CJIOXKHOI
dbyukiun

Teopema 15.2. [lycmv ¢gynwyuu u(x,y), v(z,y) onpe-
deaenve 6 Hexomopot oxpecmuocmu mouky (o, Yo), a Gyrk-
yusa f(u,v) onpedenena 6 HEKOMOPOU OKPECHOCIU MOYKU
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(w0, vo) = (w(zo, o), v(20, Yo)). Ecau ymryus f(u,v) dudipe-
peryupyema 6 mouke (Ug,vy) u ecau 6 mouke (o, Yo) cyuse-

ou Ov Ou Ov
CMEYIM NPou3cooHve —

or’ %; 8_3/’ a_y;
CYWECTNBYIOM  YACTIVHBIE NMPOU3BOOHVIE CAONHCHOT  HYHKUUL
F(z,y) = f(u(z,y),v(z,y)), npurem

mo 6 mouke (Zo, Yo)

oF 0 0 0 0

%(330, Yo) = a_i(uo, Uo)a—Z(ﬂfo, Yo) + a—i(uoﬂfo)a—;(ifo, o),
(15.2)

oF 0 0 0 0

a_y<$0’y0> = %(anvo)a—Z(%,yo) + 8_5(%’@0)8_;(%’%)‘
(15.3)

HoxazarenbcrBo. Paccmorpum npuparienne yHK-
mn F(x,y) B Touke (xq, yo):

AF(x0,y0) = F(xo + Az, y0 + Ay) — F(xo,y0) =
= f(u(zo + Az, yo + Ay),v(zo + Az, 40 + Ay))—
- f(u(xoayo)W(x,yo)) =

B cuyty juddeperupyeMocTu GYyHKIUT [ IOy IUM

0 0
= —f<U0, U(])Au + a_Z(Um Uo)AU+

ou
+ a(Au, Av)Au + S(Au, Av)Av, (15.4)
e

AU = AU(%a 3/0) = 'LL(Z'O + Al’, Yo + Ay) - 'LL(.I'(), 3/0>7
Av = Av(zg, yo) = v(xo + Az, yo + Ay) — v(z0, Yo),

u a(Au, Av) u f(Au, Av) — 0 ipu Au — 0 u Av — 0.
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Hoxkaxkem dbopmyiny (15.2)). Tist sroro B pasercrse ((15.4))
mostokuM Ay = 0, Az # 0, pazaemum obe gactu Ha Ax:

AF _of Au  Of Av
A, (T 90) = 5 (o, vo) 10 4 - (o, o) o+

Au Av
+ a(Au, AU)A— + B(Au, Av)— N

u ycrpemnMm Ax K Hys0. Torma, B CiTy HeIIpepbIBHOCTH (DY HK-
it u m v, Au — 0 uw Av — 0, ciaegoBaTenbHO, o 1 [ TakKe
CTPeMSTCS K HyJIIO U B IIpejieJie oty daercs pasencteo (15.2).

Dopmyiia JIOKA3bIBAETCS aHAJIOITIHO. O

Anasiornannie (bOpMyJII)I IIpru COOTBETCTBYIOIIUX YCJIOBU-

AX CIIpaB€IAJIMBBI JIJId 9aCTHBIX ITPOMU3BO/IHBIX CJIOYKHOM

8932-
dbyukmun f(uq, s, ..., Uy,), T Uy — DYHKIAU [EPEMEHHBIX
Ty i = 1,2,...,m

i=1,2,....m.
8901 Z ouy, O’

He3HaqHTeﬂbH0e ycnneHHe YCJIOBHIA IIpEJbIYyIeii Teope-
MBI IPUBOJINT K (D (EPEHINPYEMOCTH CIOXKHOM DYyHKITUH.

Teopema 15.3. [Tycmo ¢gynruyuu u(x,y), v(z,y) onpe-
deaenvi 8 Hekomopol oxpecmmocmu mouky (o, Yo), @ Gyrk-
yus f(u,v) onpedeaena 6 HekomMoOpPol OKPECTNHOCTIU MOYKU
(uo,v0) = (u(zo,Y0), v(z0,%0)). Ecau dynryua f(u,v) dug-
depenyupyema 6 mouxe (ug, vo), a Pynruuu u(x,y) u v(z,y)
dupdeperyupyemo. 6 mouke (o, Yo), MO CAONHCHAA HYNKUUA
F(z,y) = f(u(z,y),v(x,y)) asasemca duddepenuupyemots 6
mouke (Xo,Yo), NPUYEM €€ HACMHBIE NPOUBOIHBIE ONPEDesi-

10MCA HOPMYNAMU , .

AHaornvHbIil pe3yabTaT CIPABE/IUB B CIy4dae OOIBIIEro
YHCJa IIePEeMEHHbIX.
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15.4. YacTHble IIPOU3BOIHLIE
u audpdepeHImaabl BHICHINX
ITOPSIIKOB

[Iycrs dyukiws f(x1, T, ..., T,) IMEET YACTHYIO POU3-

BOJIHYIO 0_ (OHa HA3bIBACTCA YaCTHON ITPOU3BOIHONA IEPBOT'O
L
HOPSIJIKA) B HEKOTOPOI OKPECTHOCTH HeKOTOpoit Touku M. Ec-

Jia (PYHKITUS £ nMeeT B ToUke M 9acTHYIO IPOU3BOIHYIO IO
Ly
apryMeHTy Tj, TO TaKasd ITPOM3BOJIHAS HA3BIBAETCI “aACMMHOU

npoudsodHot 6mopozo nopadka Gyuxiwn f(xy, Ta, ..., x,) M0
aprymMeHTam r;, x B Touke M u ob03HAYAeTCA OJJHUM U3 CJie-
JIYIOIUX CUMBOJIOB:
0 f
— (M Sz (M).
(M) Faun D)
Ecnu k # i, 70 yacTHas MpOM3BOJIHAS BTOPOTO MOPSIIKA Ha-
3bIBaeTCd cmewanhoti. Bcim k = 7, To 9acTHaAsT TPOU3BOIHAS
BTOPOI'O MOPAIKa 0003HATACTCS
0 f
Ox?

)

i f2.
1

[Tycts dyskims f(x,y) HE3aBUCHMBIX [IEPEMEHHBIX T H Y
muddepeHIpyeMa B OKPECTHOCTH TOYKE (T, Yo) U JTBAZKJIBI
muddepernupyema B ToUKe (Xg, Yo). Lorma mepsbrit qudde-
peHnuas pyHKImn

0 0
if = G )da + o)y

sABJIeTCsl (DYHKITMEH YeThIpexX epeMeHHbIX: T, Y, dx, dy, a Ipo-

U3BO/THBIE a—(m, y)u a—(as, y) — 1 bepeHIupPyeMbIMI B TOY-
r Y
Ke (29, Yo) DYHKIHIMU.
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Jupdeperyuan emopozo nopadka byukuuu f(x,y) B T09-
ke My (g, yo) onpeensiercst Kak auddbepeHIua B 9Toi ToIKe
oT mepBoro jauddepennuaa df Tpu CJIeIYIONUX YCIOBUAIX:

1) df paccmarpuBaeTcst Kak QYHKIHS JIBYX HE3aBHCHMBIX
HEPEeMEHHBIX — T U ¥;

2) upu BbruucaeHunu auddepeHnuanos ot  (GyHKIHi

of of
%({E, y) 1 ——(x,y) NpUpAIEHUs HE3aBUCUMbIX I€PEMEHHBIX

dy
x u y 6epyTcd paBHbIMU dr U dy.
Ha ocnoBanum storo ompeesienns mosydaercs hopmysia
o0 f 02 f o?

97 M 9T
922 duay Mo)drdy + 55 0)dy’

d2f(M0) = (M())d!lf2 + 2

Ecimu nepemennble x u Yy He HE3aBUCHUMbBIC, & SABJISIOT-
¢, B CBOIO 04€pe/ib, (DYHKIMAMU, HAIIPUMED, JIBYX I€PEMEH-

ueix: © = x(ty,...,tym) uwy = y(ty,...,t,), KOTOPBIE HMe-
0T auddepennuaib BToporo nopgaaka B touke (19, ... 19 ),
n Ty = x<t(1)7 s 7t9n>7 Yo = y(t(1)7 s 7t21)7 MO(x()?yO)a TO
0? 0? 0?
2104) = T2 + 2. (atpyaay + T vy
Ox? 0xdy oy?
8f of
My)d*x + == d*y
8 = (Mo)d"x + 8y( 0)

BameTnm, 9TO B 00IIEM C/Iydae CMelTaHHbIe IIPON3BO/IHBIE
OIHOTO IIOPAIKA IO OIHUM U TEM 2Ke IIEpEMEHHBIM, HO B3sdThIE
B PA3JIMIHBIX MOPAIKaX, He coBiaaaioT. O HAKO UMeeT MeCTO
cJIeTyIoIIast TeopeMa.

Teopema 15.4. Ilyemv ¢gynwyusa f(x,y) onpedesena 6
O((w0,%0)) u 6 amoti oxpecmmocmu cyuecmeyrom il (,y)
u fo.(7,y), Komopvie nenpepvisnv, 6 mouxe (To,yo). Toeda
a,c/y(x07 Yo) = f{,/x(xo, Yo)-
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HlokazaTtennbcTBo. llycTh

Arf = fxo+ Az, y) — f(zo,y) = ¥(y);
Ayf = flo,yo+ Ay) — f(2,50) = @(x).

Torma

Ay(Asf) = Dlyo +Ay) —Y(yo) =
= f(xo+ Ax,yo + Ay) — f(x0, Yo + Ay) —
—f (@0 + Az, yo) + f(x0,Y0);

AL(Ayf) = w0+ Az) — p(70) =

= f(xo + A.T, Yo -+ Ay) — f($0 + AQZ, yO) —
—f(®o, 90 + Ay) + f (0, Yo)-

BamernMm, ato Ay (A, f) = A (A, f). Ucnonssya dbopmyiy
Jlarpamzxka, morydaum

Ay(Af) = P(yo + Ay) — P (vo) = ¥y (yo + 1 Ay) Ay =
= [f;(l’o + Az, yo + 01 Ay) — f;’,(iUo, Yo + 01 Ay)| Ay =
= ;L///x(x[) + QQAJ:? Yo + HlAy)AyAxa

rme 0<6; <1,0<60y<1;

Ap(Ayf) = (20 + Az) — @(x0) = @ (z0 + O3A1) =
= [folwo + 032z, y0 + Ay) — fo(wo + O34z, y0)| Az =
= [fa/v/y(xo + 63AJ;7 Yo + 94Ay)]A$Ay,

re 0<f3<1,0<0,<1, 1 e

foe(@o + 0282, 50 + 01 Ay) = fr,(x0 + O3z, yo + 04Ay).
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B cuiy Toro, uro 0 < 6; < 1, a f;) u f;, HenpepuIBHbLI B TOUKE
(20, %0), ipu Az — 0, Ay — 0 mosrygaem

f;;(xoayo) = f;/y(x())yO)' O

Teopema 15.5 (dbopmyna Teiinopa). ITycmo ¢ynryus
f(x) onpedeaena 6 O(x?), 2de O(x°) C R™, u umeem 6 amoti
oxpecmmocmu duddeperyuanve do (k + 1)-20 nopadka exaro-
yumenvro. Toeda cnpasedausa popmyna Tetropa:

f(x) = f(zo) + df (2°) + %dzf(xo) +...4+ lal"{f(a:o)—l—

k!
1
—dk—H 0 O(r — 0 0 0 1
+(k—|—1)! fa” +0(x —27)), <0<1,
ede 2° = (29,29,...,2%), x = (x1,29,...,1,) € O(20),

dr; = Az = x; — 1.

HokaszaTeabcTBo. PaceMorpum yHKIHIO
p(t) = f(a° +t(x —2°), 0<t<1, zecO@).
Oyukims p(t) muddepennupyema na [0, 1] mo (k + 1)-ro no-
pAKa BKounTebHo, npuaeM oP)(t) = dP f (20 + t(x — 2°)),
rie Ax; = dx;. g dyuakimum ¢(t) MmoxHO 3anmcars Hopmy-
sy Teitnopa 1o crenensaMm t ¢ octatkom B ¢dopme Jlarpanxka

npu t = 1:
1
k+1)17

A1) = 2O+ 0+ Z0 4 oW (0 o (0)

b

e 0 < 0 < 1, a Torma (yaurssag su P (t) mpu ¢t = 0)

d¥f(2%)  d*Lf(20 4 0(x — 29))
k! (k+1)! ’

npuaeM Bo Bcex auddepentmaiax dr; oepyTcs paBHBIMU

Az, = x; — 2 O

i

f(z) = f@)+df () +.. .+



16. HeaBable dyHKOINNT

[Ipeanosoxkum, 9T0 3HAYEHUA JIBYX HEPEMEHHBIX T W Y
CBA3aHBI MEXKJIy COOOI ypaBHEHUEM

F(z,y) =0. (16.1)

Ecim nia KaKa0ro £ 13 HEKOTOPOTO MHOYKeCTBa X CYIIECTBY-
€T OJIHO WJIM HEeCKOJIbKO 3Ha4YeHUil Y, KOTOpble COBMECTHO C T
yaosnersopsuor ypasternio ([16.1]), To sro osnauaer, uro nHa
MHOXKecTBe X orpejiesieHa (OJIHO3HAYHAS UM MHOTO3HAYHAS )
byukusa y = f(x), a1 koropoit Ha MHO)KecTBe X HMeeT Me-
CTO TOXKJIECTBEHHOE PABEHCTBO

[Ipr sTom mpaBuo f, craBsiee B COOTBETCTBUE KaXKJIOMY
T HEKOTOPOE 4YHCJIO, HEe YKAa3aHO ABHO, & 33JaHO C IIOMOIIBIO

ypasuenus ((16.1]). Takoii crioco6 saganus dyuknuu y = f(x)
HA3bIBACTCS HeAGHbIM, a caMa pyHKus y = f(z) — neasHol

pyrryuer.
Awnayiornuno ypastenuto ((16.1]) MmoxkHO pacemorpers ypas-
HEHUs ¢ OOJIBIIUM YHCIOM [IePEMEHHDIX:

F(xy,z9,...,20,y) =0, (16.2)

U BBECTH NOHsITHE HesiBHOW byHkimn y = f(r1,x9,...,%,),

onpegesgemoii ypasuernem ((16.2)).
Pacemorpum jist ipunMepa ypaBHEHRE

> +y*—1=0. (16.3)

Ecin monmoxure X = (—1,1), Y = R, Tto Toukam z Oy-

JlyT COOTBETCTBOBATH JIBAa PA3HBIX 3HAYEHUS I, YJIOBJIETBO-

PSIIOIAX COBMeCTHO ¢ x ypaseenmio (16.3): v = /1 — a2
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uy” = —v1—22 (puc. 16.1). A B ciyaae X C (—1,1),
Y C (0,+00) ypasuenue (16.3) ompemessier OIHO3HAYHYIO
dbyaxmmo y = /1 — 22,

—

Puc. 16.1

Ha mpakTuke He Bcerjia yJiaeTcs pa3pelniuTb ypaBHEHUe
OTHOCHUTEJIbHO OJIHOM M3 IlePEMEHHBIX U MOJYYUTh TeM CaMbIM
sIBHOE BbIparkKeHue Jid (PYHKIUMHU, pa3periaolieil ypaBHenue
. OsHako s MCCIe0BaHus CBONCTB HEsABHBIX (DYHK-
Ul COBCEM He 00s3aTeIbHO HAXOJUTh SBHYIO 3aBHCUMOCTD
IepeMeHHbIX. JacTo ymaeTcs MOJYyYUTh JOCTATOYHO IOJIHYIO
nHGMOPMAIIIIO O TIOBEIEHUN HeBHOW (DYHKIIUU 10 yPABHEHUIO,
KOTOPBIM OHA& OIpeJIeIsieTCs.

Teopema 16.1. IIycmov ¢ynryus F(x,y) onpedesera u
HENPEPLIBHA BMECTE CO C80el YacmHOol NPou3eodHots no y 6
Hexomopot oxpecmmuocmu mowky (o, Yo), NPUHEM

F(zo,y0) =0, F;(%,Z/o) # 0.

Tozda das nexomopotl oxpecmuocmu Mowky Ty (Kax obaacmu
onpedeseHus PYHKUUL) U HEKOMOpPol OKPECTNHOCTIU MOYKY
Yo (Kak mmoorcecmsa 3navernud) cyuecmeyem eQuHCmEeHHaA
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odnoznaunas gynkyua y = f(x), nenpepvisnas na cet ceo-
eti obaacmu onpedenerus, 00PAULAIOWAA YPAGHEHUE 8
sepHoe paseHcmso, u maxas, wmo yo = f(xg). Ecau, kpome
moezo, y ¢pynrkyuu F(zr,y) cywecmeyem KonewHas “acmuas
npouseoduas no x, mo gynkyua f(zr) dupdepenyupyema.

HlokazaTenbcTBo. lloouM i1 OIpe/Ie/IEeHHOCTH,
ato F), (79, y0) > 0. Tax kak 1o yc/IoBMIO 9Ta HacTHAST TPOM3-
BOJIHAS HEIIPEPbIBHA, OHA IPUHUMAET TOJILKO HOJI0KUTE/ILHbIE
3HAYEHUsI B IEJION OKPECTHOCTH TOUKHY (Lo, Yo ), T. €. CYIIECTBY-
er takoe [ > 0, 9TO /Ui BCEX X W Y TAKWX, 9TO |z — g| < I
u |y — yo| < [, Bemommsgerca F(z,y) > 0. Uz sroro creny-
er, uro dyHkIws F(x,y) Kak GYHKIUS OIHOI TTepeMeHHOH ¥
[pU KazkJIoM (PUKCUPOBAHHOM 3HavYeHun r € [xg — [, xg + ]
SIBJISIETCsI CTPOTO BO3pAcTalolieil Ha orpeske [yo — L, yo + I
B YaCTHOCTU 9TO BEPHO IIPU T = Zg. A IOCKOJBLKY 10 yCJIO-
Buto F(29,90) = 0, ro F(xg,yo — 1) < 0, F(xg,yo +1) > 0.
Beuny HempepbiBHOoCcTH (yHKInu F(z,y) 9TH HepaBeHCTBa,
COXpaHATCA W JJId BCeX TOYEK I M3 HEKOTOPOH OKPECTHO-
CTH TOYKHU T, T. €. CYIIeCTByeT Takoe o > (), 4TO IId Beex
T, YIOBJETBOPSIONINX YCJIOBUIO T — | < O, BBIIOJHAETCS
F(z,yo — 1) < 0u F(xz,yo + 1) > 0. Obosnaunm 1epe3 m
HauMeHbIree u3 qucesi | u o. Torma s Kaxxaoro GuKCupo-
BaHHOIO T € (rg—m, To+m) HenpepbiBHas QyHKIws F(x,y),
KaK (DYHKIUS OJHOI IIepeMEHHOI Y, IPUHUMAET HA OTPE3Ke
[yo—1, yo+1] mpomerkyTOUHOE 3HAUECHNE, paBHOE HYIMIO. B ety
CTPOroro BO3pacTaHus 3TOH (pyHKINU TaKOe 3HAYEHUE Y e/INH-
CTBEHHO, T. €. JIsl KaKJI0ro 3Havdenus r € (rog — m,xo + m)
CYIIECTBYET eIuHCTBeHHOe 3HaveHue y € (yo — [, yo + [) Ta-
koe, uro F(x,y) = 0. Tem cambIM JIOKA3aHO CyNIECTBOBAHUE
Ha OKPECTHOCTH (XTg — M, Lo+ M) eIMHCTBEHHON OJIHO3HATHOI

byukmm y = f(x), ynosaerBopstommeii ypasrenuto ((16.1) u
IpUHUMATOIIEH 3HaUeHnsT 13 OKpecTHOCTH (Yo — [, Yo + ().
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Tak kak F'(xg,y0) = 0, T0 B CH/Iy OIHO3HAYHOCTH (DYHK-
s f(x) DIpuHEMAaeT B TOUKE T 3HAYCHUE Yo, T. €. Yo = f (o)

(puc. 162).

Yo=I | il

Xo—I xo—m x Xo  Xotm xo+l

|
-

|

|

|

|

]

|

1

Puc. 16.2

Jokazkem Terepb HenpepbiBHOCTH dyHKImn f(z). Pac-
CMOTPHM CHadaJia TOYKY Xg. BosbMmeM mpomsBosibHOE € > 0.
Moxkuo cuntarh, uto € < [. Torma, coryacHo npeblaymieit
qacTu JoKazarenbersa, F(xg, yo —e) < 0u F(zg,yo +¢) > 0.
U3 sroro ciemyer, 4o cymiectByer 0 > 0 (OHO UIETCs Tak Ke,
KaK UCKAJIOCh M B IPEJbULYINEll YacTH JI0KA3aTe/IbCTBA) Ta-
KO€, ITO JIJIs BCEX T, YIOBIETBOPAIOININX YCIOBHIO X —xo| < 6,
BBINOJIHAIOTCs HepaseHneTsa F(z,yo—e) < 0, F(z,yo+¢) > 0.
CireoBaTesibHO, OTBEYAloIIee TOUKe & 3HadeHue y = f(x) se-
JKUT MEXKJLY Yo — € U Yo + &, T e. |f(x) — yo| < &.

st nokazaresnberBa HenpepbiBHOCTH GyHKIWU f(r) B
JE00O IpyTOil TOuKe T € (Lo — M, To + M) OTMETHM, UTO
napa (x1, f(x1)) aBasercs pemennem ypasuenus ((16.1)) u st
Hee BBINOJTHEHBI BCE OCTaJIbHbIE ycjioBust TeopeMbl. CiieoBa-
TEJILHO, B CHJIY JIOKA3aHHOTrO, f(x) HelmpepblBHA B TOYKE X7.
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Hokazxkem muddepentmpyemocts hyHKImn f(x) mpu ycso-
Buu cymiecrBoBanus F.(z,y). Pacemorpum Touky . Ilo ycro-
Buio F'(xg,yo) = 0. st qoctaToqso Masibix npupariennii Ax
B TOUKe To + Ax onpenenena dyuknusg f(z). [lostomy mapa

(ro+Ax, f(zo+Ax)) Toxke yosiersopsier ypasaenuto ((16.1)).
CrenoBaTesbHO,

F(zo + Az, f(xo + Az)) — F(wo, f(z0)) = 0.

[Ipeobpaszyem 3T0 paBEHCTBO CJIELYIOIUM 00Pa30M:

F(xo + ALE, f(x() + ALU)) — F(LU() + Ax, f(:Uo))+
+ F(xo + Az, f(z0)) — F(x0, f(x9)) = 0. (16.4)

[To dbopmyie koneunbIx npupaiienunii Jlarpamxa nveem

F(zo + Az, f(zo + Ax)) — F(xo + Az, f(x0)) =
= F,(zo 4+ Az, y1)(f (20 + Az) — f(x0)),

rJIe 4; — IPOMeXKyTouHOe 3HaueHne Mexk iy f(zo) u f(zo+Ax).

[Tpumenum sty dopmyny B (16.4), mogennm obe yacTu moJy-
YUBIIErOCs PaBEHCTBA Ha AX M BBIPA3UM Pa3HOCTHOE OTHO-

meHust Jjist pyHkmun f:

flwo+Ax) — flzg)  Flao+ Az, f(x0)) = F(wo, f(20))
Az FY(zo + Az, 1) A '

(16.5)
U3 menpepsisHocTu f(x) mosydaem, ato y; — Yo = f(zo)
npu Az — 0. @ynrkuua F (z,y) Takxe HeIPePLIBHA, TIO3TOMY
F (w0 + Az, y1) — F,(z0,%0) mpu Az — 0. Kpome Toro,

F(zo + Az, f(x9)) — F(zo, f(20)) )
Ar Aolo F (o, f(20)) =

= F:;;(x07y0)'
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Urak, npesesn npasoii yactu pasencrsa ((16.5) mpu Ax — 0
CYIIECTBYET, 3HAYNT, CyIIeCTBYeT U IpeJesl JIeBOil 9acTu, T. e.

f(z) nuddepennupyema B TOUKe To U

_ Fi(xo, f(@0))
Fé@o,f(xo)).

st mokazareabcTBa AUMEHEPEHITUPYEMOCTH B IIPOU3BO.JIb-
HOII ToUuKe T € (Tg — M, Ty + M) MOXKHO BOCIOJIb30BATHCSI
TeM YK€ MPUEMOM, UTO U IPHU JOKA3aTeTbCTBE HEIPePbIBHO-
cru. Teopema IMOJIHOCTBIO JIOKA3aHA. O

f'(z0) = (16.6)

[IpousBo/iHble BBICIINX MTOPSIKOB HESIBHO 33/ IaHHON (DyHK-
IUU HAXOJIATCS TIOCTIe10BaTe/IbHBIM JinddepeHImpoBaHneM pa-
BEHCTBA .

Paccmorpum cirydaii Tpex nepeMennbsix. Ecnm y dyHKImn
F(x,y,2) cymecTByIoT Bee 9acTHBIe poussosmbie [, Fy, F!
u 1pu sroM F!(x,y,z) # 0 u HempepbiBHA, TO ypaBHEHUE
F(z,y,z) = 0 onpezensier z Kak (YyHKIUIO JIBYX HE3aBHCHU-
MBIX [EPEMEHHBIX & U Y, IPU STOM HYaCTHBIE TPOU3BOJHBIC
9TON HEABHO 3aJ@HHONW (PYHKIIMU MOTYT OBITH HailJIEeHbI 10

dopmynam
0z Fy(z,y2) 0z Fylz.y,2)
dr — Fl(r,y,z) 9y Fl(z,y,2)

BameTnM, 9TO YaCTHBIE MTPOU3BOJHbIE (DYHKIUN 2 SBJIsI-
IOTCs PENIeHUsIMU JIMHEHOM CucTeMbl ypaBHEHUI, Oy aio-
mieiics quddepenimpoBanueM Toxaectsa F(x,y, z(x,y)) =0
110 IEPEMEHHBIM T WJIH Y:

Fl(z,y,2(z,y) + Fl(z,y, 2(x,y)) 2, (2, y) = 0;

Fy(x,y,2(z,y)) + Fi(x,y, 2(z,9)) 2, (x,y) = 0.
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B eme 6ostee ob1iem citydae n + m nepeMeHHbIX PACCMOT-
PHUM CUCTEMY M ypaBHEHUI

Fl(wlax%"'7$n7ylay27"'7ym) = 0
Fy(xy, 20,0 Ty Y1, Y2, Ym) = 0 (16.7)
Fo(z1, 29, T, Y1, Y2y - - Ym) = 0.

Ecnin B nekoropoit okpectnoctu Touku (29, ... 29 o9 ... y0)

BCe E UMEIOT HeIIpePbIBHbIEC YaCTHBLIE ITPOU3BOJHbLIC 1 AKOOU-

a}ﬂ CHCTEMbI

aiq a12 o Qm
21 A99 ... 0dA9m
9
Am1 Am2 ... Omm
__ OF;

rae dip = g,t, OTIMUEH OT HyJIs, TO CHCTEMA (16.7) ompeesns-
eT Y; KaK HesBHbIE HEIPEPBIBHO JuddepeHnupyembie QpyHK-
[UU TIePEMEHHBIX T, L2, ..., L,. JacTHbIE IIPOU3BOIHBIE ITUX

GYHKIUI ABJIAIOTCS PENEHUsIME JIMHEIHOM CUCTEMBI ypaBHe-
HUI, TIoJTydaltomeiics muddepeHmpoBaHueM CUCTEMbI
C Y9eTOM TOTO, 9TO BXOJIAINNE B HeE Y; 3aBUCAT OT Ip. AHa-
JIOTUIHO HaxXoIATCsd AuddepeHIimaib.

25 B wects Kapaa Iyemasa STxé6u (1804-1851) — Hemerkoro maTema-
TUKA U MEXAHUKA, BHECIIErO OIPOMHBIN BKJIAJ B KOMILJIEKCHBII aHAJIN3,
JHMHEHHYIO aJarebpy, JUHAMUKY U APYIUe Pa3/iesibl MATEMATHKI U MeXa-
HUKH.



17. 3ameHa ImepeMeHHbIX
B mudPepeHnaATIbHBIX BbIPaXKEHUSIX

Metomnl muddepennupoBanus GYHKIUN, 3a1aHHbIX I1a-
pPAMETPUUIECKH, CJIOYKHBIX (DYHKIINN U HESTBHO 33/ IaHHBIX (DyHK-
Il MOT'YT UCIIOJIb30BATHCS JIJIs 3aMEHbI IEPEMEHHBIX B Tu(dh-
depeHIaTbHBIX BBIPAYKEHUAX — OJTHOTO W3 OCHOBHBIX CIIOCO-
60B perenus JuddepeHIuaJIbHbIX ypaBHenuii. B 9Tom myHK-
Te€ Mbl PACCMOTPUM JIUIIb BBIYUCTUTETbHBIN aCIeKT 3aMEeHbBI
[ePEMEHHbBIX, HEe 3aTparuBas mpod/ieMbl TEOPETHIECKOTO 000C-
HOBAHUSI TTPOBOUMBIX OTIEpaIlui.

17.1. 3ameHa IepeMeHHbIX
B quddpepeHnnaIbHbIX
BbIPAXKEHUAX, COAEPKAITIX
OOBIKHOBEHHbIE TTPOU3BOIHBIE

[Iycts nano guddepenimaibHOe BbIpAXKEeHNE

@ (z,y,9, 9", ..., y™)
u B HeM TpebyeTcsd NepeiTu K HOBOW NepeMeHHON { U HOBOM
dbyukm u(t) no dopmymam

{ v f@’“).’ (17.1)

Taxk kak u gpisiercd ynknueit ot ¢, To cucrema (|17.1)) npwu
HEKOTOPBIX YCIOBUSIX OIPE/IE/ISIET TapaMeTpuiecK (OyHKITUIO
y(x). Iosromy npousBojayto ¥ () MOXKHO BBIDA3UTH CJIEITY-

IOIIIM 0OpPa30M:
/

v, g+ g
y'(x) == ==

oy i+ f
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O6osnaunm z = y'(x). @opmyra (17.2]) mokaseiBaer 3aBucu-
MOCTb 2z OT t u u, T. e. z = h(t,u). Pacemorpum cucremy

{2l

[TpoBosg paccyzKeHus, aHAJOTUIHbIE IPEILI LY IIM, Haiiiem
2, T. €. Y. DTa NPOM3BOJHAA OKAsKeTCA BBIPAZKEHHON de-
pe3 t,u, v, u”. Takum 0O6pa3soM MOXKHO HAWTH HPOU3BOIHYIO
dbyukm y(z) moboro mopsaka. [logcraBus HaiijeHHbIe 3HA-

yenusd B @, mosryaum HoBOe JinbdepeHInabHOe BhIPaXKeHne
/ " n
Ut u,u .. ul )).

B gactHOM ciiydae, Korjga MeHAETCsl TOJIbKO He3aBUCHMAas
IlepeMeHHas T Ha IIepeMeHHYIO ¢, T. €.

{ v = f(t),

y(z) = u(t),

dopmyIbl OKa3bIBatOTCs OoJIee MpocThiMu. A nMeHHO, Tudde-
pernupys Beproe paBeHcTBO Y(f (1)) = w(t), momyamm

yofi =uy; y(f)? + Yl fi = up,

OTKYJIa
" "
"o ut2_yac 2 _ t2 t_utf

YT T T T

T ]I
IIpumep 17.1. B juddepenimaibue BbipazkeHue
O(,y,y.y") =y + (@ +y)(1+y)°

TpebyeTcst cenarh 3aMeny © = u+t, y = u —t, vae u = u(t).
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CocrayisieM cucreMmy
r=u(t)+1,
y =u(t) —t,

HaXOJIUM IPOU3BOHbIE IIEPBOTO U BTOPOIo HOpsiiKa yHKIUHI
y(x), 3amaBaeMoii STOI cucTeMoil ITapaMeTpIUIeCK:

y :ug—l
o+ 17

yllz _ (y;:);t _ u;g (u:f + 1) - (ué - l)ug? —9 u:SIQ
x /

T (u; + 1) RSV

[Moncrasum 3uavenus x,y,y , y" B O:

u//

u —1\°
22— 4 ou|14+4 ——
(u'+1)3jL u( +u’—|—1> ’

B UTOre TOIYIUIn auddepeHnuaibHoe BhIpazkeHne

U(u, v u") = (' + Su(u)?),

(v +1)
KOTOPOE, B OTJIMYNE OT UCXOJHOI'0, YK€ He COJICPKUT He3aBU-
CUMYIO IIEpEMEHHYIO.

17.2. 3amenHa nmepeMeHHBIX
B Jud depeHnmaIbHbIX
BbIPDAYKEHUAX, COJepKAIIUX
4aCTHbIE IPOU3BOHbIE

[Iycts nano auddepennuaibHoe BhIpazKeHue
0z 0z 0%z 0%z 0%z 0%z

P —_— = 17.
<$7y727 axy ay) 8332’ axaya 33/33:’ ay27 ) ( 73)
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U B HeM TpeOyeTrcs nepeiiTi K HOBbIM HE3aBUCUMbBIM TTEPEMEH-
HBIM U, U ¥ HOBOW dbyHKIMH w = w(u,v) 1no Gopmyaam

r = f(u,v,w), y=gu,v,w), z=h(uv,w).
[ToacraBisas B nocsaeHon0 GopMy/Ty 3HAYECHUS

Z:Z(I7y)7 x:f(u7vﬂw>7 y:g(u7vﬂw)’ w:w<u7/v)7

ITOJIYIUM BEPHOE PABEHCTBO

2(f (u, v, w(u,v)), g(u, v, w(u,v))) = h(u, v, w(u,v)).

Haitnem wacTHbIE IPOU3BOIHBIE TI0 U, U OT 00€UX YacTeil 9Toro
paBeHCTBA:!

(S e vy =l
2 (fo + fows) + 2,(9, + guw,) = hy, + i, '
Pemtast 9Ty cucremy OTHOCUTENIBHO 2, 2, , HallJleM UX BbIpazke-
HUsI Yepe3 YacTHbIE IIPOU3BoHbIe MYHKIWI f, g, h 1 YacTHbIE
[IPOM3BOJIHBIE HOBOIN (DYHKIMU W.

Bbruuciisiss 3areM 9acTHBIE TIPOU3BOJIHBIE TI0 U,V B ypaB-
nenusx cucremsl (17.4), mosyumM HOBYIO cHCTeMy 3 UeTbl-
pex ypaBHEHUI JJIsd OIpeJIe/IeHIsT YeThIPeX YACTHBIX MPOU3-
BOJIHBIX BTOPOTO Topsifika dbyHKuu z(x,y) u T. 1.

B wacTtHOM Ccitydae, Korja MeHSIIOTCSI TOJBKO HE3aBHCH-
Mble [IepeMeHHbIe, a 3HaueHnst PYHKIuK 2 = z(T, y) OCTAIOTCsI
npexunMmu, T. €. ¢ = f(u,v), y = g(u,v), z(z,y) = w(u,v),
dopmyier OKa3bIBaIOTCS H0JI€E TTPOCTHIMU:

L f 2, =,
Af+ gl = .

Hakownerr, eciin (popMyJ/ibl 3aMeHBI BHIPaXKaloT HE CTapble
IepeMeHHble Yepe3 HOBbIe, a HaobopoT, To B (hopmystax (17.2))
u (17.4]) mpocTto MeHSIOTCS POJISIMU TTPOU3BOJIHBIE CTAPOI U
HOBOU (DpyHKIIN.
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IIpumep 17.2. B muddepenimaibioe BhIpazKeHmne

0z 0%z 0%z 0%z

)

0%z

T,Y,z, 5

o = 2
ox’ 7 Oy? Ox? * Oxdy * oy?

TpebyeTcsl BBECTH HOBBIE IIEDEMEHHBIE U = T + Y, UV =T — Y U
HOBYIO (DYHKITHIO W = XY — 2.

[loycTaBum B 1ocsie/iHee ypaBHeHUe 3HAYCHUS BXOIATIIX
B Hero (DyHKIHI OT 2,y :

w(x+y,x —y) =zy — 2(z,y).

Haiijiem wacTHbIE MPOU3BOJHBIE 110 T U Y OT ODEUX dvacTeil
3TOr0 BEPHOT'O PABEHCTBA:

w
w

l=y—z

/
R

Haiijiem "gacTHBIE IPOU3BOJIHBIE TIO T U Y OT yPaBHEHUN TOMN
CUCTEMBI:

Orcrona

wlly + wy, + wy, +why = =20,
wz2 - U)ZU + wgu - w:;/2 =1- Z:/t/y
Wy + Wy, — Wy, — Wy =1 — 2,
Wiy — Wy, — Wy, + Wy = —z?’J’Q.
A=l —uf, ), —ul,
gy = 1- ’U)Zz +U)Z,U - wgu +w;/27
ZZQ = _wZ2 + UJZU + w;/u - w;)lz‘

IlogcraBasiem Haiigennnie 3uadenus B O:

2 — 4wl + 2w, — 2wl = V(wls,w
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Eciun y dyukimm z(z,y) cMelranHble TPOU3BO/IHbBIE COBIIAJIA-
0?2z

0%z
JIN: = TO, KaK cjenayer m3 cucreMbl (17.5
dbyukmm w(u,v) onn Toxe copnajayT. Torma Beipazkenue W

npuMeT COBCEM HpOCTOﬁ BU:

IIpumep 17.3. B muddepenimanbioe BbIparkeHne

N R AR
17;?%27 8.CU7 8y _xax yay Z?

TpebyeTcsl BBECTH HOBBIE IIEPEMEHHBIE T = U, Y = UV, & 3Hade-
HUsT (DYHKIUMK 2 OCTAIOTCs TPEXHUMA, T. €. 2(x,y) = w(u,v).

CocraBiisiMm BepHOe paBeHCTBO z(u, uv) = w(u,v) u aud-
dbepennupyeM ero 1o nepeMeHHbIM U H V-

/ / _ /
Zy 1+ 2, v=w,
/ / /
Zy - 04 2, - u = wy,.
Orcrona
w! v
/ v I L
Zy 7, Zw = wu UZy = U)u U)U.

Hogcrapigem HaiijleHHble BbIDAsKEHUSA JUIA Zy, 2,, & TaKKe

r=u, y=uv, z(z,y) = w(u,v) B ® u nomyuaem:

/
v w
u (w; — —w;) +uv—2 —w = uw., —w = ¥(u,w,w)).
u u

DTO BhIpaxKeHwue mpoiie, 4eM P, MoCKOIbKY COJEPKUT MEHBIIE
IepeEMEHHBIX W TTPOU3BOJIHBIX.



18. DkcrpeMyM DYHKINU MHOTHUX
nmepeMeHHbIX

18.1. Ompenesienue u HEOOXOAMMbIE
YCJIOBUS IKCTpeMyMa (pyHKIUU
HECKOJIbKUX TepeMeHHbBIX

Onpenenenune 18.1. Ilycrs dhyukius

f(x) :f(xlvm%"'axn)

ompe/iesieHa B HEKOTOPOI OKPECTHOCTU TOYKH

zo = (2,29,...,20).

ToBopsit, uto dbyskims f(r) UMeeT B TOUKE Ty A0KAALHBIT
MAKCUMYM (MUHUMYM ), €CITH CYIIECTBYET TaKasi OKPECTHOCTh
TOYKH T, B KOTOPOH JJIst BCEX T # Xg BBINOJHIAETCS HEPABEH-
CTBO

f(@) < flwo)  (f(2) = flx0)- (18.1)

Ecmu i Bcex @ # ¢ U3 HEKOTOPOil OKPECTHOCTH TOYKHU X
BBITIOJTHAETCS CTPOroe HEPABEHCTBO

f(x) < fzo) (f(z) > f(20)),

TO Tp HA3BIBAIOTCS MOYKOU CIMPO2020 MAKCUMYME (MUHUMY-
ma) DYHKIHN.

Touky MakcuMyMa U MUHUMyMa (DYHKIUU HA3BIBAIOTCS
MOYKAMU IKCMPEMYMA, a 3HaIeHns PYHKIUA B STUX TOUKAX
HA3BIBACTCH IKCMPEMYMAMU PYHKYUL.
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Teopema 18.1 (He0OXO/MMOE YCJIOBHE IKCTPEMYMA).
Ecau mouxa (29,29,...,2%) sasasemea mouxoti axcmpemy-
ma gynryuu f(xy,x9,...,2,) U 6 9Moti Mouke cyuecmeyem
YACTNHAA NPOUZEOOHAA 8—(:60), Mo Ona PasHa HYA0.

Ti

HokazaTenbcTBOo. PaccmoTpuM hyHKITUIO OTHOIM Tie-
peMeHHON X;:

g(x;) = f(x(l), . ,x?_l,xi,x%_l, . ,ng).

CymiecTBoBaHNEe KOHEYHOW YACTHON ITPOU3BOIHON (DYHKITHH
f(z1,...,2,) WO TEpPEMEHHOW Z; B TOYKE T( SKBHUBAJEHTHO
mudbdepentupyemoctu bynkimu g(x;) B Touke 7. Oderumo,
aro GyHkus ¢(x;) uMeeT B TOUKe T JOKaIbHBII 3KCTPEMyM.
A rorpa ¢'(z9) = 0. Do ozmauaer, aro f; (o) = 0. Teopema
JIOKa3aHa. O
Ecmn bysxmus f(zq, 2o, ...,2T,) UMeeT B TOUYKE Ty JIO-
KaJIbHBIN SKCTpeMyM U auddepeHnupyeMa B 3TOl TOUKE, TO
YaCTHDBIC TTPOU3BOJHBIE MO BCEM IIEPEMEHHBIM B 9TOI TOYKE

pPaBHBI HYJTIO:
of of _

I A—
8:1:1 ’

a cjieJ0BaTeJILHO,

0. ... 9 _

o 0 18.2
0xy ’ 0x,, ’ (18.2)

df (29, 29,...,2%) = 0.

n

Touku, KOOp/IMHATHI KOTOPBIX YAOBJIETBOPAIOT CUCTEME YpaB-
HCHUN , HA3BIBAIOT MOYKAMU, N0003PUMENDHBLMU HE IKC-
mpemym (WITH CMayuorapHromu mowkamu). Toaku sKCcTpeMy-
Ma (DYHKIUH CJIe/lyeT UCKATh TOJILKO CPEJIU TOYEK, 003D~
TEJIbHBIX HA 9KCTPEMYM.

OxkasbiBaeTcs, He Jiobasi CTallMOHAPHAsT TOYKA SIBJISETCSI
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TOYKOI JIOKAJILHOTO KCTpeMyMa, JuddepennupyeMoit pyHkK-
nuu. Hanpumep, pya dbynxkuun f(z,y) = 22 + y? (puc. 18.1)
touka (0;0) sBiIeTCS U CTAIMOHAPHOIL:

df(0,0) = 2z dx + 2y dy|,0) = 0,
1 TOYKOIl JIOKAJIBHOIO MUHUMYMA:
flzy) = 2> +y* > 0= £(0,0),

a mua gyukmun f(z,y) = x? — y* (puc. 18.2) Touka (0;0)
SIBJISIETCS CTAIMOHAPHOIA:

df(0,0) = 2z dx — 2y dy|,0) = 0,

HO He SABJISIeTCsl TOYKOI JIOKAJILHOTO 9KCTPEMYMa, TaK Kak B
nroboit okpectrocTr Toukn (0;0) dyHKIMS TpUHIMAET 1 TI0-
JIO?KUTEJIbHBIE ¥ OTPULATEILHBIC 3HAYCHUS:

f(e,0)=¢* f(0,e) = —€.

z z

SESenan
R
R
T
Rannanei by
RN
\§§§§§\\\\ {‘8\\\‘

W
DI

Puc. 18.1 Puc. 18.2

CJIe,ZLOBaTeJ'IbHO, JJId UCCjie0BaHnd JIOKAJIbHOT'O 9KCTPE-
MYyMa HY2KHbI HEKOTOPbBIC JOCTaTOYHBbIC YCJIOBU.
HpeILBapI/ITe.HbHO BCIIOMHUM aﬂre6panquKI/Ie IIOHATNA.
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18.2. HekoTopnle cBeJieHus O
KBaJIPATUYHBLIX popMax

QyHKINA BUIA

n

(I)(Il,l'g, Ce I’n) = Z aijl‘in,

,j=1

rJe a;; — BelleCTBEHHBbIe YNCJIa, Ha3bIBACTCA K6adpamuunot
hopmoti OT IepeMENHBIX X1, T, . . . , Tp. THUCTA @;; HA3BIBAIOTCHA
Koappuyuenmamu Keadpamuunot Gopmol, & COCTaBIEHHAS U3
9TUX KOI(DPUITMEHTOB MaTPHUIIA

a1 Q12 ... Qi
A _ a21 A29 ... QA9
Ap1 Ap2 ... QApp

HA3BIBACTCS MAMPuuets KeadpamuwHot GhopmoL.

Ecmn a;; = aj npm Beex 1 < 4, < n, To Marpuna A
HA3BIBAETCSA CUMMEMPULHOU.

Omnpenenurenn

a a ay; ... QAip
11 a2
Al =ay, A= s o, Ap =
21 (22
Ap1 - .. Qpp
HA3BIBAIOTCS 2A06HbLMU MUHOPAMU MATPULIBLL A.
Ksagparuunast dopma $(r1,xs, ... r,) Ha3bBaETCI N0-
A0otcumenvro onpedesernot (ompuyamenvro onpedeneniots),
ecJIu JIjisd JTIOOBIX 3HAYEHUN MEPEMEHHBIX X1, L, . . ., Ly, OTHO-
BPEMEHHO He PAaBHBIX HYJIIO, OHA TPUHUMAET MOJIOXKUTETbHBIE
(oTpunATEIbHBIE) 3HAYCHHUS.
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Ksajparnunaga hopma HazbIBaeTCd 3Hakonepemerot, ec-
JIK OHa IIpUHUMAaACT KaK IIOJIOKUTEJIbHbIC, TaK 1 OTpUIlaTeIb-
Hble 3HAYEHUS.

B kypce anaredpn! J1oKka3biBaeTCs

Kpumeputi Cu./zbeecmpdzg]

1. Jlas mozo wmobw keadpamuunas opma P(x1, o, . .. x,)
C CUMMEMPUYHOT, MAMPUUET OBIAG NONOHCUMENDHO ONPede-
AEHHOU, HEOOTOOUMO U JOCTNAMOYHO, YMOOBL BCE 2AAEHVLE MU-
HOPbL €€ MAMPUUDL OBLAU NONOHCUMENDHDL:

A >0,...,A, >0.

2. JTas mozo wmobwu keadpamuunasn gopma P(xy, za, ... T,)
C CUMMEMPUYHOT MAMPUUET ObAG OMPUYAMEALHO Onpede-
AEHHOTL, Heobxodumo u docmamouno, wmobvl 3HaKy €€ 2406~
HOLT MUHOPOE 4ePedosasucCt CACOYIOULUM 00PA3OM:

A <0, Ay >0, A3<0, A;>0,...

18.3. locTtaTovHble yCJIOBUS IKCTPEMYMa
yHKITMU HECKOJIbKUX MepeMeHHbBIX

Pacemorpum Bropoit quddepentan byukuuu f(z1, ..., Ty,)
B Touke (29,29, ...,20):
d*f( (xo)dz;dz;.
Z (93:20% o)daidz;

26 JDicetime Cuaveecmp (1814-1897) — usBecTHBIf aHrMitCKHIil MaTe-
maTuk. OCHOBHBIE PABGOTHI MOCBSIIIEHBI AJIrebpe, TEOPUH IHUCET, TEOPHU
BEpPOSITHOCTEN, MEXaHUKe U MaTeMaTH4IecKoil dpusnke; Hanbosee BasKHbI-
MU SBJISAIOTCS UCCJIEJIOBAHUS [0 TEOPHU HHBAPHAHTOB U €e TeOMeTpIYe-
CKH€ IIPUJIOKEHUS.
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OTO BBIpayKEHUE sIBJISAETCS KBAPATHIHON POPMOIT OTHO-
cuTesbHO AuddepeHnnaioB He3aBUCUMBbIX II€PEMEHHBIX dT;.
Marpuiia, cocraBjieHHasg 13 KO3MMUIIMEHTOB 5TO KBaJpa-
THIHOM (POPMBI, OyJ/IeT BBIIVISJIETH CJICIYIONIUM 00pa30M:

o0 f 0% f

8_x% T Onxy,
A=

0 f o0 f

Teopema 18.2. [lyemwv dynxyus f(xq, ..., x,) onpedese-
Ha u deascovl dudepernyupyema 6 HEKOMOPOT OKPECTHOCTU
mouru My(z9, ..., x2), npuuem 6 camoti mouxe My 6ce wacm-
Hble MPOU3BOTHBIE 8MOPO20 NOPAJKA HENPepblHb. TIycmy, Kkpo-
me mozo, My — cmayuonapras mouka. Toeda mowka My:

1) asaaemes MoKl MUHUMYMG PYHKUUU, eCAU 6MopoT
dupdepenyuan — NOAOHCUMEALHO ONpedeseHHas KE8aopamu-
Has gopma, m. e. 6 IMoti Mouke 6CE 2AAGHBIE MUHOPL MAT-
puybe A NOAOKHCUMENDHDL;

2) asasemesa MouKkol MAKCUMYMa, ecau emopot dudde-
PEHUUAA — OMPUUAMEALHO ONpedeseHHas K8adpamuuHas Gop-
Mma, m. e. 6 mampuue A 6ce 2Aa6HbBIE MUHODLL YEMHO20 NO-
PAOKG NONOAHCUMENLHDL, G 6CE 2AAEHbLE MUHOPYL HEUEMHO20
NopAOKA OMPUUANENDHDL;

3) me ABAAECMCA MOUKOT IKCMPEMYMA, eCAU 6Mopoti dud-
pepenyuan — HeonpedeseHhan KeadpaMuHas Hopma, m. e.
zomasa 6v. 00uH U3 onpedesumenets 4Yemmoz20 nopadka MeHvULe
HYAS.

Hloxa3zaTesbcTBo. 3anuieM npupaiienue Gyuknun f
B Touke M, no dopwmyie Teitopa ¢ OCTATOYHBIM YJIEHOM B
dopwme Jlarpanxa:
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FO) = F(My) = df (Mg) + 5P (Mo + 0(My — My)),

e My = (x},...,2})), do; = Az; = 2} — 20 (i =1,...,n).

I[To ycmouto df (M) = 0, 3naunt, GOPMYIY MOKHO Heperm—
caTh CJEJIYIONUM 00Pa30M:

Z]l

"
N3 HenpepbIBHOCTH YaCTHBIX ITPOU3BOIHBIX fmixj B Touke M
CTIeTYeT, UTO

fg/c,ixj(M + (9<M1 - M)) —

p—0

(M), i,j=1,...,mn,

ILE]

rie p = /> o, (x} — 29)? — paccrosrme mexy Touxkamm M
u M. HOSTOMy X MOXKHO IIPEJICTABUTHL B BHJIE

frw,(M 4+ 0(My — M)) = fil, (M) + oy (Azy, ..., Azy),

TiTj

rjIe oj E)) 0. Takum obpaszom,

F(h) = Z F1 o, M)Az Az; + ap)p?,
Zj 1
e
&(p):§zaij(Ax1,...,Ag;n) ; .7/:0)0

Az,
Ob6osnauum h; = i Torma mms My # M
i
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FOL) = F) = 50 37 2 (M)hihy + ap)e? =

3,j=1

= pA(®(y,. .., hy) +alp)),
rie

1 n
®(hyy ..., hy) = 3 Z aighihj, —a; = fg/c/ixj(M)-

i.j=1

n

BameTuM, 4TO Z h? =1, r. e. bynxuusa ®(hy, ..., h,) omnpe-
i=1

JIeJIeHa B TOYKAaX N-MEPHOI cdephbl eUHIIHOIO PaIuyca.

[. Paccmorpum cHavasia ciiydaii MOJIOXKUATENIBHO OIIPeie-
JeHHoit KBajipatuanoit popmet d2 f(M). B stom ciyuae GyHK-
st ®(hy, ..., h,), oupeseneHnas Ha e MHUIHOI cdepe, TpH-
HUMAaeT TOJLKO HOJIOKUTEIbLHBIC 3HAYeHus. Kpome Toro, ode-
BujiHO, 910 P(hy, ..., h,) HenpepbiBHA, a 00J1aCTH ee Ompeje-
JICHHsI — OIPaHUYEHHOE 3aMKHyToe MHOXkKecTBO. ClieoBare/ib-
HO, 110 BTOpoil Teopeme Beiteprpacca, ®(hy,. .., h,) moctu-
raeT cBoero nanumMyma, T. €.

inf ®(hy,..., hy) = ®(RY,... h0) =pu > 0.

Tak kak QyHKIUA (p) ABIAETCS GECKOHETHO MAJION, TO JJIst
JIOCTATOYHO MaJIbIX p Beinosagercs |a(p)| < u. [losromy s
TaKHX p

FOMy) = f(M) = p*(@(, - .. ha) +a(p)) = p*(u+alp)) > 0,

T. €. TouKa M sBJISIeTCA TOYKOM JIOKAJIHLHOIO MUHIMYMA.

II. B cay4ae oTpumaTeIbHO OIPEIEICHHON KBaApaTuIHOMi
dbopubr @2 f(M) anajoruvno JoKa3bBaeTcs, 4To Touka M —
TOYKA, JIOKAJIHLHOI'O MAKCUMYMA.

200



II1. IIycrs d?f(M) — 3HaKonepeMeHHas KBaJpaTHIHAs
dbopma, 1. e. cymecTByioT 1Ba Habopa (t), ... ) u (¢, ... t!)
3HaveHuit gjst dxy, . ..,dx, TaKuX, 970 B TOYKaX IIePBOIO Ha-
Gopa d? f(M) npuHEMAET MOJIOKUTEILHOE 3HAYCHUE, a B TOU-
Kax BTOPOro HabOpa — OTpHUIATe/IbHOE 3HaYeHHe. DTO IKBU-

BasieHTHO ToMy, aro P(Ay, ... hL) > 0 u ®(AY,... A) <0,
e
VI S VIR S T

(3 K3

Swr S

Bgenem toukn M’ u M” ¢ xooppunaramu x = 1z + phl u
x! = 29 + ph! coorsercreenno, rie p > 0 — nepeMenHast Be-
mranHa. Jlerko nocunrars, aro p(M', M) = p(M", M) = p.
s npupamenust dbyukuuu f(xy,...,x,) B Touke M cupa-
BEJJIUBBL POPMYJIIBI

FM') = (M) = p*(®(hY, ..., 1)
FM") = f(M) = p

rae o (p) u o”(p) — Geckoneuno masbie mpu p — 0. [Tosromy
JUIst JIOCTATOYHO MAJIEHBKUX O BBIINOJIHSAETCS

[/ (p)| < @(hy,... hy), [ (p)] < @(hy, ..., hyy).

Wrak, Jjisi CKOJIb yrOJHO MaJioro p Haiiayrcs Touku M’ u
M" | maxongnyecs: Ha pacCTOAHUU p OT TOYKKH M, B KOTOPBIX
BBITIOJIHAETCS

M) > f(M),  f(M") < f(M),

T. e. Touka M He dABJII€TCS TOYKON JIOKAJIBLHOI'O SKCTPEMyMa.
Teopema mokazaHa. [
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st byHKIMN 1BYX IepeMeHHbIX f(z, ) 10CTaTo9HbIe yC-
JIOBHSA SKCTPEMyMa MOI'YT ObITh ChOpPMYJTUPOBAHBI B OoJiee
YJI00HOM JIJIst TPOBEPKH (hopMe.

Teopema 18.3. Ilycmv gynwyus f(z,y) deasrcov dug-
pepenyupyema 6 nexomopot oxkpecmuocmu mowku M u dea-
21cobL nenpepuieno Judgepernyupyema 6 camoti mouxe M, Ko-
mopas aeasemca cmayuonaprot. O6osnavum A = [ (M),

B=fr(M)=f.(M),C= f;/Q(M). Tozda ecau

= f
AC — B* >0,

mo M asasemcsa moukoti A0KaAbHO20 IKCMPEMYMA (AOKANL-
1020 makcumyma npu A < 0 u A0KGADHOZ0 MUHUMYMAE NPU
A>0), aecau

AC - B% <0,

mo M ne asasemes mowkotll A0KAALHO20 IKCMPEMYMAQ.

Bameganue. B ciyuae AC — B? = 0 mda muccieioBa-
HUs Ha 9KCTPEMYM HYKHO HPUBJIEKATH JUMdEepeHIua bl 00-
Jiee BBICOKOTO TTOPSIIKA.

IMpumep 18.1. f(z,y) = 2> + y>

EnuncrBennas TOUKa BO3MOXKHOIO 9KCTPEMYMa — CTAIlU-
onapuast Touka (0,0). B meit A =2 > 0, AC — B> =4 > 0.
CrenosaresibHo, Touka (0, 0) — TOUKa JIOKATHHOIO MUHUMYMA.

IIpumep 18.2. f(z,y) = 2% — >

Touka (0,0) ToxKe sIBJII€TCSI €JMHCTBEHHOI TOYKOi BO3-
MozKHOro 3KcTpeMyMa. Ho B neit AC' — B? = —4 < (0, nostomy
y (PYHKIIUU HET JIOKAJBHBIX SKCTPEMYMOB.
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IMIpumep 18.3. f(x,y) = 2* + 3zy* — 39z — 36y + 26.
HaxoauM 9acTHBIC TPOM3BOIHBIE TIEPBOrO MOPAIKA!

fo=32+3y" =39, [, =6xy— 36.

CocraBiiseM cuctemMy ypaBHEHUHT JIJIsI HAXOYKJICHUsT CTaIlH-
OHAPHBIX TOYEK:
2 +y? =13
{ zy = 6.

Bripaxkag y u3 BTOporo ypaBHEHHS U IOJICTaBJAA B TEPBOE,
noJrydaeM OMKBaIpPaTHOE ypaBHEHUE

7' =132 +36 =0 & (22 —4)(z* —-9) =0.

TakuM 06pa30M, CTAIMOHAPHBIMU SABJISIFOTCS YETHIPE TOU-
ku: (3,2), (—3,-2), (2,3), (—2,—3). Boruncagem gacrubie
IIPOM3BOJIHBIE BTOPOIO TOPSIJIKA:

[z =62, f, = fy. =6y, [fp =0z

B rouke (3,2): A=18 >0, AC—B? = 18 — 122> 0, cie-
JIOBATEIbHO, B 9TOH TOUKe (DYHKIIMs UMEET JIOKAIbHbII MUHH-
mym f(3,2) = —100.

B Touke (—3,—2): A=—-18<0,AC—B?*=182-122 > 0,
CJIEJIOBATEIBHO, B 9TOH TOYKe (QYHKIMS MMEET JIOKAJbHBI
makenmyM f(—3,—2) = 152.

B Toukax (2,3) u (—2,—-3) AC — B*> = 12% — 18 < 0,

cJjieJ0BaTEJIbHO, B 9TUX TOYKaX JIOKaJIbHOI'O 9KCTPEMYMa HET.
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18.4. YcJOBHBII 3KCTPEMYM

Ha mpakTuke 9acTo HPUXOIUTCS HUCKATH SKCTPEMYMBI
GYHKIMN HECKOJBKUX ITEPEMEHHBIX NP YCJIOBUHU, 9TO IIepe-
MEHHBIE HEKOTOPBIM 00Pa30M CBA3AHBI MEXKTy COOOIA.

[Iycrs dyukuus f(xq,...,x,) onpeeseHa Ha OTKPBITOM
MHO)KecTBe D. [lycTh Ha 9TOM MHOYXKECTBE 3a/IaHbI eIle HECKOJIb-
KO (PYHKITHIT

Fi(zy,...;z0), ooy oz, 2,), m<n.

By,ZLeM apejaroiaraTb, 9To liepeMedHbIe Ty, . . . , Ty HOJIUHEHDBI
YpasHEHUAM CBA3U

Fl(xl, . ,In) = 0,
(18.3)
Fo(xy,...,z,) =0.

Bynem rosoputh, uto yHKIUA [ UMEET YcA06HbIT IKC-
mpemym (YcrosHvil MAKCUMYM WA YCAOBHBIT MUHUMYM) B
touke My € D OTHOCHTE/ILHO ypaBHEHUI CBA3U , ec-
mm 3nadenne f(My) ABIseTCs IKCTPEMATLHBIM (HANOOIBIIIM
WJTH HAMMEHBIIINM ) CDEJIH BCeX 3HAUEeHU, IPUHIMAEMbIX (DYHK-
nueir f B HEKOTOPOI OKPECTHOCTH TOUYKH My, TOUKHA KOTOPOI
VJIOBJIETBOPSIIOT YPABHEHUSIM CBSA3M.

Memood uckaroueHus HaToAHcIeHUS TNOoYeK
YCA0B8HO20 IKCMPEMYMAQ,

JImst HaXOKJIEHUsI TOYEK YCJIOBHOTO SKCTPEMyMa WHOT/Ia
BO3MOKEH CJIELYIONINI JOCTATOYHO IIPOCTOM CII0c00: perraem

cucremy ([18.3)) oTHOCHTEIBHO X1, . . ., Tpy:
T1 = G1(Tmt1s - Tn),
Ty = gm(merla . .- 7$n)7
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3aTeM IIOJICTAB/IsIeM HalijleHHble 3HaYeHUsd B (DYHKIWIO [ U
UCCTIEJyeM TIOJIYYeHHYIO (DYHKIIUIO 1 — 1M IEPEMEHHBIX:

f(gl(xm+17 A 7‘rn)7 A 7gm<xm+17 A 7$n)7xm+17 R 7:1:”)7

Ha OOBITHBIN JIOKATBHBIN IKCTPEMYM.

Ecim rouka (20,4, ..., 2%) aBiserca ToUKoil J0KAIBLHOrO
SKCTPeMyMa TaKoil CJI0xKHON dyHKImu, To Touka (9, ..., 12),
rjie

0_ 0 0 0 _ 0 0

T = 91(Tpts -5 T0)s -y Ty = G Tty - -5 Tpy)s
SIBJISIETCST TOUYKON YCJIOBHOTO 9KCTpeMyMa (DYHKIMN f OTHOCH-
TeJIbHO ypaBHeHuii cBsa3u ((18.3)).

IIpumep 18.4. Haiitu sxcTpeMyMbl (DyHKITHI
f(x,y) = 2*+9?, ecim F(x,y) = v+y—1, T. e. eciu ypaBHeHue
cBA3M uMeeT B © +y — 1 = 0.

BriparkaeMm u3 ypaBHEHUS CBSI3U § Ye€pPe3 & U MMOJICTABIIAEM

B pyHKIUO f:
y(x) =1-—ux, fz,y(x)) =22% — 22 + 1.

Jlst 5T0it PYHKIMU TOUKA To = % ABJIACTCA TOYKON JIOKAJIb-
Horo MunnMyMa. CrrestoBarensro, Touka (zo, y(zo)) = (3,3)
SIBJISIETCsT TOYKON ycsioBHOTO MuHUMYyMa byHKImm f(x,y) =

= 22 + y? OTHOCHTEILHO yPaBHEHUA CBA3U T + 1 = 1.
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Memod Jlaepanotca HaxodrHcleHUs Mmouex
ycaoerozo akcmpemyma. Heobxrodumwie

U d0CMAMOYHbBLE YCAOBUS CYULECTLEOBAHUS
YCAOBHO20 IKCTNPEMYMA

Crioco6, OnMCaHHbIi BBIIIE, HE BCET1a BO3MOXKEH, IIOCKO/Ib-
Ky CHCTEMY He BCETJa y/IaeTcd PaspelmuTh. B 3ToM
cllydae MOXKHO BOCIHOJIB30BATLCA MEMOJOM HEONPEDCNCHHDLT
muootcumenets (memodom Jlazpanotca), KOTOpbIii IPUMEHSIET-
cst Jutst iBask bl qubdepentiupyembrx dbyuknumit f, Fy, ..., F,
1 COCTOUT B CJIEJIYIONIEM (TeopeTHIeckoe 000CHOBAHIE METO/Ia,
13-38 CJIOKHOCTH OITYCTHM).

PaccmoTpuM HOBYIO (DYHKIMIO 1 + 1M IIE€PEMEHHBIX

L(zy, ..oy Ay ey Am) = fog, o )+
+)\1F1($1,. .. ,ZL‘n) + ...+ )\mFm(Zﬁ‘l,. .. ,(L’n),

KOTOPYIO Ha3bIBalOT yrryuet; Jlazparotca.

[. Ha niepBoM 3Tane HaxoJuM TOYKUA BO3MOXKHOI'O YCJIOB-
HOI'O KcTpemyMa. JljIss 9Toro Hy»KHO HafiTu cTalmOHApHBIE
TOYKU (PYHKIUU L, T. €. PEIIUTH CUCTEMY

(L, =0 ( fL A+ MF),, o An(Fa)h, =0
L, =0 o M), o A (FR), =0
=0 F'=0
Lz =0 ( F.=0
Ecmm (29,...,22, 0%, ...,\Y) — cranmonapuast Touka yHK-
nnu L, 1o Touka (9, ..., 20) — TouKa BOSMOKHOTO yCJIOBHOTO

sKcTpemyma pyHKIun f.
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I1. Ha Bropom srare jyis Kazk1oii Touku (29, ..., 20), naii-

JICHHOI Ha IIepBOM 3Talle, pACCMATPUBAEM CBOIO (DYHKITUIO:

g(x1, .. xn) = Lzy, .., 20, A, A0,

u naxomum d2g(zl, ..., x2).
Hanee, muddepenimpys ypaBHEHHs CBI3H B TOUKE
(2%, ..., 2%), momydaem cucremy BepHBIX DABEHCTB

(F1), doy + ...+ (F)),, dx, = 0,

(Fp)day + .. + (F), da, = 0.

OTO JIMHEHAA OJIHOPOIHAS CHCTEMa OTHOCUTEIHLHO IepeMeH-
HBIX dT1q,...,dx,. Ecim panr marpunsr dAxodu misa dyHKIM
Fi,...,F, srouke (z9,...,2°) paBen m, To u3 3T0il cucTeMbI
MOKHO BBIPa3UTh HEKOTOpbIe m JuddepeHInaioB mepeMen-
HBIX T1,...,T, 9epe3 ocTajabHble AuddepeHuaIbl.

[Toceaumii mar: mojcrap/isieM HaileHHbIE TuddepeHIy-
anel B d?g(xY, ..., 20). Tlonyuaercsa nekoTopas KBapaTuvHast
dbopma orHOCHTETBHO (N — M) epemenHbx. Ecim sTa KBaj-
parudHas (GopMa IOJOKHUTETHHO OIPEJIJIeHHAsA, TO B TOYKE
(29, ..., 2%) — yc/I0BHBIIl MUHUMYM, €C/IH OTPUIIATEILHO OlIpe-
JleJIeHHasT — YCJIOBHBIA MaKCUMYM, a eCJIi 3HAKOIIepeMeHHasT —
YCJIOBHOI'O 3KCTPEMYMa, HET.

IIpumep 18.5. Haiitu sxcrpemym dyukimn f(z,y) =
=% —y? ecu F(x,y) =a+y— 1.

Cocrapisiem dyuknmio Jlarpam:xa:

L(z,y,\) = 2> —y* + Mz +y — 1).

CucreMa JJIst HAXOXKJIEHUS TOYEK BO3ZMOYKHOTO YCJIOBHOI'O 3KC-
TpeMyMa
20+ A =0
—2y+A=0
r+y=1
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Borunrag um3 mepBoro ypaBHEHHS BTOpPOeE, TOJIydaeM
x+y=0, 970 MpOTUBOPEIUT TpeTheMy ypaHeHuiO. Ce10Ba-
TeJIbHO, CHCTeMa HeCOBMeCTHa, U (DYHKINS HE MMeeT yCJIOB-
HBIX 9KCTPEMYMOB.

IIpumep 18.6. Haiitu sxkcrpemym dyuknun f(x,y) =
=y, ecin F(z,y) =x+y— 1.
Cocrasngem dynkmmio Jlarpamxa:

Cucrema Jij1s HAXOXKJIEHUsT TOYEK BO3MOYKHOT'O YCJIOBHOT'O 9KC-
TpeMyMa:

y+A=0
r+A=0
x+y=1

EnuHcTBEHHBIM pellleHneM 9TOi CHCTeMbI sIBJISeTCs HaDOP
Ty = %, Yo = %, Ao = —%. PaccmarpuBaem dyHnkImio

1
9(,y) = Llz,y, \o) = vy — 5w +y —1).
ﬂﬂﬂ Hee ggg (%, %) - 952 (%7 %) = 07 g;;y(%? %) = gglr(%’ %) =1
CremxoBaTesbHO,

11
d?g (=, =) = 2dxdy.
N3 ypaBHeHUs CBA3M HAXOJMM 3aBUCUMOCTH MEXKITy Judde-
pennmanamu dr u dy: dr + dy = 0. IoacrapisgeM 3HaveHue
11

dy = —dz B d%g (5, 5) U TI0JTy9aeM OTPUIATETLHO OIIpeIe/IeH-

HYIO KBaJIPaTUIHYIO (hOpMY:
11
g (=, =) =-2(>dx)
1(33) =2
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CurestoBaTeIbHO, TOYKA (%, %) — 3TO TOYKA YCJIOBHOI'O MAaKCHU-
myMa yHKIWA f(x,y) = Ty OTHOCUTELHO YPABHEHMUSI CBSI3H

r+y=1

IIpumep 18.7. Ha aByx npeanpusaTusx oTpaciu HeoO-
XOJIUMO U3roTOBUTH 180 9K3eMILISIPOB HEKOTOPO POy KITUH.
3aTpaThl, CBA3AHHBIE C IPOU3BOJICTBOM X U3JICIUI HA TIEPBOM
IpeIPUASTAN, PABHEI 42 + 22 TBIC. PyO., a 3aTpaThl, 00YCIOB-
JICHHBbIE U3TOTOBJIEHUEM ¥ U3JIE/INI Ha BTOPOM IPEIIPUATUH,
coctaBsioT 8y + 1y Thic. py6. TpebyeTcs olpeenTh, CKOJIb-
KO U3JIE/INN Ha KaXKI0M U3 IPEeIPUATHI CIeyeT IPOU3BECTH,
9TOOBI 00IIIKE 3aTPAThl OBLIM MUHUMAJIbHBIMI.

Pemenune. Maremaruieckast ocTaHOBKa 3a/a4l COCTO-
UT B OIIPEJIeIEHNN MUHUMAJTLHOTO 3HAYEHUsT (DYHKITIN

f(z,y) =4z + 2% + 8y +

npu ycioun x + y = 180 (u, koneuno, x > 0,y > 0). Cocra-
BuM dyukmuo Jlarpamxa:

L(z,y,\) = 4z + 2® + 8y + 3> + Az +y — 180).

[IpupaBHsieM HyJII0 9acTHBIE ITPOU3BOJIHBIE (DYHKIHU L:

442x+A1=0
8+2y+A=0
z +y = 180.

Pemenunem sToit cucremsbl siBisierca Habop xo = 91, yg = 89,
Ao = —186. DTor HAOOP YIOBJIETBOPSET YCIOBUIO Tg = 0,
Yo = 0. Hna dbyskmun

g(x,y) = 4z + 2* + 8y + y* — 186(x + y — 180)
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b depenimal BToporo mopsijika B ToUke (Zo, 3p) PaBeH
d*g(xo,y0) = 2da® + 2dy”.

OTa KBaIpaTndHast (hopMa MOJOKUTETHHO OIIpeIeIeHHAasT, 10~
9TOMY HET HEOOXOIMMOCTH HAXOJUTH 3aBUCUMOCTDb MEXKIY dr
u dy u3 ypasHenus cBsizu. tak, Touka (91, 89) — Touka ycaios-
HOTO MUHUMYMA.

OrBet. OnrmMaabHBINA CIIOCOO pasMerneHus 3akasa: 91
u3Jie/iie Ha epBoM npenpudTun u 89 — Ha Bropom. [1pu sTom
3aTpaThl OYIYT MUHUMAJIbHBIMEI U COCTaBAT 17 278 ThIc. PYO.

18.5. HawuboJipiline 1 HaNMMEHbIIINE
3HaUYeHUsT PyHKIN

Jlo cux 1op MBI Mpe/rnoaraan, 9To 0b/IacTb OIpejiesie-
HUS PaccMaTpuBaeMoil (PYHKIINN SBJIS€TCSI OTKPBITBIM MHO-
KecTBOM. [lj1st cirydast 3aMKHYTOTO ONPDAHMYEHHOI'O MHOKe-
crBa D u mHenpepwiBHON dyukimn f(z1,...,T,) O6marogaps
Teopeme BeliepiTpacca MOXKHO MOCTaBUTH BOIPOC O HAXOXK-
JIEHUU HAMOOJIBIIIEr0 U HAUMEHBIIEro 3HAUeHUN (DyHKIUH.

Ecin Touka, B KOTOpOii TPUHUMAETCST OJTHO M3 ITHX 3HA-
YEHUH, ABJIdeTCd BHYTPEHHER, TO, 0OYEeBUJHO, B 3TOH TOYKe
dyukus nmeer JoKaILHBIN SkcTpemyM. Ho cBoero nan6oin-
mero (HaMMEeHbBINEero) 3HadeHusi (PYHKIUSA MOYKET JIOCTUTATH
U Ha T'paHulle MHOXKecTBa D.

Taxum 06pazom, 9To6bI HaliTn HanboJIbIee (HANMEHbIIIee)
suavenue Gyukiuun f(xq,...,T,) HA 3aMKHYTOM MHOYKECTBE
D, ciiestyet HaiiTu Bce BHYTPEHHUE CTAIIMOHAPHBIE TOYKH, TOY-
ku HeguddepeHnupyeMoct GyHKINUNA f, BBIMUCIUTL B HUX
3HavUeHns] (DYHKIMU U CPABHUTb UX MEXKJIy CODO m co 3Ha-
qeHuIMU (QYHKIUE [ B TPAHUIHBIX TOYKAX MHOXKeCTBa D:
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HanboJIbIliee (HAMMEHBIIIeE) U3 BCEX THX 3HAJYeHuil u Oymer
HanGOJIBINNM (HANMEHbBIM ) 3HadeHneM (byHKIUN f Ha BCeM
MHoxkecTse D.

IIpumep 18.8. Tpebyerca naiitu HaUOOJIbINICE U HAK-
MeHbInee 3Havenust Gynkuun f(z,y) = x’y Ha MHOKECTBe
ToueK (T,y), YIOBICTBOPSIONUX HepaBeHcTBy 2 + y? < 1.

Haiizem crauasa cranpoHapHbe TOYKHA B OTKPBITOM KDY-
re 22 + 9% < 1:

foe=22y=0
[y = 2?2 = 0.

Periennem cucreMbl siBJISIFOTCSI BCe TOYKH OTKPBITOIO KPyTa, Y
KOTOpbIX = = (. 3HavueHust (DYHKIUU B 9TUX TOYKAX PABHBI (.

Jlist HaxoXK IeHnst SKCTpeMajIbHbIX TOYEK HA IPAHUIIE KPY-
ra uccjaegayeM QyHKIUO f Ha YCJIOBHBIN SKCTPEMYM OTHOCH-
TebHO ypasHenus cBasu r2 + y? = 1. Beipasum us storo
ypahnenus 2 = 1 — y? u nogcrasum B f(x,y), HOTydIUM
dbyukmuio f(z(y),y) =y — y>. D1a dyHKIMa UMeeT JIBe SKC-

TpeMaJIbHble TOYKU: Y = — % nyy = \/g U3 ypaBuenuns

1'2 =1- y2 Haﬂ,ZLeM COOTBETCTBYIOIIXE 3HAYCHUA T U II0JIYy-

YUM YeTbIpe TOYKHU: (_\/%—\/g% (\/g, _\/g)7 (_\/g’ \/g%

(\/g : \/g ). Berancnm snavenns dbyuxiwn f(z,y) B HOTyIeH-
HBIX TOYKAX U CDABHUM UX CO 3HAUCHUAME (PYHKIMU [ B TOU-
KaX ee BO3MOXKHOTO 3KCTPEMyMa BHYTpH Kpyra r2 + y* = 1.
B namem npumepe Hambosibiee 3uadenue dbyskmmn f(z,y)
Ha YKa3aHHOM MHOXKECTBE €CTDb fax = %, a HaMMeHbIIee —

fmin - _%g



19. T'eomeTpudeckune NpPUIO>KEHUS
dbyHKIMii MHOrnxX nepeMeHHbIX

Ounpenenienne 19.1. Ilycrs dyuknus f(x,y) onpemee-
Ha B HEKOTOPOIl obsactu D 1 Y. — MOBEPXHOCTD, IBHO 3aJaH-

Has dyuknmeii f(z,y):
Y ={(z,y. f(z,9)), (z,y) € D}.

[Iycrs My € X, 1. e. Mo(zo, Y0, 20), Te 2o = f(xo,y0). Kaca-
meAbHOT NAOCKOCMBIO K NoseprHocmy 2 6 mouke My Ha3bI-
BaeTCd TaKasd ILJIOCKOCTD

Az —x9) + By — yo) + C(z — z9) = 0,

YTO PA3HOCTH MEZKJIY €€ AIllINKATON 2z B TOUKe (X, Yy) 1 3Hatde-
HueM GyHKIUN f B 9TOI TOUKe SABJISIETC OECKOHETHO MAJIOi
GoJlee BBICOKOTO Topsiika, 1eM p = +/(x — x0)2 + (y — yo)?
upu p — 0, 1. e. z — f(x,y) = o(p).

Eciu dyukius f(x, y) nuddepennupyema B Touke (g, yo),
TO TLJIOCKOCTD

z— 20 = %(xo, Yo)(x — x0) + Z—g(xo,yo)(y — ), (19.1)

rie 2o = f(xo, o), ABIAAETCS KacaTeJbHOI K rpaduky (yHK-
mn f(x,y) B Touke (o, Yo, 20), MOCKOJBKY W3 OIPEIETEeHHUsI

muddepentupyemoctu dyuknuu f(x,y) B Touke (g, Yo) 110-
JIydaeM, 9TO

F(o.9) =2 = F9) = 20~ 90 () — 70)-

- §—§<xo,yo><y o) = olp).
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Taxum oOpa3oM, reoMeTPUYIECKUNl CMBICJI ITOJTHOTO -
dbepenrmana dz GyHKIMN B TOUKe (X0, Yg) COCTOUT B TOM, UTO
OH paBeH MPUPAIICHUIO AIIJINKATHI IJIOCKOCTH, KAaCATEIbHO

K rpaduky Gyukuuu f(z,y) B Touke (o, Yo, f(To,Yo)), KOrIa
npupamienne QyHKINT PABHO

Az = f(xo + Ax,yo + Ay) — f(xo, vo)

(puc. 19{1))
0 »r /ﬁ
//ya /y
7
> 7
v Ve
X,/ (.Y~ rd
P e e BT

_________———*’—%c,y)

Pty
Puc. 19.1

N3 reomeTpuu M3BECTHO, YTO BEKTOP

0 0
N = (a_i(l’(), %), 8—5(950, %), _1)

oproronasen mwiockocru ((19.1). Torma ypasnenue nopmanu x
epagpury f(x,y) 6 mouke (xg,Yo), T. €. IPSIMOIi, TIEPIEHIUKY-
JISIPHOM KacaTeIbHOMN IJIOCKOCTH B TOUKe (g, Yo ), Oyaer
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0
T = To + ta_i(xOJyO)a

of teR
— s :
Yy Yo + ay (‘r()ay(])a

z=2zy—t,

Onpenenenne 19.2. Ilycrs dyukuus f(x,y, z) onpee-
JIeHa B OKPECTHOCTH TOYKH (g, Yo, 20)- LLycThb 3a1aH0 HAIIDAB-
nenne | = (cosa,cosfB,cos7), rae «, 3,7 — yIabl BEKTOpa
I ¢ ocavm koopmuuar OX,0Y,0Z. Torma cos? a + cos? B+
+cos? v = 1. BeesieM 0Tpe3oK mpsaMoi

T = xo+tcosa,
y:y0+t005ﬁ7 O<t<t07
z = zp+tcosvy,

JIeZKaIuii B OKPECTHOCTU TOYKU (T, Yo, 20), COCJAUHSAIOMIUIL
toukun My = (o, Yo, 20), M = (z,y, 2) 1 napasesbHBII BEK-
Topy L. Eciu cyrmiecTByeT nipejien

) - (M)
p(M,My)—0 ,O(M, Mo)

~ lim f(zo +tcosa,yo + tcosf, zo+ tcosy) — f(xo, Yo, 20)
570 t

of
TO 3TOT IIPeJea 0OO03HAYACTCS W(‘To,yo,Z(]) U Ha3BIBACTCS

npouseodroti no Hanpasaenuto eexmopa l ¢ mowxe (o, Yo, 20)

(puc. 192)).
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| [
[
y 17 o
/xo’yo
z x)
Puc. 19.2

BaMeTI/IM, 9TO YaCTHbIE€ IIPOU3BOJIHBIC ABJIAIOTCA IIPOU3-
BOJHBIMUA II0 ITOJIOZKHUTEJIbHBIM HallpaBJICHUAM ocen KOOpau-
HaT.

Teopema 19.1. Ecau gynxyua f(x,y, z) dupdepernyupy-
ema 6 mowke (o, Yo, 20), MO 6 IMOT MOUKE CYWECMBYEM NPO-
u3600HaA N0 A0boMY Hanpasaenuto | = (cos a, cos 5, cosy) u
OHA GHIMUCAACTICA NO POPMYAE

0
gfl(fcojyoa%) = %(‘rmy(ﬁzﬂ)COSQ‘i‘
9 o)
+ a_i(xoyyoazo)cosﬁ—l—a—i(xo,yo,zg)cosy.

lokazaTenbcTBO. BBeseM dyHKITNIO
F(t) = f(xo +tcosa,yy + tcos B, 2o + tcosy).

Omna mmMeer pousBojiHyt0 B Touke tg = 0 (1o Teopeme o mud-
depeHIpPyeMOCTH CJI0KHOI (byHKLu/H/I), KOTOpasd, C OAHON CTO-
POHBI, paBHa
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of

F'(0) = %(xo,ym 20) COS a+
0 0
+ 8_5(930, Yo, 20) cos 3 + 8_£(x0’ Yo, 20) COS 7Y,
a ¢ JIpYroil — onpejesseTcs IpeJie/ioM
F(t)— F(0
F(0) = lim 2O~ O _
t—0 t

—lim f(zo +tcosa,yo + tcosf, zg+ tcosy) — f(xo, Yo, 20)
t—0 t ’

[TockosibKy TOC/IEIHUIT TTPEJIET €CTh, 110 OIPEJIEJICHHIO, TPO-
U3BOJHAS 10 HAIPpABJICHUIO [, TIoJTydaeM

0 ) )
%(zo,yo, z) = F'(0) = a—i(ﬂﬁo,yo, 2p) cos a+
0 3,
+ a_i(xoa Yo, 20) cos 3 + a—ﬁ(ﬂfo, Yo, 20) cosy. O

Omnpenenenne 19.3. BekTop

O (0, 0. 22 (0,00 20), 2L .90, 20)
8:(: Zo, Yo, 20 7ay Zo, Yo, 20 782 Lo, Yo, 20

HasbIBaeTCs 2paduenmom dynkuuy f(,y, z) 6 mouwke (o, Yo, 20)
u obosuavaercs grad f(zo, Yo, 20)-

Ha npousBo/iHyIo 110 HapaBJIeHHIO BEKTOPa, | MOYKHO CMOT-
peTh KakK Ha CKaJIsgpHOe IPOU3BEIeHMe BEKTopa | u BeKTopa
grad f(xo, Yo, 20). Torma ecom

_ gradf(xo,yo,z[))
|grad f($07y0a Zo)|’

TO B 9TOM HAIPaBJIEHUU TPOU3BojHast GyuKimu f(x,y,2) B
TouKe (T, Yo, 20) OyJeT HAMOOJIbIIIEI.




20. BekTop-dyHKIINN

Onpenenenune 20.1. Orobpaxkenue, jefcTByONEe u3
HEKOTOPOI'0 MHOXKECTBA YUCJIOBON NPAMOU B T-MEPHOE IMPO-
crpanctBo R”, Ha3bIBaeTcd eexkmop-@pyrryuet, T. €. 3T0 0TOO-
pazkeHue, KOTopoe Kaxkjoit Touke ¢t € T C R (kak npasuiio,
T — IpOMEXKYTOK) CTABUT B COOTBETCTBHUE €IMHCTBEHHYO TOU-
Ky M(t) € R™. 9T0 MOXKHO 3aICaTh, HAIPUMED, CJIELYOIIIM
obpazom:

T, = ()Ol(t)a
M(t) = ‘_75_2_: 22(0) t € la,pl,
Ty = Qpn(tL

nm 'l“(t) = (Spl(t)v 902(t)7 ce 790n(t))’ te [aaﬁ]'

B ciryuae, Koria HadasIo Kayk10ro u3 BeKTopos 7(t) coBiia-
JlaeT ¢ HAYaJIOM KOODJMHAT, 9T BEKTOPLI HA3BIBAIOT paduyc-
sexmopamu, mowky M (t), a MHOXKECTBO MX KOHIIOB — 20002Da-
dom sexmop-dynryuu r(t), t € T, KOTOPBIt MOXKHO paccMar-
puBaTh Kak Tpaekropuio Toukn M (t) — Konia BekTopa T(t),
€CJIM CYATATb, YTO T — BpeMd.

Onpenenenne 20.2. BekTop a Ha3bIBaeTCs npedesom
dynruuu r(t) 6 mouke ty (0bo3HAUEHHE thn? r(t) = a), ecan
—to

lim |7(t) — a| =0,

t—to

rie |r(t) — a] — ymua BekTopa (r(t) — a).
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Teopema 20.1. Ecau r(t) = (z(t),y(t), 2(t)) u
a = (ay,a9,a3), mo thr? r(t) = a mozda u Mmoavko Mmoeda,
—to

x020a

lm2(t) = a1, limyt) =az  lim2(t) = as.

JlokazaTeabcTBoO. eiicTrBuTebHo,

r(t) — al = V(2(t) — ar)? + (y(t) — a2)? + (2(t) — a3)*.

Orcroma caegyer, 4ro |z(t) — ai| < |r(t) — a|, a 3naqwr,

() — a| — 0 = |2(t) — 1] —> 0.
t—to t—to

Ananornano ms y(t) u z(t).

O6parno, eciu z(t) — ay, y(t) — as u 2(t) — asz, 10
V(@) —a)? + (y(t) — az)? + (2(t) — a3)* = 0. m

OTMernM HECKOJIbKO CBOWCTB BEKTOP-(DYHKIINIA, CBSI3aH-
HBIX C TPEJIEIOM.

Teopema 20.2.
1. Ecau npu t — ty r(t) — a, mo |r(t)| — |al.

2. Ecau npu t — ty sexkmop-pynryus r(t) — a u ckasap-
nas pynryus f(t) — A, mo f(t) - r(t) — Aa.

JlokazaTeabCcTBO.
1. Pesynbrar cpagy cieyer n3 HepaBeHCTBA:

Ir(t)] ~ |al| < |r(t) - al.

2. HeiicrBurensho, r(t) = a + a(t), toe a(t) — 0, u
f(t) = A+ o(t), rae o(t) — 0. Torna

f@)r(t) = Aa+ p(t)a+ Aa(t) + o(t)a(t)
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( )a—> 0 (lp()al < [¢(@)]|a]),
Aa(t) — (lAa(t)] < [Alla@)]) ,
p(t)at) =0 ([p)alt)] < le@)]al®)]) . 8

Hanomuanwm, 910 ckaaaprvm npoussederuem IBYX BEKTO-
POB HA3BIBAETCA CKAJIAPHAs (PYHKIUA CO CBOMCTBAMMU:

1) (a,a) >0 u (a,a)=0< a=0;
2) (Aa,b) = XA(a,b);
3) (¢,a+b)=(c,a)+ (c,b).

Ecmu a = (a1, a2,a3) u b= (b1, bg, b3), TO cKaIsipHOE TIPO-
ussenienne (a, b) = a1by + asbs + asbs.

Teopema 20.3. Ecau 7(t) — a u ro(t) — b nput — o,
mo

lim[r(t) + ()] = a+ b, lm(r(t), n(t)) = (ab).
[Tocsespee cBOMCTBO MOXKHO CHOPMYJIMPOBATH TaK: npe-
den CKaAApHO20 NPOU3BeIeHUA PABEH CKAAAPHOMY NPOU36ede-
HU NPedeos.
Hokaszatenbcrso. Ilyers 7(t) = a + at), rue
a(t) — 0, u ro(t) = b+ b(t), rme b(t) — 0. Torma

r(t) + r(t) = a+ b+ (a(t) + b(t)),

rae a(t) + b(t) — 0 (B cuny ouenknu |a(t) + b(t)| < |a(t)|+
+]b(t)|). Takum obpaszom, 7 (t) + r(t) — a+ b.
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Jlokaxkem BTOpOe yTBEPIK/IEHUE:

(r1(t), 2(t)) = (a+ a(t), b+ b(t)) =
= (a,b) + (a,b(t)) + (b, a(t)) + (a(t), b(t)),

HO n3 HepaBeHcTBa Kommu—-ByHsIKoBCKoOTO ciemyer
(@, b(t))| < lal|b(t)], [(b, a(t))] < |bl|a(t)],

[(a(t), b(@))| < [a(®)] - [b(1)],

otkyaa (a, b(t)) — 0, (b,a(t)) — 0 u (a(t),bt)) — 0 upm
t — 1. O

Ounpenesienne 20.3. Oyuxius r(t) Ha3bIBaeTCs Henpe-
poLeHotl 6 mouke tgy, ecn tlir? r(t) = r(to).
—to

U3 reopembl CJIEJIYeT, YTO HEIPEPHIBHOCTH BEKTOD-
dbyuknun 7(t) B TouKe ty paBHOCHIbLHA HEPEPBIBHOCTH KOOP-
qunaTHbIx dyuxmumit (1), y(t), z(t) B Touke to.

Ecmu Ar(tg) = r(to + At) — r(to), T e. Ar(ty) — mpu-
pamienue r(t) B Touke ty, TO HENPEPLIBHOCTH T(t) B TOUKe t
9KBUBaJIEHTHA TOMY, 9T0 Ar(ty) — 0 mpu At — 0.

Ar
Onpenenenune 20.4. Ecsu cymecrByer lim —, 1o sTOT
At—0 At

peJIesT Ha3blBACTCs Npoussodnot sexkmop-gyrrkyuu r(t) 6 mow-
ke to u obosuagaercs 1 (tp).

YrBepxkaeune. Fcau r(t) = (z(t),y(t), z(t)), mo

r(to) = (2'(t0), ¥ (t0), 2'(t0))-
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Hokaszarenbcrso. Ecm r(t) = z(t)i+ y(t)j+ z(t)k,
TO

Alglo At o Alglo At vt
y(to + At) —y(to) . 2(to + At) — 2(to) |
+ At It At k=

= (L’/(to)’l + yl(t0>]+ Z/(to)k. [l

Bameuanue. Eciu 7(t) onpemessier HEKOTOPYIO KpHU-
Byt0, T0 7/(ly) — 9TO BEKTOP, KOTOPbIil HAIIPABJIEH 10 KacCa-
TEeJIbHOI K 9TOI KpUBOil B TOUKe T(tp).

Teopema 20.4. [Tycmwv cyuecmeyrom npouseodnvie diyrx-
yuu f(t) u sexmop-gynryud r1(t) u ra(t). Cnpasedausni ciae-
dyrouwue npasuna uddepenHuuposarus 8eKmop-PyrKuu:

D (r(@) + (1) = 74(8) + 75(0);
2) ecau f(t) — ckanapras Pyrkyus, mo
(f(&) - r(t)) = f'(t) - r(t) + f(2) - 7' (2);
3) (r1,m) = (rh, m2) + (1, 7%).
HokazarenbcrBo. JJokakem yrBepxkjeHue 3).

(r (), 72(8))imy =
(ri(to + At), mo(to + At)) — (ri(to), m2(to))

- Ahtr—% At -
— (’f‘l(to + At), TQ(tO —+ At)) — (’r‘l(to), rg(t[) + At))
= lim +
At—0 At
L (nulto), mofto + A1) — (ri(to), ma(to)) | _
At
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= lim K”(to Al —nlt) ooy At)) +

At—0 At
N <r1(t0), ra(to + AAz?f — T'Q(t())>:|

_ ( lim ™ (to -+ At) — T (to)
At—0 At

it +30) ¢

. to + At) — t
+ (Tl(tO)’Alir—l}o el A?ﬁ 2 O)) -

= (7 (to), ra(to)) + (r1(t0), r2(t0))-

3/1eCh MBI BOCIIOJIB30BAJIUCH IIPABUJIOM II€PeX0ia K IIPeIesry B
CKaJITPHOM ITPOU3BEJICHUN. [

Samedganue 1. BaymunBoMy unTaTesro peKOMEHIyeTCs
JOKa3aTh yTBEP:KIeHUst 1) u 2) caMOCTOsITETHHO.

Bameuanue 2. s BeKTOp-PYHKINU UMEET MECTO CJIe-
qytoree yrBepzkaerne (dopmysta Jlarpanka): ecau r(t) nenpe-
puera na o, B u umeem 7 (t) na (o, ), mo

A€ (a,8) : [r(B) — r(a)| < |7 (OI(B - a).

Bameuanue 3. s BeKTOP-DYHKITNH, UMEIOIIEH TPO-
U3BOJIHBIE JI0 k-TO TIOPSAIKA B TOUKE ty, IMEeT MecTo (popMmyJia
Teittopa ¢ ocrarounbiM wieHoM B hopMme [leano:

n k)
) = ST g ot — g,

k!
k=0

rie o((t —tp)™) — BeKTOp-DyHKINS, KOTOPast MOXKeT OBIThH 3a-
[ACAHA B CJICIYIONIEM BHUJIE:

o((t —to)") = (t —to)" - e(t),

rje BeKTop-dyuknus e(t) — 0 upu t — t.



21. Panpr

21.1. OcHoBHBIE onpeaeIeHMs

Onpenenenune 21.1. Ilycrs jgana quc/ioBas mocer0Ba-
TEJIBHOCTH {a, }. Boipaxerne

a1+a2+...—i—an—i—...,

[es)

nin Z Ay, Ha3bIBACTCA YUCAOCDIM pﬂaOM, a qucja ap, ag, ...,
n=1

Ay, ...HaA3BIBAIOTCA YACHAMU pﬂﬁa.

n

Cymma S, = a; +ay + ...+ a, = > a; HA3BIBACTCS “a-
k=1

cmusnot cymmot pada. Eciu cymecTByer (KOHEUHBIN) mpe-

o0
nen lim S, = S, 1o panx Y. a, HA3BIBACTCA CTOOAULUMCA,
n—oo n=1
a gmcao S HasbBaerca cymmoti pada. Ecim He cymecTByer
oo

KOHEYHOTO Tipesiesia lim S, TO TOBOPAT, 9TO DSl Y, Gy Pac-
n—oo n=1
Todumca.

IIpumep 21.1. Pax > ¢", |q| # 1. Torna
n=0

4 1=q + gl <1
Sn:1+ +2+—|—n1:—_> 1—¢q’ 3
o ! 1—q oo, |q| > 1.

To ectb psij cxourest pu |g| < 1 u pacxopurest pu |g| > 1.

o0
VYupaxkuenue. [Iposeputh, 9ro psiy » | ¢" pacxoauTcst
n=0

npu g = +1.

(o.9] oo
Pan > a;, nonydennslii u3 psia » | a, 0TOpachBaHHEM
i=n-+1 n=1
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o)

IIEPBLIX €I'0 1 YJIEHOB, HA3bIBAIOT 1-M OCMAIMKOM pﬁda Z Ay, .
n=1

OHpe,ILeJIeHHI)Iﬁ CMBICJI OCTaTOK pd/a mMeeT TOJILKO JIJId CXO-

JIAIIUXCS PSIJIOB, IIOCKOJIBKY B 9TOM CJIydae
o0
rp = E a; =S —.5,.
1=n—+1

JL1st pacxoasierocs psijaa OCTaTOK eCTh (POPMAIbHO 3aIllCaH-
Has CyMMa, KOTOPO He IMPUCBOEHO HUKAKOIO 3HATEHUS.

Heobxodumwvie ycaosus crodumocmu psda

Teopema 21.1. Ecau psad cxodumces, mo e2o obwutl wier
CMPEMUMCA K HYAI0.

HokaszarennbcTBO. 0, =S5, —S,.1—S5S—-5=0. O

Teopema 21.2. Ecau pad cxodumcsa, mo ocmamok pada
CMPEMUMCA K HYAIO.

JlokasarenbcrBo. 17, =95—-5,—>5—-5=0. O

Heobxodumvie u docmamourwvie Yycaos8us
cxodumocmu pada
Teopema 21.3 (kpurepwuii Ko cxomumoctu psjga). Jlas
oo
mozo wmobv, pad »_ a, croduacs, Heobrodumo u docmamoy-

n=1
no, YMobvL BHINOAHANOCD ycaosue

n+p
Ve>0 dN.,eN Vn,peN n>N, = Zai<€

i=n-+1
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JlokaszaTe/lbCTBO CICLYET U3 OUPEICICHIA CXOMMMO-
cTH psafa M Kpurepus Komm, IPUMEHEeHHOro K IIOCJIe0Ba-
TEJBLHOCTU YaCTUYIHBIX CyMM PsIa.

Bameuanue 1. Eciim oT6pocnTh HEKOTOpPOE YHUCJIO CJla-
raeMbIX P18 WK J00aBUTH K Py HECKOJIBKO CIAraeMbIX, TO
9TO HE MOBJHSET HA CXOAUMOCTD (PACXOIMOCTh) PSJIA.

Bameuanue 2. Ecim Bce 3/1eMeHTHI psifia yMHOXKUTD HA,
HEeHyJICBYI0O KOHCTAHTY, TO 9TO He IIOBIMACT Ha CXOIUMOCTD
(pacxoauMocTh) psjia.

21.2. IlpusHakm CXOJUMOCTHU PSII0B C
HEOTPULATEIbHBIMU 4JIEHAMU

Bynem paccmarpuBarh paiabl ¢ OOMIUME 4IeHAME d,, > 0.
YacTuaHble CyMMbBI TAKOTO PsJIa MIPEJICTABAIOT COOOI HEYObI-
BAIOIIYIO MTOCJIE/I0BATETHHOCTD:

Sn+1 - Sn = Qn+41 = 07

cJieJ0BaTeJIbHO, pAl C HEOTpUullaTeJIbHBIMU YjJIeHaMM CXOIUT-
Cd TOor'la 1 TOJIBKO TOI'/la, KOI'/ZIa IT0CJ/IeJOBATE/JILHOCTDL €I'0 Ya-
CTUYHBIX CyYMM OI'DaHMY€Ha CBEPXY.

TeopeMa 21.4 (nepBbw”I IPU3HAK cpaBHeHHH). ITycmow

danwl padvi Z ap U Z b, u nycms 0 < a, < b, npun > ny.

n=1

o0 o
1. Ecau psad Y b, cxodumces, mo u pad Y. a, crodumcs.
n=1 n=1

2. Ecau pad Y a, pacrodumcsa, mo u pad Y b, pacxo-
n=1 n=1

dumces.
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lokaszaTenbcTBo. be3 orpannvenus odnHOCTH OyJ1eM
cunTaTh, YTo HepapeHCTBO 0 < a, < b, BBIIOJHEHO JJIsi BCeX

n € N. O6oznaunm S, (a) = Y a; u S,(b) = > b;. Torna
i=1 i=1

Sn(a) < Sn(b>7

U 9TH IIOCJIe/I0BaTE/IbHOCTU He YObiBatoT. [o Teopeme o ripejie-
Jle MOHOTOHHBIX IIOCJIEIOBATEILHOCTEH MOIydaeM pPe3yIbTarT.

0

Teopema 21.5 (Bropoii npusHak cpasaenusi). I[Tycmov da-

HoL pAdve Y A, u Y by, npuuem a, = 0, b, > 0. Iycmo
n=1 1

n—=
cywecmeyem lim = =k, 0 < k < +o0.
n—oo “m

1. Ecau k € [0,400) u pad > b, cxodumcsa, mo u pad
n=1

> a, crodumca.
n=1

2. Ecau k € (0,+00] u pad Y. b, pacxodumcsa, mo u pad
n=1

o0
> an pacxodumca.
n=1

Hoxkazarenbcrso. [lycrs k # +00. Torma

Ve>0 IN.eN VneN (n>N€ N Z—”—k <g)
nJjn a

k:—5<b—”<k—|—€, n > N,
OTKY/Ia

a, < (k+¢)b, mpu n> N
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o0

1 110 II€epBOMY IIpHU3HaKy CpaBHEHH:A CXOJUMOCTDL psla E bn
n=1
)

BJIEYET CXOIUMOCTD DA Y Uy
n=1
Ecmu k € (0, +00), To Haiigercsa Takoe g > 0, ato k—ep> 0.

Torma
an, > (k—e9)b, 1upm n> N,

1 II0 IIEpBOMY IIpHU3HaKy CPpaBHEHHA U3 PACXOJMMOCTH pPAdIa

o0 o0
> by, cireyer pacxoJUMOCTh PSIa Y | Gy.

n=1 n=1

[Iycrs reneps k = 400 u psg Y b, pacxomurcs. [o-

n=1
[e.e]
KaykKeM, 9TO B 9TOM CJIydae Pl Y, G, TAK¥Ke DPACXOIUTCH.
n=1
oo
[Ipeamonoxum obpaTHoe: yCTh Pl » |, @, cxomuTcs. B pac-
n=1
CMATPUBAEMOM CJIyYae
. ay . by
k=+0c0=lim — <+= lim —=0.
n—oo n n—oo an

Toryja 10 IEpBOii YacTH JIAHHON TEOpeMbl CXOJMMOCTDL ps-
[e.e] [e.e]
JIa Y @, BIeYeT CXOAUMOCTD psjia » | by, 9YTO IPOTUBOPEUTHUT

n=1 n=1
yCJIOBI/HO. D

Teopema 21.6 (rTperuii npusnak cpasuenus). ITycmo da-

oo oo
n bn
HoL pacdvt Y ap w Y by unyeme 0 < 2L 2 mpun > ng.
n=1 n=1

1. Ecau psad Y b, cxodumca, mo u pad » . a, crodumca.
n=1 n=1

2. Ecau pad Y a, pacrodumcsa, mo u pad Y b, pacxo-
n=1 n=1
dumcas.
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lokaszaTenbcTBo. be3 orpannvenus odnHOCTH OyJ1eM
b
moJjiaraThb, 9T0 HepaBeHCTBO () < % < BBINOJIHEHO JIIst
n n

Bcex n € N. [lepemuoxkas mepBble n HEPABEHCTB, MOJIYIUM

41 < bn+1

< , néeN.
aq bl

[IepBorit mpu3HAK CpaBHEHUST 3aBEPIAET JOKA3ATETLCTBO JAH-
HOT'O YTBEPXKJICHUS. O

Teopema 21.7 (npusnak Komm). Hycmo dan pad | ay,
n=1
2de a,, = 0.
1. Ecau
\T/Lan<q<17 TLZTLQ,

npu HEKOMOPOM ¢, Mo PAad cTodumcs.

2. Eeau
\n/ An > 1a n > no,

mo psad pacrooumcs.
HlokaszaTenbcTBo. VI3 yeiioBusa /a, < ¢ CaeyeT, 9To

o0
a, < q", apan Y. ¢" cxopures upu |g| < 1. Torma mo mepBomy

n=1
[eS)

IPU3HAKY CPABHEHUS DA Y | Gy CXOJUTCH.

n=1
Ecmm {/a, > 1,10 a, = 1 ua, /4 0, T. e. psiJi paCXOIUTCS.
[

Teopema 21.8 (mpusnak Kommu B npesnenbHoii dhopme).

> i Y = (.
Iycmov dan psd 712::1 ay, 20e a, >0, u nycmov nh_)rrolo Va, =q

1. Eeau g < 1, mo pad > a, crodumcas.
n=1
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2. Ecau q > 1, mo pad > a, pacrodumcs.

n=1

3. Ecau q = 1, mo pad moocem kax crodumuvcs, max u
PAcToouUMBHCA.

JlokazaTeabcTBo. Ilo onpenenenuto mpejesa
Ve>0 IN.eNVneN (n>N. = |{a,—¢q|l<e).

Ecaun 0 < ¢ < 1, To Haiigercs: Takoe €g > 0, uto ¢+¢&¢ < 1,
1 MBI ITOJIyIaeM

Va, < qg4+eo <1, n> N,

cJeJIoBaTe/IbHO, 110 Npu3Haky Komm B HemnpeenbHoi gpopme

o0
PSJL Y | Gy CXOJUTCS.
n=1
Ecmu ¢ > 1, To HaunHas ¢ HEKOTOPOro HOMEPa,

vV a/n > 1’
U 110 HelpeJebHOMY IPU3HAKY P/l PACXOIUTCH. 0

Teopema 21.9 (mpusnak ﬂaﬂaM6epaED. Iycmov dan pad
> ay, 20e a, > 0.

n=1

1. Ecau
anJrl

an

<d<17 n>n0>

npu wexomopom d > 0, mo pad cxodumca.

2T 2Kan Jlepow 0’Anambep (1717-1783) — dbpamysckuii duiocod-
IPOCBETUTEIb U MaTeMaTUK. OCHOBHBIE MATEMATHIECKUE MCCJICIOBAHUS
oTHOCATC K Teopun auddepeHnualbHbIX ypaBHeHNn.
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2. Ecau
an+1

> 1, n = ny,

Qn

mo pad pacrodumca.

JlokasaTenbcTBO. 3anmuimeM JaHHOE HEPABEHCTBO B

BUIE
dn—l—l

(n+1

. g 0<d<1, n=nyg,
n

o0
u BBegeM b, = d". Torma pang | b, CXOAUTCsI, U IO TPEThEMY
n=1
[e.e]
[PU3HAKY CPABHEHUS PSAJT » | @, TAKXKe CXOJIUTCSI.
n=1
Qp+1
> 1, n > ng. Torna

[Iycts Terepb
n

cJIeI0BaTeIbHO a, /> 0, T. €. PsiT PacXOIUTCs. [

Teopema 21.10 (an3HaK Jlanambepa B Hpe,ZLeJIbHOI/I dop-

L—d.

me). [Tyemw dan pad Z yp,, 20€ a, >0, u nycmo lim 2

1. Ecaud < 1, mo pad . a, crodumcs.

n=1
o
2. Ecau d > 1, mo pad > a, pacxodumcs.
n=1
3. Ecau d = 1, mo pad moocem xax crodumvces, max u
PAcToUMBHCA.
JlokaszaTebcTBO IPOBECTH CAMOCTOATEIBHO (CM. J0-

Ka3aTejIbCTBO MPEJIeJIbHOrO pusHaka Korn). [
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Teopema 21.11 (upusnax Paa6e|§[). ITycmov dan psd
> ay, 20e a, > 0.

n=1
1. Ecau
n(a" —1>>T>1, n = ny,
an+1
npu HEKOMoOpoM 1T, Mo pad crodumcs.
2. Ecau

a
n( L —1)<1, n = ng,
An1

mo pad pacrooumcs.

2101(&321T€JIBCTUBO. Barmiem JaHHOE€ HEPaBEHCTBO B

BHJIE
Qp

>1+5,  r>1, n>n. (21.1)
Ap+1 n

Bosbmem npoussosibroe § € (1,7) u paccMorpum

(1)
1+-] .
n

[To dpopmyite Teitopa

1\° S 1
I+—) =14+=+40(—-).
n n n

[TockombKY OCTATOYHBIIN YJIeH 0 (l) — (0 6eIcTpee L, maitnercs
n n’

ol — || £ , n > nj.
n n

28 Jozed JTionpur Paabe (1801-1859) — mseiinapckuii MaTeMaTHK, aB-
TOD TPY/OB 110 aHAJIN3y GECKOHEYHO MAJIBIX BEJIMYUH, TeOPUH (DyHKIHUIA,

N1 TakKoe€, 9TO

TEOPUH PAJIOB, aaredpe U reoOMeTpUn.
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Torma

1\° S 1 s r—s r
<1+—) :1—|——+0(—><1—|——+ =1+—.
n n n n n n

Coenungs o1y onenky ¢ HepasencrsoM ([21.1]), momyvyaem

. 1\* 1\
a >1+£>(1+—) :(n—l— ), n > max{ng, ny},
n

Qn+1 n n
njimn
1
An+1 < (n+1)s
1
Ap oy
Orcrona, BBOAA b, = —, TI0 TPeTheMy NPU3HAKY CDABHEHHs

MOJTy9aeM CXOJUMOCTD psiJia.
[Iycts Tenepb

n(an —1)<1, n = ng.

Ap+1

HepenmneM 9TO HEPaBEHCTBO B BUJEC

an, 1 n+1
<1+ - =
An+1 n n
nJjim 1
An+1 > n+1 ‘
1
Qp, poy

1
Broust b, = —, o TpeTbeMy MpU3HAKY CPABHEHUS IOJIYyYAEM
n

PACXOJIUMOCTD PSAJIA. O
Teopema 21.12 (npusnak Paabe B npejesbHoii popme).

I[Iyemwv dan psad » . ap, 2de a, > 0, u nycmo

n=1

. a
lim n 1) =r
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o0
1. Ecaur > 1, mo pad > a, cxodumca.
n=1

2. Ecaur <1, mo pad ) a, pacxodumca.
n=1

3. Ecau r = 1, mo pad moocem kax crodumuvcs, max u
PacrodumsbCa.

JlokaszaTesbcTBO IPOBECTH CAMOCTOATEIBHO (CM. J0-
Ka3aTeJIbCTBO IpeJieIbHOro npu3Haka Korrm). 0J
Teopema 21.13 (unTerpasbHbINA MIPU3HAK, UK TPU3HAK
o0
Komu-Maxksopena). Ilyems dan pad » | a,, 2de a,, = 0. ITyemo
n=1

na [1,400) onpedeaena neompuuamesvHas U He603pPACMAO-
waa pynrkyus f(xr) u nyemv a, = f(n), n € N. Tozda pad
o

> ay, cxodumes mozda u moavko moada, Kozda cyuecmeyem

n=1
KoHeuHbLT npeden

lim /1 " b ar.

A—+o00

HokazaTtenbcTBo. g moboro n € N B cuty MoHO-
ToHHOCTH DYHKIUN f

an = f(n) < f(x) < fln+1) =an, @ €nn+l].

[IpounTerpupyem 3T0 HEPABEHCTBO IO & OT N JI0 N + 1:

n+1
an < / f(@) d < anss,
n

u mpocymMmupyem mmo n ot 1 10 N:

N N+1 N+1
SN:Zan< f(x)da:éZan:SNH—al.
n=1 1 n=2
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3amMeTuM, U4TO B CHJIy HEOTPUIATEILHOCTY (PYHKINUU [ WH-
A
rerpan [ f(x)dr xkak dysKius nepemenHHoro A sBIIseTCs
HeyObIBaroreil dbynkiumeii Ha [1, +00). CiegoBarenbHo, Cyie-
CTBOBaHME KOHEYHOro IIpeiesia

A
lim / f(z)dx
A—+oo Jq

PaBHOCUJILHO OIPAHUYEHHOCTH ITUX UHTEIPAJIOB, & OTCY TCTBHE
KOHEYHOI'O IPEJIEJIa — HEOIPAHUIEHHOCTU MHTErPAJTIOB U TO-
My, 9ITO

A
lim / f(z)dr = oc.
1

A—+o00

C yderoMm 3TOro 3amevaHust MepBbIii TPU3HAK CPABHEHUS 3a-
BEpIIIaeT JIOKa3aTeIbCTBO TEOPEMBI. [

1
nlnn

IIpumep 21.2. Paccmorpum psijt » . BosbmeMm
n=2

f(x):ﬁ,x>1.

x

dt

—— =In|lnz| —In|ln2| - o0 1puz — oo,
tint

CJIeJIOBATEIBHO, JAHHBIN P/l PACXOTUTCH.

21.3. IlpusHakm CXOIMMOCTH
3HAKOIEPEMEHHBIX PSAI0B

Bynem paccmarpuBarh psdjibl, cojepzKalime OeCKOHETHOe
YUCJIO TOJIOKUTEIbHBIX 9JIEMEHTOB U OECKOHEUHOE IUCJIO OT-
pHUIATEIHLHBIX 3JIEMEHTOB.
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Onpepnenenne 21.2. Pan > (—1)""a,, tae a, > 0 um
n=1

a, < 0 nupu Bcex n € N, HA3BIBACTCI 3HAKOUEPEIYIOUUMCA.

Teopema 21.14 (upusnak Jleitbuuna). Ilyems dan psad

o0

S (=1)"ta,, a, > 0. Ecau {a,} monomonno cmpemumcs
n=1
K HYya0, mo pad crxodumcs. [Ipu smom dis ocmamxa pada

CNPaBedAuBa OUEHKA

o0

|Tn| - Z (_1)k_1ak < Apt1-
k=n+1

,H OKa3aTeJbLCTBO. PaCCMOTpI/IM JaCTUYIHbIE CYMMBbI 9€T-
HOTI'O IIOpAIKa

Sgn:al—a2+a3—a4+...—|—a2n_1—a2n.
prHHI/IpyH 9JIEMEHTDBI
Sgn = (CLl — CLQ) + (CL3 — a4) 4+ ...+ (CLQn_l — agn),

3aMeTHM, 4TO BCe cjlaraeMble HCOTPUIATEIbHBI, CIeJ0BATEIb-
HO, MOCJIEJIOBATEIHLHOCTE {Sa,} — HeyObiBatomas. [leperpyr-
IUPYEM 3JIEMEHTBI U IOJIyYUM OIEHKY

Son = a1—(ag—ag)—(as—as)—. .. —(a2n—2—Q2p—1) — a2, < a1.

Tora, Mo TeopeMe 0 MOHOTOHHOI OI'PaHUYEHHO I10CJIEI0Ba~
TEJILHOCTH, [TOCJIEI0BATEIBHOCTD { .S, } UMeeT KOHEUHBIH TIpe-
et

n—00
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Jl1s1 9acTUYIHBIX CyMM HEYETHOI'O HOPSIIKA,
Sont1 = Son + Q241 — S,

CJIEJIOBATEIILHO, PAJ] CXOTUTCS.
OTMeTHM, 9TO B CHJIy XapakKTepa MOHOTOHHOCTH {Sa,},
S — So, = 0. lnst nocaenosaresbHoctu {So, 11} nveem

S2n+1 = a1 — (a2 - as) - (CL4 - CL5) — ... (a2n - a2n+1)7

OTKY/Ia CJIeJIyeT, ITO 3Ta IMOC/IeI0BATEeIbHOCTh — HEBO3paCTa-
omas, a 3Ha49uT, S — Sop1 < 0.

[lepeiigem K oleHKe OCTATOYHOIO jieHa psga. Kro MoxKHO
IIPEJICTAaBUTh B JBYX BUIaX:

Fn=S8—=S,=8=Sui1+ (1) ans:.

Ecmu n = 2k, To, ¢ oHOI CTOPOHBI, 1o, = S — Sop, = 0, a
C Apyrou —

ror = S — Sok41 + Aopt1 < Aok,
CJIeI0BATEeIBbHO,
0 < rop =85 — Sopy1 + g1 < Qopgr-

Ecmu n = 2k 4+ 1, To aHAJIOIUYHO: ¢ OJHON CTOPOHBI, S —
Sor+1 < 0, a ¢ apyroit —

Tok+1 = S — Sop — Qopt1 = —Aok1,
OTKyJa

—Qo41 K Topr1 = S — So, — g1 < 0.
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Takum obpaszom,
|Tn| < An+1- O

SBameuanune. Ocrarok psja JleitbHuna nveer 3uak mep-
BOT'O 3JIEMEHTA, BXOJIAIIETO B €r0 CyMMY.
s mokazaTebeTBa JIBYX CJIELYIONIX TPU3HAKOB HAM
MOHAIOOUTCS CJIeIyIolee peobpa30BaHue.
m

Paccmorpum E a;b;. BBegem oboznadeHmst:
i=k

n
Ay =ap, Appr =ap+app, ..., Anzg a;,
ik

(21.2)
Torma

ap = Ak, Ak+1 = Ak+1 - Ak, ceey Q= A, — Anfla

[Ieperuiem cymmy:

Z ab; = apby + app1bpp1 + .o+ Q101 + A by =

= Apbp + (A1 — Ap)brr + ... +

+(Ap1 — Am2)bm1+ (A — Ap1)by =
= Ap(by = brg1) + Apg1(bpgr — bpg2) +... +

+A, (b1 — b)) + Apby =

m—1

> Ai(bi = bis1) + Apbi.

1=

Takoe nmpeobpazoBaHre HA3BIBAIOT NPE0OPA30BAHUEM A66/Lﬂ

29 Huave Abeav (1802-1829) — mopsexkckuii MaTeMaTHK, OJMH U3
KpynHeiimux maremMaTukoB XIX B. ABTOp ucciemoBaHuii mo aJrebpe,
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Jlemma 21.1. Ecau cymmoe {A, Y0, oeparnuyeroe (m. e.
cywecmsyem makoe C' > 0, wmo |A,| < C npu k <n < m),
a nocaedosamenvrocms {b,} mornomorna, mo

> " aibi| < C(|bk — b| + [bial).
i=k

HoxasaTenbcrBo. Mcmons3ys mpeobpaszosanue Abe-
JIst, 3aIUIIeM

m m—1
Z a;b; = Z Ai(bi — big1) + Apbi,
i=k

i=k

riae A; oupegesennst paserctamn (21.2)). Torma

m m—1
Zaibi < Z |A;] - 1bi = biga| + [Ambp| <
ik i—k

m—1

<C- ) |bi = biga] + C - [bl.

i=k

Pacemorpum cotyqait, korga {b,} ueyObiBatomas. Torma b; —
biy1 < 0 1, cHUMAs MOJLYJIU, Oy IUM

m m—1
i=k i=k

= C-(big1 —bp+bpgo — b1+ ... +
+bm—1 - bm—2 + bm - bm—l) +C- |bm| -

TEOPUU PsJIOB, OIWH U3 CO3JATe/Iell TeOPUH IJITUITAIECCKUX (DYHKIIHA.
Paborbr AGenst okazaim GOJIbIIOE BIAWSHAE HA PA3BUTHE BCEH MaTeMa-
tukn. OHY IPUBEJIN K MMOSIBJIEHUIO PsiJIa HOBBIX MATEMATHIECKUX JTACITH-
IUINH ¥ COJIEHICTBOBAJIN BCEOOIEMy NPU3HAHUIO TEOPUU (DYHKITII KOM-
ILJIEKCHOI'O TIEPEMEHHOIO.
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= C(by, — bg) + Clbm| = Clby, — bi| + Clbm| =

Cﬂyqaﬁ, KOT1a {bn} HE BO3pacTaeT, pacCMOTPUTE CaMO-
CTOATEJILHO. O

Teopema 21.15 (npusnak Abesst). [Tycmo
1) pad Y a, cxodumcs;
n=1
2) nocaedosamenvrocms {b,} — monomonnas u oepanu-

YEHHAA.

Tozda pad > a,b, crodumcs.
n=1

Joxkazarenscrso. [locaemoBarensnocts {b, } orpann-
4JeHa, T. €.

AM >0 VneN |b,] <M.

oo
Pan > a, cxomures, ciegoBarenbo, no kpurepuio Komn

n=1
n—+p
Ve>0 IN.eN Vn,peN <n>N5 = | ) a <5>.
1=n-+1

B cuny monoronHoctn {b,} MBI BIpaBe NPUMEHUTH JIEMMY
Abens. Torma mrs nmpoussossHoro p € N u g n > N, 1o-
JIyIUM

n+p
E a;bi| < e([bnt1 — bsp| + [buip|) < 3Me,
i=n-+1
00
49TO, B CUJIY KpUTEpUA KOH_II/I, IIPUMEHCHHOTI'O JJId PAIa Z anbn,
n=1
" IIPOU3BOJIBHOCTHU &, NOKa3bIBACT TEOPEMY. O
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Teopema 21.16 (upusHak ﬂnpnxn@. ITycmo

1) wacmusmovie cymmo, pada » | a, 02paGHUMEHbL, M. €.
n=1

dM >0VneN |S,|= Zai < M;

i=1
2) nocaedosamenrvrocmo {b,} monomonno cmpemumes x
HYA10.

Tozda pad > ab, crodumcs.

n=1

Hoxkazarenbcrso. [locrenosarenpuocts {b, } cxomur-
e K HYJIO, T. €.

Ve>0dN.eNVneN (n>N. = |b]<e).

[e.e]

I/I3 ycJja0oBUA OI'PaHUYICHHOCTH YaCTHUYIHBIX CYMM Ddda Z Ay,
n=1
IIoJIydaemM
n-+p
> i) = [Susp — Sl < [Surpl + [Sul < 2M.
i=n+1

B cwty monoronnoctu {b,} MbI BIpaBe HPUMEHUTDH JIEMMY
Abessi. Torma s npoussosibaoro p € N u st n > N, 1o-
JIYIHM:

n+p
D aibi| < 2M([bugr — bugpl + bosp|) < 2M - 32 = 6Me,

1=n+1

30 JTeocen Jqupuxaé (1805-1859) — memenkuit matemaTux. OCHOBHBIE
TPYJBl OTHOCATCHA K AHAJIUTUIECKOI TEOPHUH Yucesi, Teopuu (QyHKIMI,
MaTeMaTH4IecKoil dbusnke.
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[eS)

9TO, B CUJIy KpUTEpUA KOI_[II/I, IIPUMEHEHHOI'O IJId PAda Z anbn,
n=1

1 IIPOU3BOJIbHOCTH &, JOKa3bIBaCT TEOPEMY. O

o0
Onpenenenne 21.3. Psanx Y a, HasbBaerca abcoarom-
n=1

o oo
HO CTOOAWUMCA, ecd Pt Y | |a,| cxomuresa. Pan > a, Ha-

n=1 n=1
00
3bIBa€TCAd YCAOBHO CSL’O(?ﬂWUJ\/LCﬂ, €CJINn PAI Z Ay CXOJUTCHI, a
n=1

o
psii Y |a,| pacxomures.

n=1

oo
Teopema 21.17. Ecau psad > a, cxodumcs abcosommo,
n=1
Mo oH cTOOUMCA.

HoxaszaTesnbcTBo. CrupaBeinBo

n-+p n-+p
E a;| < g la;|.
i=n-+1 i=n-+1
o
Toryia, NOCKOJIbKY It psifia » | |a,| uMeer mMecTo ycjoBue
n=1
o0
Kpurepust Kormm, OHO BBIIOIHEHO U It PAJA Y | Gy O
n=1

Bameuanune. Obparnoe nepepro. ([Ipusemure npume-
pBI.)
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21.4. TeopeMbl O TPyHIUPOBKE
1 IIepecTaHOBKe PsA10B

(o]
[Iycrb jan psag Y ay,.
n=1
BosbMeM Hpon3BOIBHYI0 BO3PACTAIONLYTO ITOC/IEI0BATE b

HOCTH HATYPAJbHBIX dncest {ny}7, U PAcCMOTPUM TDYIIIbI
3JIEMEHTOB WCXOJTHOTO PsJia, He MeHss] WX TOJIOXKEHUS B HC-
XOJTHOM PsiJIe:

ar+as+ ...+ ay,,, Api+1 + Apy42 + ..o+ Ay,

PaccmoTpum HOBBIH psiJi, 9/IEMEHTAMH KOTOPOTO OYIYT TOJIY-
YeHHbIE CYMMBI:

> Gk, e g =dn, o1+ o a2t (21.3)
k=1

o0

Takoit P41 Ha3bIBAIOT epynnupoeﬁoﬁ pﬂda Z Ay, .
n=1

o0
Teopema 21.18. Ecau pad >, a, crodumca, mo pad (21.3),
n=1
NOAYYUEHHBIT NPOUCOALHOT 2PYNNUPOBKOT €20 YAEHOS, TaK-

oce cxo&umc&, NPUYEM K moti oice CYMME.

,H okaszaTeysbcTBO. Ilo YCJIOBHIO IIOCJIEJTOBATE/IbHOCTD
00

JACTUIHBIX CYMM DSIJIa Y @, UMeeT KOHeUHBIH Ipeiet:
n=1
n
Sn = E a; — S.
=1

Tora mocsre10BaTEILHOCTD YaCTUIHBIX CyMM psa (21.3)

k‘ Nk
Sk:E ai:E ai:Snku
i=1 i=1
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OyJLydu HOJIIOC/IEIOBATEIbHOCTBIO [TOC/IEI0BATEIbHOCTH {5, },
CXOJINTCS K TOMY 2Ke TIpejiesty S. [

Bameganue 1. Tem caMbIM MBI IIOKA3a/I1, 9TO JJIA CXO-
JAMIXCA PAJIOB COYETATEILHBIA 3aKOH OCTACTCS B CHJIE.

Bameuanue 2. Ob6paTHOE HEBEPHO.
o0

HeiicTBuTebHO, Jyist psaga » . (—1)™ psiji, MOy IeHHbIH IPYTI-
n=1
IIUPOBKONA

1D+ 1D+ A= 4t (1= 4. =1,

CXOJUTCA U UMEET CyMMy, PaBHYIO — 1, Torjia Kak, ecjii yopaThb
CKOOKU, MCXOJTHBIN PsiJT pacxoauTcs. Tak ke psi, Moy YeHHbIiT
IPYUIIMPOBKON

(=1+D)+(-1+)+(-1+)+...+(-1+1)+...=0,
CXOJIUTCS U NMeeT cyMMy, paBHyIo 0.

[Tycrb nas psijt Y | ay,. 3a3JaUMCsT BOIIPOCOM: OCTAETCsI JIN
n=1

BEPHBIM TIEPEMEeCTUTETbHBIN 3aKOH B OECKOHETHBIX CyMMax !
o0

HepeCTaBI/IM 9JIEMEHTDI pAJa Z Ay, IIPOU3BOJILHBIM o6pa—
n=1
30M:
o0

> aj, (21.4)
k=1
IJle aj €CTh HEeKOTOPBIH 3JIEMEHT MCXOJHOTO PAJia ¢ HOMEPOM
Ng: ) = Qp, . 3JECh IOCICI0BATEILHOCTD 1), IPHHUMAET BCe
HaTypaJIbHbI€ 3Ha4Y€HUd, IIPpUYIEM KaxKJ0€ TOJIbKO OJWH paa3.
[Tosryuennbrit TakuM 0OPa30OM P COJIEPZKUT BCE 3JTe-
MEHTBI UCXOJTHOTO PAJa M TOJBKO HX.

o0

Teopema 21.19. Ecau psd > a, cxodumcs abcosrommo,
n=1

mo psad , NOAYUEHHBIT NPOUZBOALHOT, NEPECTAHOEKOT
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€20 “AEHO08, MaAKHCE CTOOUMCA AOCOMOMHO, NPUYEM K MOT
glce cymme.

o0

Hoxkazareabcrso. [lo yeaosuio psn » | a, cxoaures,
T. €. 110 OIIPEJIeJIEHUIO e
Ve>0 dNi(e) eN VneN
= €
n> N ) = Z;ai—S <3| @15

B cuny abcomornoit cxomumocTu 110 kpurepuio Kornm

Ve>0 INy(e) e N Vn,peN
n-+p c
n > NQ(E) = Z a;| < 5 . (216)

i=n-+1

[Monoxkum N, = max{N;(¢), Na(¢)} u BO3bMEM ITPOU3BOJIL-

noe ng € N, ng > N.. Haiinerca takoe kg € N, uro cymma
ko
Sk, = 2_ @ COTEPKUT B cebe BCe TEeMEHTBI HCXOJHOTO PA/Ia
J=1
¢ HoMepamu 1,2,...,nq. Torma gasa moboro k € N, k > ko,
k
cymma S = ) aj TaxiKe COJEPXKHUT B cebe BCe MepBbIe T
Jj=1
3JIEMEHTOB HCXOJHOI'O psijia. PaccMoTpum

k no no
|S]:—S’< E CL;—E a;| + E CL,;—S.
j=1 i=1 i=1
o 3
Bropoit Mmoiynb MenbIne 5 B cuty yciosusa ((21.5) u Beibopa
k
ng. HlockobKy cymMMa ) aj colepKuT B cebe BCe 3J1eMEeHTHI
Jj=1
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MCXOJIHOTO psjia ¢ HoMepamu 1,2,...,ng u eme k — ng 3Jje-
MEHTOB, HOMepa KOTOPBIX OOJIbIIE Mg, IO 3HAKOM II€PBOIO
MOJLYJIsT OCTAHYTCSH TOJIBKO 9TH Kk — Ny JIEMEHTOB HCXOJIHOI'O

paaa:
k

no
E
E a; — g a; = Qi + iy + -+ A4y,
j=1 i=1
IpUIeM X HOMEDA i1, 19, . . . , tk—pn, HE 00A3aTEILHO COCTABJISA-
10T MHOYKECTBO ITOCJI€/IOBATETLHBIX HATYPAJbHBIX dHcesl. Bbl-
OepeM HaAMOOJIBINNIT U3 HOMEPOB ITUX IJIEMEHTOB:

m = max{iy, o, ...,k ny}

U 3aMEeTHM, 9TO HAMMEHBINHUI U3 9THX HOMEPOB OOJIbINE WJIN
paBeH ng + 1. Torma

k no
Za; — Zai < |az‘1| + |ai2’ +..+ |ai,€,n0| S
j=1 i=1

€

< langa] +langrof +- o+ lam| < 5

B cuity ycnoBug (21.6). Tem caMbiM MBI j10Ka3aJ/d, 9TO DSl
(21.4) cxomures K TOM Ke CyMMe, YTO M UCXOJIHBINA P
okaxkem, 9To oH cxoauTcs abcosmorHo. [lo mokazamnomy,
€CJIN UCXOJTHBIMN PsiJi CXOIUTCsI aDCOIIOTHO, TO JiIobast ero mepe-
CTAHOBKa CXOJIUTCH, ITpUYeM K Toi ke cymme. CiemoBaTesb-
oo

HO, TTOCKOJIBKY DSt Y, |ay,| cxoaures (abComoTHO), TO JTrobast
n=1

o0
ero mepecTaHoBKa » | |aj| TakXkKe CXOIUTCS, 9TO JTOKA3BIBACT
k=1

oo
abCOJIIOTHYIO CXOJIMMOCTD Dsjia » | af. O
k=1
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Wrax, /15t aBCOTIOTHO CXOJISIIEr0Cs Psijia IIEPEeMECTUTE b
HBII 3aKOH coxpaHsieT ¢BOIO cuay. OIHAKO /I YCIOBHO CXO-
JIAIIErocs Psijia 9TO HEBEPHO.

Teopema 21.20 (Pumana). Ecau psad Y. a, crodumcsa
n=1
ycao6Ho, mo das aobozo L € R uau L = Foo watidemcsa

Maxas Nepecmarosra pada, “wmo ee Cymma pPasHa 8uloparHol
seaunure L.

HoxaszarenbcTBo (cM., Hanpumep: Uavun B. A., Ca-

dosrnunuti B. A., Cendos Ba. X. Maremarudeckuil aHaus.
M., 1985. 9. 2, 1. 1, § 3, . 3).

21.5. O6JacTb CXOIMMOCTH
b yHKITMOHAJILHOTO PAAA.
Crenennoii psaja. Paauyc
CXOJIMMOCTH CTEIIEHHOI'O PsiIa

[Tycrs dyukimm u,(x), n € N, onpe/iesieHbl Ha MHOKECTBE
[e.e]

X. Pansuna Y u,(x) HazbBaeTCs GYHKUUOHANDHOIM DAJOM.
n=1

o
[Iycte xy € X. Pang ) u,(x) HaseiBaercsa crodaujumcs
n=1

o

B TOUKE T(, CJIU CXOIUTCSA YUCIOBOM Psijt » | Uy (To), U HA3BI-
n=1

BaCTCA AOCOMOMMHO CTOOAUUMCA B TOUKE T, €CITU CXOIUTCS

o0
psit Y |un(zo)|. MHOXKecTBa BCeX 3HAYEHMI X, IPU KOTOPHIX
n=1

o0 (o0}
cxofuTest paf » | up(x) u pan Y, |u, ()|, HA3BIBAIOTCS COOT-
n=1 n=1
BETCTBEHHO 004GCMbI0 CTOOUMOCTIU A 004aCTBI0 aOCOAIOM-
o0

1Ol cxodumocmu paga Y Uy, (x).
n=1
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Oyukuus Sy, (r) = uy(z) + ug(x) + ... + u,(z) HA3BIBA-

ercs 4acmuuHol cymmot pada i up (). Oynknua S(x) =
= nh_)rgo Sy(z), ompenenenHast HangéHaCTI/I CXOIUMOCTHU PAJIA,
Ha3bIBAETCSI CYMMOT PAIQ i un(2). Ha obractu cxomumocTu
psijia Olpejie/ieHa TaKzKe (Ti):ylHKHI/IH R,(x) = S(x) — S,(z),

Ha3bIBaeMad oCmaimwrom pﬂﬁa.
00

Ecim 11 951eMeHTOB psiia ) | Uy, (%) BBIIOJIHEHO yCIOBHE
n=1

oo
lun ()| < an, x € X (vae > a, — cxoagamuiics 9ucaI0BOil psij),
n=1

o o0
TO TOBODSIT, UTO P Y . Uy, (x) Mastcopupyemes pagom Y | ay,

n=1 n=1
Ha X.
[o.¢]
Pan suna > a,(x — o)™, rjie a, u xo — JefcTBUTEIbHBIE
n=1

qHuciia, HA3BIBAETCA cmenenwnvim padom. ducina a,, n € N,
HA3BIBAIOTCS KOIPPUUUEHMAMU CMENEHHO20 PAJG.

[st mroboro creneHHOro paga cymectByer R > 0 — quciio

u 6eCKOHEYHOCTh — Takoe, 4To npu R # 0, R # +00 psj
oo

> ap(z—1x0)™ aBCOMOTHO CXOUTCH, ecau |x—xo| < R, u pac-
n=1
Xo/mTes, ecan | — xo| > R. Unrepsan (xg — R, xo + R) Ha3bI-

BAETCS UHMNMEPEAAOM CTOOUMOCTU CTEIIEHHOTO Psjia, Ynciao R

Ha3BIBACTCH Paduycom crodumocmu CTEeHHOro psijia. B cry-

qae R = 0 06s1acTb CXOAUMOCTH PsiJia COCTOUT U3 OJIHO TOUKH
oo

To; TIPU T = T PAJ CXOJUTCA aDCOTIOTHO U Y | Gy (T — o) =

n=1
agp. B cJIydae R = pdI CXOAUTCA abCOJIIOTHO Ha BCEM MHO-

xkecerse R.
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Pajnyc cxoammocT cTEeHHOro psijla MOYKET OBITh BbI-
TUCTIEH 110 (POPMYAE KOULU*A@@MCLPCE

1 —
— = lim {/]ay,|.
R
B gyacTHbIX ciydasx pajumyc MOKeT ObITh HafijaeH 1o (op-

MyJ1aM

1
w5 = lhm {/lan,

R = lim @n

n—o0

Ap+1
€CJIN TaKHe IIpeaesbl CYIeCTBYIOT.

JlokazareibCcTBO 9TUX (POPMYJI B CJIydae, KOTJia CYIeCTBY-
er BepxHuii npejes: lim {/|a,|, ciiemyer u3 npejeabHbIX MpH-
n—oo

snakoB Komm u HamambGepa.

21.6. PaBHOMepHasi CXOIMMOCTbH
byHKIINOHAJILHOM
ImocJjie 10BaTE€JIbHOCTHN
1 (PYHKIIMOHAJIBHOIO Psiaa
Onpenenenne 21.4. OyHKIMOHAIBHAS TOCTIEIOBATE b~
Hocth { fn(2)}, * € X, HasbIBaeTCH pagHoMePHO crodAuetca

Ha mHoocecmee X, eciu cymiecTByer Takas byakims f(z),
YTO YUCJIOBAsI MOCIIE0BATEIHHOCTD

rn = sup | fu(z) = f ()]

zeX

31 XKax Adamap (1865-1963) — dbpaniyscKuii MaTeMaTHK, MEXaHUK.
ABtop MHOXKecTBa (hyHIAMEHTATHHBIX PabOT Mo ajrebpe, reOMeTpHUH,
PYHKITMOHATHLHOMY aHAJIU3Y, AnddepeHInaIbHOl TeOMeTPUN, MaTeMar-
THIeCKO# (pU3MKe, TOMOJOTUH, TEOPUU BEPOSITHOCTEH, MEXaHUKE, THJIPO-
JUMHAMUKE U JIP.
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crpeMuTcs K HyJ1t0 ipu 1 — (. @yHKIIMOHAIBHBIN PsIJI, TTOCTIe-
JIOBATEJIbHOCTh YaCTUYIHBIX CYMM KOTOPOI'O PaBHOMEPHO CXO-
JINTCsT Ha MHOKeCTBe X , Ha3bIBAETCS PAGHOMEPHO CLOOAULUM-
ca Ha X.

Teopema 21.21 (kpurepuii Kormm paBHOMepHO#H cxo/u-

o
moctu psiyia). Pad Y u,(x) pasnomepro cxodumes wa mHo-
n=1

otcecmsee X mozda u moavko moada, xozda

Ve>0 IN(e)eN Vn,peN VzeX (n>N() =
Uns1(2) + U2 (@) + .+ Ui (@) | = |Sngp(z) — Sn(2)] <€),

ede Sp(x) — nocaedosamesvHoCmb YACMUNHOLT CYMM PAOA.

HokazaTtenbcTtBo. Heobxoanumoctn. Ilycts psn
o

> u,(x) paBHOMepHO Ha MHOXKecTBe X CXOIUTCA K CBOEH
n=1
cymme S(z), 1. e.

Ve>0 IN(e)eN VneN Veze X
(n > N(E) = [S,(z) — S(2)| < 5) .

Torma s mobsix n > N(e),pe Nuz e X
|5 () =Shyp (2)| < [Sn (2) =5 (@) [+ Snpp () =S ()| < 545 = .

HocrarounocTs. g yoboit Touku o € X BBIIOJ-
ngercs ycaosue Ko cxopumoctu psaja. Toraa qucioBas mo-
CJIeTIOBATEIIBHOCTD Sy, (T9) MMeeT KOHEUHBIH mpesest, 0603Ha-
quM ero S(xg). [lepexons K mpenesry B HepaBeHCTBe

g
|Sn+p(x) = Su(z)] < B
249



IIpA P — 00, MOJJYIUM
Ve>03dN(e)eNVneNVreX
<n>N(5) = \s<x)—sn<m)y<g<g). 0

Teopema 21.22 (npusnax Beiieprirpacca). ITycmov das

pada Y U, (x) evinoanenv, Ycro6ua:

n=1

1) ANy Vn> Ny Vz e X = |u,(x)| < ay;

2) > a, — crodumca.

n=1
00

Tozda Y u,(x) cxodumea pasnomepro na X.
n=1

oo
HokaszarenbcrBo. U3 cxomumocTu psijia » | a,, 10 yCJo-
n=1
Buro Kormm nveem:

Ve>0 IN(e) eN ¥Vn,peN
(n>N(€) = |ant1+ Gnya+ ...+ angp| <e).

Torma st mobsix n > max{No, N(e)},peE Nuz e X

|1 () Ftpi2 (). o A lnip(2)] < pgrFaniot. . Fanp <€,

T. €. BBIIOJIHEHO ycyioBue Kol paBHOMEpPHON CXOIUMOCTU
dYHKITMOHAILHOTO Psi/ia. |

Teopema 21.23 (0 paBHOMEPHOI CXOJIUMOCTH CTEIIEHHO-

o

ro psna). ITycmo cmenennot pad >, a,(x — xo)"™ umeem pa-
n=1

duyc cxodumocmu R > 0. Tozda on pasromepro crodumcs ma

aobom ompesre |v — x| <1 < R.
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HokazaTtennbcTBo. [lo onpenenenuio pajumyca cxoau-
o

MOCTH CTEIIEHHOTO Psijia JiIst J1I000ro 1 < R pas Y | |a,|r™ cxo-
n=1

(o]
mures. Torga no npusnaky Befiepirpacea psit Y | ap, (€ —x0)"

n=1
Ha OTpe3Ke |z — x| < r CXOAUTCsT PABHOMEDHO. O
o
Teopema 21.24. [Tycmv cmenennots pad Y a,(x — xo)"
n=1

umeem paduyc cxodumocmu R > 0.

o0
1. Ecau cxodumes psad » a, R", mo ucrodnwi psad cro-
n=1
dumcs pasHoMepHo na ompesxe [xg, o + RJ.

o0
2. Ecau pad > a, R" pacrodumcs, mo ucxodnui pad cxo-
n=1
JUMCA HEPABHOMEPHO HA NOAYUHMEPSane [Tg, To + R).

lokaszaTenbcTBo. /JloKaxKeM BTOPYIO 9aCTh TEOPEMBI.
(o.9]
Ecii peinoioKuTh, 9to pan y . a,(r — )" cXomuTes pas-
n=1
HOMEPHO Ha [T, Tg + R), To 1o ycsosuto Kormm paBHOMEpPHOIT
CXOJIUMOCTHI

Ve>0 IAN(e)eN Vn,pe N Vz € [y, 20+ R)
(n > N(€) = |ans1(x — 20)" ™ + anpo(x — 20)""? +
o (T — 20)"P] < ).

[lepexonsa k npeneny npu r — xg + R — 0, moxydanm

Ve>0 dN(e) eN Vn,peN

(n>N() = |an i R+ an R+ 4 0, , R™P| < 9),

o0

YTO IPOTUBOPEIUT PACXOIUMOCTH Pia » , a, R". OJ
n=1
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IIpumeps! pelrieHus 3a1a4

21.7.
IIpumep 21.3. UccienoBaTh Ha CXOUMOCTD P
n3(2 + cosmn)

n=1
Ucrnos3yeM miepBbIit TPU3HAK CpaBHEHUs. 3aMETUM, UTO

2
n“+2 1 n
praR cosmn = (—1)",
CJIE/IOBATEIHHO, MOXKHO 3allUCATH OIEHKY:
1
(21.7)

n?+ 2 Loy
n3(2+cosmn) ~ 3n =

n=1
21.7) u

[e.e]
Fapmornveckuii psm » % PACXOJIUTCS, CJIEIOBATEBHO, PSJI
TOXKE PACXOJIUTCH, TTOITOMY, B CHUJIy OIEHKHU

o
3 1
3n
n=1
1IePBOI'O IIPU3HAaKa CPaBHEHUsI, UCXOJHBII PsiJl pACXOIUTCH.
IIpumep 21.4. UccieioBaTh Ha CXOJUMOCTD P
g .
—~n+4 7 \/n
W3 3amedaTesibHOTO IIpejesia lin% thz = 1 mojsrygaem, 49TO
Tr—r
1 1
tgx ~ x upu x — 0, cjejioBaTenbHo, tg VRN Tora
¢ 1 11 1
a = — —_— —— = —
" ht4® vno onyn nd?
= #, TO 110 BTOPOMY INPU3HAKY CpaBHEHUS
[e.e]

Ecmu BBecTn b,
W3 COOTHOMICHUH Gy, ~ by, M CXOMUMOCTH Psizia, >, = npu s > 1
n=1

IIOJIy4aeM CXOJUMOCTb MCXOJHOTO Pslia.
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IIpumep 21.5. UccieioBaTh Ha CXOJUMOCTD P

i1'3-5~...~(2n—1)
— 3n(n+1)!

[Ipumenum npusnak Jlagambepa:

n 1.1-3.5. .
m P g '(n+1)!-1-3-5-...-(2n+1) _
n—oo @, noool-3-5-...-(2n—1)-3"(n+ 2)!
. 2n+1 2
= lim — = - <1,

n—oo 3(n + 2) 3

CJIeJIOBATEILHO, JTAHHBIN P/l CXOUTCS.

IIpumep 21.6. UccieoBaTh Ha CXOJIUMOCTD P
o] n 3n
n )
> Vi (55)
n=1
[Ipumennm npusnak Komu B mpesesibaoit popme:

3
n
li &Y .
= Jim ﬂ(zn_l)

Bocnonsyemes npegesnom lim /n = 1:
n—oo

lim a, = hm
n—o0

n—oo n—oo

o , 1\’ 1
lim {/a, = lim > 1/n :§<1,

CJIEJIOBATEIHHO, UCXOIHBIN P CXOIUTCH.

IIpumep 21.7. UccieoBaTh Ha CXOJIUMOCTD P

o0

— ln n
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BameTum, ITO
n+1 1
(n2+1)In*n T amin
HpI/IMeHI/IM uHTerpaabublii npusnak Komm. Beegem dynkimo
flz) = —. llpn x > 2 sra dbyuknua onpejesnena, noJ0xKu-

:r:ln
TesibHa U yObIBaeT. PaccmoTpum

/f / dt ]dlnt_ N
tIn*t In*t  Int|,
2

[TockombKy cyIiecTByeT KOHEUHBIN Ipeest

1 1 1
lim /f - =

z—+00 aHJroo In2 Inz In2

Inx In2

JAQHHDBIA PAJI, CXOIUTCH.
(—=1)"(3n+1)

IIpumep 21.8. Z Gl

. Beraucsmnts cymmy

pAJia ¢ TOYHOCTBIO (v = 0 0001

Banumem cymmy psaga B Buge S = S, + R, tae S, —
JacTU4IHas cyMMa psja, R, — ocrarok psja. Haitgem, mpu
KaKOM MUHUMAJBHOM N |R,| < a.

[TockonbKy jaHHBII Pt — psij JleitOauIa, Ui ero ocrar-
K& BBINOJIHEHO HepaBeHCTBO |R,| < |a,41]|. Torna

3n +4
R, <lapy1| = < 0.0001.
[Finl < a1 (3n+3)!(n+ 1)!

Permrag aTo HEepaBEHCTBO, HAXO/JAHUM, YTO OHO BLIIIOJIHACTCA y2Ke
npun = 2. TOI",ZLa, OCTaBJIdd B CyMME IIEPBLIE JIBa YJIeHa Psjda,
HaXOIUM €€ HpI/I6JII/DKeHHOe 3Ha4YeHue:

2

(-1)"(3n+1) —1-4 7
2 (3n)ln! 3 T © 000

n=1
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IIpumep 21.9. UccieioBaTh HA CXOJIUMOCTD P

[e%S)
Z COosS N
n! -

n=1

DTOT psiJT — 3HAKOIEPEMEHHbII, TOITOMY HCIIOIb3yeM IPU3HAK

Jupuxne. [losoxum a, = cosn, b, = %

[ToceroBarensHOCTD {by,} MOHOTOHHA!

1
T ANy bn < bn =
(n+1)! i n!
U CTPEMUTCS K HYJIIO:
. .1
lim b, = lim — = 0.
[Tokazkem, 4TO 4aCTHIHbIE CYMMBI Psijia Y . G, OrPaHuYe-
n=1
N
HbI. JIJ1s1 9TOrO OIEHUM CYyMMBI Y | cosna 1pu x # 2mk:
n=1
N (cos:z:—i—cos2ac~|—...—i—cosNat:)-QSinz
Z cosnT = — 2 _
n=1 2 sin 5
281H§COSJJ+2SiIl§COSQCE+ e +281ngcosN:c
2sin =
2
_ sin(g + ) — sin(z — g) + Sin(g 2z) — sin(2z — g)—l—
2sin d
2
. 1 . 1 T ) 1
+...+sin(N + i)x — sin(N — 5)1’ —sing + sin(V + 5)
x - x :
2sin — 2sin —
sin o sin 5
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[Ipumenss sty dopmysty s HAIIEro ciaydad r = 1, oy IuM
PaBHOMEPHYIO OICHKY BCEX YACTUIHBIX CYyMM:

|Zcosn|
|sm |

Takum obpaszom, Bce ycnom/m npu3Haka Jupuxiie BBIITOJI-
HeHBI, CJICJIOBATEILHO, DS/l Z €SI XOIUTCA.
n=1
BoeisicHuM XapakTep CXOIUMOCTH 3TOI0 Psijia: abCOII0THAA

Wn ycaoBHas. PaccMoTpuM psist u3 Mojyseit

o
Z | cosn|
n!
n=1
JLnist ob1riero wjieHa 9TOrO psijia CIIPaBEe/JIMBa OIIEHKA

| cos n| B
n! n' -

Z ; exoauTea 1o npusnaxy lamambepa:

. (07NN ] TL' .
lim = lim ——— = lim
n—oo n—00 (n —+ 1) n—o0 1

1 =0<«1
7= )

C = | cosm|
JIeIOBATEILHO, PAJ ), " CXOJUTCS 110 IePBOMY HPU3HA-

n=1
00
cosn
Ky CpaBHEHHA, a SHAYUT, DA Z oy cXoauTcd a6COJHOTHO.
n=1 )

4
IIpumep 21.10. /lokazarh, o lim o 0.

n—oo n!
4

Pacemorpum ps Z . Ucenenyem ero Ha cXoauMOCTh 110
n=1 TZ
npusnaky lagambepa:
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4 ) 4
. Qpy1 . (n+1)*-n! _ n+1 1
lim —* zllm¥:hm . =0<1,
n—00 (A n—00 (TL + 1)' - n—00 n n-+1
> 4
CJIeZIOBATE/ILHO, PAJ Yy CXOAUTCH, a 3HAYHUT, OOIMIHil wileH
n=1
. 4
psA/la HEOOXOIMMO CTPEMUTCA K HyJIHO, T.€. lim 77 = (.
n—oo :

IIpumep 21.11. HaiitTu 06JaCTb CXOIMMOCTHU PSIa

00 In™
> g

n=1

Crenaem 3ameny nepementoii: Inx = y. [loxyanm cremnennoit

(o]
pal Y 54—. Ero pamuyc cxomumocTtn
n=1

C, 27+ (4 1)2
R = lim — i 2+ 17
n—oo | Chyq n—00 2nn?
2(n + 1) 2
— lim ("J; ) _ hm2(1+—) —2
n—00 n n— 00 n

oo
T.€. AN ) 5h—s CXOMUTCA TIPH Y € (—2;2).

n=1

Hcenemyem ero cXoauMOCTh Ha KOHIAX MHTepBasa. lpn

Y = —2 noJryqaem
(2" o~ (=D
Z omnp2 Z n2
n=1

n=1

o0 o0
Pan > (7112) ‘ CXOJIUTCsI, CJIEJIOBATENIBHO, DT ) % CXO-
n=1 n n:ll
o0 oo
qurest abeomotHo. [pu y = 2: psn — = > —5 CXOnuT-
st n=1 2nn n=1"N
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o0 o
I/ITaK, 00J1aCTD CXOAUMMOCTH PAIa Z 2 €CTh OTPE30K
n=1

< In"z
[—2, 2]. ObparHoiil 3aMeHOit = €Y oy IaeM, 94To psij » X
n=1 n

CXO/IUTCs Ha oTpeske [e2; e?].

IIpumep 21.12. Haiitu 0061acTh CXOIUMOCTH P

[e.e]

E 8"n? gin®" .
n=1

CremaeM 3aMeny IepeMeHHoi: sin®z = y, moayunMm cremen-

o0
Hoit psyt Y 8"n’y™; HaiijleM ero pajimyc CXOJUMOCTH:
n=1

. C, . 8"n?
R = lim, Coal — Jim 8 ti(n+1)2

1 1 S|
=lim--(——| =-.
n—oo & 1+1/n 8

o
N2, M 11
To ectn psg 218 n*y™ cxomures upu y € (—3, 5).
n=
UccreyeM ero cxoIuMoCTh Ha KOHIAX MHTepBasia. Ilpu

Yy = —% TOJTy9aeM P

o0 2 o0

8"n
o -1 n, 2

n=1 n=1

KOTODBIN PACXOUTCH, MOCKOIbKY OOINUIT 4/IeH psifia He CTpe-
oo oo
8"n2 __ 2
g = > N° TakXKe pac-
n=1 n=1

muTcd K myso. [lpn y = % psL

XOAUTCHA.
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Nrak, psam cxoaurces npu y € (—%; %), HO y = sin® x, or-
KyJ1a

1< 3 <1
—— <sinx < —,
8 8

1 1
2k + arcsin (—5) < x < arcsin 5 + 21k, keZ.

(o)
Taxum 06pa3oM, UCXOHBIH P Y | 8"n? sin®" ¢ cxomures st
n=1
BCEX & U3 MHTEPBAJIOB (27Tk; — 521k + %), kelZ.

IIpumep 21.13. Haiitu 001acTh CXOIUMOCTH Psijia

i x—|—4

n=1
BamenHoit x+4 = y moJiyIaeM CTEeHHO| PsiT 2 ~ . Jltst mero
n=1
C 2 1
Rzlim’ g 22Dy
n—o00 n+1 n—o00 on

T. €. HHTEPBAJ CXOAUMOCTH psiga (—2;2).
Uccreayem cxonnMocTh B TPAHIYHBIX TOUYKAX WHTEPBATIA
[Ipu y = —2 pan

n

oo _2 oo

n=1

[e.9]

1 Takzke pacxoauTcd.
n=1

o
pacxourcs. Ilpu y = 2 psij Z 5=

Taxkum obpazom, psii Z  CXOIINTCS IIPU Y € (—2,2); Tak KaK

r =y —4, pan Z x+ ) cxogures npn ¢ € (—6, —2).
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(z+5)"
1/n+1-v/n?+
JKOPUPYIONTHUI P K ;LaHHOMy Ha OTpe3Ke [ 6 —4] u 1oKazaTH
PABHOMEPHYIO CXOJUMOCTH Ha OTPE3KE.

s TOro 4ToOBI OCTPOUTH MAXKOPUPYIONINNA PsiJl, 3aMe-
THM, 9TO Ha oTpeske [—6, —4] Beimosneno |(z+5)"| < 1. Torga

IIpumep 21.14. Z

HOCTpOI/ITb Ma-

|(z +5)" o 1
\5/n+1~\/n2+2\ In+1-vVn2+2
) 1

u
n;l Vn—+1-vn?+2
Ha oTpeske [—6, —4].

— MayKOPUPYIONUit P /i1 JIAHHOTO

Uccnenyem psijt Z = FT 5 HA CXOMOCTD 110 BTOPO-
MY TPH3HAKY CDABHOIA:
B 1 1
C n+l-vnP+2 nllSon nb/A

[ockombKy 2 5> 1, pan i Wﬁ CXOJIUTCS 110 BTOPOMY
(5™
HoeE=s)
CXOJIUTCsI PABHOMEPHO Ha oTpeske [—6, —4] 1o HpI/IBHaKy Beii-

eplITpacca.

[IpU3HAKY CPaBHEHUS U, CJIEJIOBATEJILHO, P Z

ITpumep 21.15. Haiitu 061acTh CXOAUMOCTU U 00JIACTH
o (—1)+1
abCOJIIOTHON CXOIUMOCTH DI 21 e
n=
Uccieryem qanublii ps/i Ha aDCOIIOTHYIO CXOIUMOCTb, T. €.
[e.e]
PACCMOTPHM DS Y~y - OH exomurest, ecom In(1+z) > 1.
n=1

Inl+z)>1 & z>e—1
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Taxum 0O6pa3oM, UCXOIHBIN psiJi CXOAUTCS abCOIIOTHO HA
uaTepBase (e — 1;+00).
n+1

T (Cad it
elepb uccjiejlyeM paj Z (i) Ha YCIOBHYIO CXOJM-

MOCTb. [Ipumenum npusnak ﬂeH6H1/1ua

1 1
n = nin(1+z) > (n + l)m(lﬂ) = Qp+1 1pH 1H(1 + :E) > 0,
) 1
lim a, = lim — = 0 mpu In(1+42z) > 0, caegoBaTesbHO,
n—00 n—oo nin(l+z)

P Z nlnu::; cxopures, Korga In(1+2) > 0, T.e. mpu x > 0.
I/ITaK, I/ICXO,HHI)II/I Ps1JT YCJIOBHO CXOJUTCS, €CIIN & IPUHAJIEXKUT
npomexyTky (0;e — 1].

[Tpu = € (—1,0] obmuii wien psijia % HE CTPEMUTCH
K HYJIIO, CJIEJIOBATEJIBHO, DS/l PACXOIUTCSL.

[Ipu z < —1 psay He onpeiesien.



22. KparHble nHTErpaJbl

22.1. /IBoiiHble MHTErpaJbl

Onpedenerue 080TH020 uHMEZPANG
N0 cMaHIAPMHOMY NPAMOY20AbHUKY

[Iycty dyuknus f (a:; y) oIIpejiesieHa Ha IPsAMOYTOJbHIKE
P={(z;y):a<r<b c<y<d}

Pazobbem mpsimoyrosbauk P na n wacreit Pi(i = 1,2,...,n)
CETKOI MPAMBIX, MMapaJIebHbIX KOOPAUHATHBIM ocsM. [Lo-
maib Kaxk ol qactu P; obosnauum AP;. B kaxioit us gacreit
P; Bo3bMeM Tpou3BOJIbHYIO TOUKY M;(&;;7;), BBIUUCIUM 3HA-
gyenre GyHKIuM B 910l Touke — f(&;;1;), ¥ COCTABUM CyMMYy:

H,M Zf &Jh z (221)

KOTOPYIO Oy/1eM Ha3bIBATH UHME2PAALHOT CYMMOT JJTst (DYHK-
mn f(z;y), coorBercTByOIIEil pazdbuenuio obyactu P Ha Ja-
ctu P; u Beibopy Touek M;. Obo3uaunm uepe3 d HanOOIbIITYIO
n3 auaronaJsieil qacreit P; obaacru P.

Onpenenenue 22.1. Eciu cymiecrByeT KOHEUHBIN TIpe-
nen I warerpanbabix cymm [ (P;; M;) npu d — 0, He 3aBu-
cAImmit oT crocoba paszbueHus MPAMOYTroIbHUKa P 1 BBIOOpa
To4eK M;, TO OH Ha3bIBaeTCA 060UHbIM UHMELPAAOM OT PYHK-
mn f (5 y) M0 UpsMOyTroIbHUKY P u 0603HauaeTcst

// f(z;y)dz dy, (22.2)

a dyukuus f(z;y) HA3BIBAETCS UHMEZPUPYEMOT HA TIPSAMO-
yrojbuuke P.
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Onpedenerue 080TH020 uHMESPANG
no xeadpupyemot obaacmu

Onpeaenenne 22.2. MnozoyzosvHurom  HA3BIBAETCS
YacTh ILJIOCKOCTH, OrpaHUYeHHas 3aMKHYTOH JjioMaHoil. Pu-
rypa, CoCTaB/ieHHas U3 KOHEYHOT'O YHMCJIa MHOT'OYT'OJIbHUKOB,
Ha3bIBAETCH MHO20Y20A0HbLM MHOHCecmeom. 1Lnomaab MHO-
FOyTrOJIBHOI'O MHOYKECTBa paBHA CyMMe ILJIONajeil Bcex MHO-
FOYTOJIBHUKOB, U3 KOTOPBIX COCTOUT MHOTOYTOJIbHOE MHOXKE-
ctBo. MHOXKecTBO A Ha IJIOCKOCTH HAa3bIBAETCS KE8adpupye-
MOUM (UMEIOUUM NAOULAAY ), €CTTH JJIsT JTIOOOTO TIOJIOKUTE b
HOTI'O YWCJIa HalJIeTcss MHOTOYTOJIbHOE MHOXKECTBO, ILIOMIA/ b
KOTOPOTO MEHDBITIE 3TOTO YHUCJIa U KOTOPOE COJAEPXKUT IPAHUILY
MHOXKecTBa A.

Ounpenenienne 22.3. Ilycrs dyukus f(x;y) onpesee-
Ha Ha KBaJPHUPYEMOI, a 3HAYNT, orpaHndeHHoir obsactu G.
PaccmoTpum npsiMmoyTroJibHUK

P={(z;y):a<z<b c<y<d}

KOTOpOMY TpuHayiexkut obsacts G. [lycrs dyukuus F(z;y)
siBJIsieTcst iposto/kenneM dyuknuu f(x;y) na P u Bae G pas-
Ha Hy/0. Ecnn cymecTByeT ABOITHON MHTErpaJt

//F(x;y) dz dy;

TO OH HA3bIBACTCH J60UHBLM Unmezpasom oT dyukuuu f(z;y)
o obnactu G u obo3HAYAETCH

// f(z;y)dz dy, (22.3)

a dyuknus f(z;y) Ha3bBaeTCs unmezpupyemot o obractu G.
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Bouiwucaenue 080TUHBT uHMEPANOE

[Tycrs dyukius f(z;y) onpeneiena B obracTu
G={(r;y) ra<z<b, yi(z) <y < ya(x)},

rie y1(z), y2(x) — HenpepbiBHBbIE DYHKIMKU HA OTpe3Ke [a; b].

Teopema 22.1. [Iycmo cywecmseyem 080UHOT unme2pan

//f(x;y) dz dy;

nycmuv das 1106020 x € |a;b] cywecmsyem onpedenervili un-
meepan

y2(z)
1(@“)2/() f(z;y) dy.

Tozda cywecmeyem onpedeserroili uHme2pan

b b yo2(z)
/I(w)dﬂf:/ d:v/ flasy) dy
a a y1(z)

(on Ha3VI6AEMCA NOBMOPHVLM) U CNPABEIAUBO PABEHCTNEO

é/ fz;y)de dy = /ab da /yly;:)f(x;y) dy. (22.4)

Ananornano, ecin dbyuknust f(x;y) onpenenena B 0bJia-
cTH

G={(z;y):c<y<d, 1(y) <z < 22(y)},

rie x1(y), x2(y) — HenpepbiBHBIE (DYHKIME Ha OTpe3ke [¢;d),
U ecn Juist J1060oro y € [¢;d] cymecTByer onpeieleHHbIi nH-

TerpaJl
z2(y)
I(y) = / Fasy) de,
wl(y)
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TO CYIIECTBYET OIpeIeJIeHHBIIT MHTErpaJ

d d z2(y)
/ I(y)dy=/ dy/() flzy) d
c C 1y

U CIIPaBEJINBO PABEHCTBO:
d z2(y)
//f(:v;y)dxdy—/ dy/ | f(x;y) dr. (22.5)
g c z1(y

3amerna nepemeHHbBT 8 dBOUHOM UHMEZPANE

Paccmorpum / / f(z; y)dxdy. 3amena epeMeHHBIX B JIBO-
G

HOM HMHTEr'paJie COCTOUT B II€EpexXo/ie OT IIEPEMEHHBIX & U Y K
HOBBIM IT€pEeMEHHbIM

r=p(u;v), y=1v(u;v), tae (u;v) € D. (22.6)

[Tpu sToM Kazkas Touka (x; i) 3aMKHYTO# KBaJIpUpPyeMoit 00-
gact G COOTBETCTBYeT HEKOTOPOil Touke (u;v) 3aMKHYTOIl
KBaJ[pupyemoii obsiactu D u Kaxkgas Touka (u;v) obmactu D
IEPEXOJIUT B HEKOTOPYIO TOUKY (x;y) obaactu G.

Oyuxmun (22.6)) HA3BIBAIOTCAT 0Mobpasceruem odaactu 1D
Ha obsactb G. Obsractb G HasbIBaeTcs obpasom obmactu D,
a obsractb D — npoobpaszom obnactu G.

[Tycts orobpakenue (22.6)) yaoBaeTBOpsieT CJIe Iy oMM
YCJIOBUSIM:

1) orobpazkenue (22.6)) B3BAaNMHO OJIHO3HAYHO, T. €. pA3HbIE
ToYKHN obstactu D mepexoaT B pasHble Toukn obiaactu G

2) dyuxiyn ¢(u; v) u Y (u; v) umeror B obactu D Herpe-
PBIBHBIE YaCTHBIE IIPOU3BOJIHBIE IIEPBOIO MOPSIKA;
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3) sikobmaH OTOOpaAYKEHMsI

D(ziy) | ou w0
D(u;v) Yu Yy

COXPAaHsIeT TOCTOHHBIN 3HaK B obactu (.
Torma crpapeyImBO PaBEHCTBO

é/f(:v;y)dfcdyz é/f(w(usv);w(uw)> ’%
(22.7)

HA3bIBAEMOE POPMYA0T 3AMEHDL NEPEMEHHBT 6 J80THOM UH-
meapane.

du dv,

Jleotinoli unmezpan 8 NOAAPHBLL KOOPOUHAMAT

[lepeitnem B naTErpase / f(z; y)dxdy K moNSIPHBIM KOOD-
a

guaaTaMm @, r. OHU CBA3aHBI C JIEKAPTOBBIMEU KOOD/INHATAMU
CJIETYIOTITUM COOTHOIITEHUSIMU:

T =1TCOoSsp,

. r=>0, 0<p<2m.
y =rsing,

C ydeTom TOrO, 9YTO MOJY/Ib SKOOMaHA MEePeXo/ia K TOJISIPHOIM
cucTeMe KOODJMHAT PaBeH 1, moJiydaeM (popMyJTy 3aMeHbl Jie-
KapTOBBIX KOOPJMHAT Ha IOJIPHBIE B JIBOITHOM MHTErpaJie:

//f(x;y)d:cdy: // f(recosg;rsinp)rdrdp.  (22.8)
G D
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22.2. llpunoxeHusi JBOMHBIX NHTEIPAJIOB

ITrowads xeadpupyemoti obaacmu

Irowads S xeadpupyemoti obaacmu G Ha miockoctu X OY
OIIpeJIe/INM KaK BEeJMIUHY JBOIHOIO MHTErpaJia 1o 9Toil 00-
JlacT, T. €. (POPMYJIOit

S— // dar dy. (22.9)

Ecm G = {(z;y) : a < 2 < b,0 <y < f(r)} — xkpuBosn-
HeilHagd Tpanelud, TO CBOJA ABOWMHON MHTErpaJl K [O-
BTOPHOMY, IIPUJIEM K BBIPaKECHUIO IO A KPUBOJIMHEAHON
Tpalenuu ¢ IOMOIIBIO OIPEACJIEHHOIO NHTErPaJia;

S://dxdy:/abdx/oﬂx)dy:/abf(x)da:.
G

Ob6sem meaa

Obsemom V- mena

T={(x;y;2) : (r;9) € G, 0< 2 < f(z;9)},

rie G — KBaJpupyeMas 3aMKHyTasi 00J1acTh, a f(x;y) — Hempe-
pbIBHasl HeoTpHIaTebHast B obsactu G (DyHKINs, HA30BEM
BEJINYUMHY, OIIpejiesigeMyo (hopMyIoit

V= //f(fv;y)dl‘ dy.
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Dusuueckue nNPUAOHCEHUSA 080TUHBIT UHIMEZPANOS

[Iycts G — mnactuaka, Jexkamas B miockoctu XOY, u
p(x;y) — maorHOCTH UTacTHHKE B Touke (x;y). Torma cupa-
BEJITUBBI CJIEJIyIONe (hOPMYJIbL:

e macca tactuakn G-

M= //u(rv;y)dxdy;

® CNAMUMECKUEC MOMEHMDL ITIACTUHKY OTHOCUTEJILHO OCEeH
KOOD/IMHAT:

M, = //yu(w;y)dxdy, M, = //wu(w;y)dxdy;
G G

® K00PAUHAMDBL UEHMPA MAAHCECTNU TTITACTUHKH:

rjae M — macca njactunku, M, M, — ee crarndeckne MOMeH-
ThI OTHOCUTEJIBHO OCeil KOOPIUHAT;

® MOMEHMDL UHEPUUL TNIACTUHKU OTHOCUTEIHBHO OCell KO-
Op/IMHAT:

I, = //yQu(w;y)dxdy, I, = //wQu(x;y)dxdy;
G G

® MOMEHM, UHEPUUY TNTACTUHKA OTHOCUTETHHO HadaIa KO-
OPJIMHAT:

Iy=1,+1,= // (m2 + y2) w(x;y)de dy.
G
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22.3. llpumepsnl penieHus 3a4a4
Ha JABOIiHbIE WHTErpaJibl

IIpumep 22.1. VI3MeHUTD HOPsIIOK UHTEIPUPOBAHUA:

2 2—x e In(z—1)
/ dw/ fdy+/ d:v/ fdy
-6 2 2 0
Pemenne (cMm. puc. 22.1):
2 2—x e In(z—1)
/ dz fdy+/ d:}c/ fdy =
Vay+4
/ dy/ fdx+/ dy/ fdx+
Viy+4 4y+

In(e—1)
+ / dy fdx.
0 eY+1

h

,,,,,,,,,,,, 8

y=In(x-1)

Puc. 22.1
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IIpumep 22.2. BoraucauTh JABONHON MHTErpaJT:

//(18x2y2 + 322°y%)dx dy,
D

e D={zx=1; y=2a% y=—/x} (puc. 22.2).

Pemenue.

// ( 18222 + 32:1:3y3)d:£ dy =
¥ 1 x3
= / dm/ (18x2y2 + 32$3y3) dy =
0 —Vz

1 3 4 23
- / dz (18x2y— + 32$3y—> -
0 3 4 ) 1-vz

1
= / <61:2x9 4 62222 + 823212 — 81:3x2) dx =
0

x1? 1 xth 1 2161 291 1 4 1 4 1
=6— 6—— 8—| —8—| =4+ -+-—==1.
12 o+ 4,50+ 16 1o 6 lo 2+3+2 3

yh
i

1,,,7
1 JC=
x=1

Puc. 22.2
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IIpumep 22.3. Haiitu maccy m KOOpPJMHATHI IEHTPA

TAKECTU IIJIaCTUHKNI
D={z=1y=0y"=u(y =0},

ecJIn ee Macca paclipeieieHa ¢ IIOTHOCTLIO (= 31 + 6y
(puc. 22.3).

Pemenune.

0 X
NG

[~~~
Puc. 22.3

1 1
1. M:// ,u(x,y)dxdy:/ dy/ (3x—l—6y2) dr =
D 0 y2?
1 3 .1 1
/0 y(2 y v
3 [ 4 Yoo
=5 (1—yY)dy+6 [ (v’ —y*)dy=
0 0

1 y5

0 5

, T 61

1 y3

o 3

-

1 3y5 B
o 2 10 5

o 25
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M, //xuxydxdy—//:c(3a:+6y2)d:cdy:

D

D
/ dy/ 3x +6my)d
0 y2
22\ |1
/ dy (3—+6y2—)
O 2

/ 1—y% +3y° —3y°) dy =
o

y2

:y

7 ‘ T T

TOIJI&
M, 5}
xO_M_ T

Amnajiorugno

M, = //yu(x,y)d:vdy = //y (3:U+6y2) dr dy =
D D

TOT' A,



IIpumep 22.4. Haiitu maccy m KOOpPJMHATHI MEHTPA
TAZKECTH TLIACTHHKI

2 v
D—{x+4<1},

ec/IM ee Macca pacrpejieieHa ¢ IIOTHOCTBIO fi = y>
(puc. 22.4).

Pemenwue.

-2

Puc. 22.4

1. Macca Boruncisiercs o popmysie M = // p(x,y)dz dy.
D

CﬂeﬂaeM QJIJIUIITUYICCKYIO 3aMCHY II€PEMEHHDBIX!

T = ar cosy,
y = brsin ¢,
MOJyJIb sIKOOHaHa KoTopoit |I| = |abl|r.

B namewm ciryaae © = rcos @, y = 2rsin g, |I| = 2r. Torna

2m 1 2m 1
M = / dgp/ 2r-4r? sin® pdr = 8/ d(p/ r3sin? pdr =
0 0 0 0
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1 27
= 2/ sin® pdp =
0

4
/ sin® o dp - —
0
/ (1 —cos2p) dp = /dgp /COSngdgp—

—27T—0:27T.
0

:SDO 2

. M
2. Haiijiem KOOpIHATBI EHTPA TAXKECTH: To = 77, Yo = %

M, ://a:,ua:ydxdy://nydxdy:
D
2
/dy/ :L’de:z::/ dy< >
1 _
Lo /p— 22 _1
_/2 2 Yy VA=
- a 2

2
du -
yay 9

.

l\? w\»—t

-2

CJIeJIOBATEIIHHO,

M

M, = // yu(x,y)de dy = // yPdr dy =
2 4 % 4—q2
/dx/ de—/ de?- ! =0,
11—y o A5y

CJIeJI0OBATEJIHHO,

_Ml‘_ =0
yO_M_ZW_ ’
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22.4. Tpoitable THTErpaJIbl

Onpedenerue mpotiHo2o0 unmezpana

N3BecTHO, 9TO MHO202pAHHUK — STO OTPAHUYEHHAsS YaCTh
TPEXMEPHOIr0 IIPOCTPAHCTBA, I'PAHMIIA KOTOPOl COCTOUT U3 KO-
HEYHOI'0 YHC/Ia IJIOCKUX KycKoB. Oupesesenne odbemMa MHO-
rOrpaHHIKA CIMTAEM M3BECTHBIM.

Mmrozozpanrovim mroocecmeom OyjieM Ha3BIBATbL (DUTYPY,
COCTABJIEHHYIO M3 KOHEYHOI'O 9KCJIa MHOTOrpaHHUKOB. Obzem
€ro ompeeIuM KaK CyMMY 00beMOB BCeX MHOIOTPAHHUKOB, U3
KOTOPBIX COCTaBJ/IEHO MHOTI'OI'DAHHOE MHOXKeCTBO. MHOXKecTBO
T B IPOCTPAHCTBE HA3BBIBACTCS KYOUPYEMbIM (UMEI0UUM 005~
eMm), et Jist JTF0OOTr0 MOJI0KUTEIBHOIO THCIa HaliIeTcst MHO-
rorpaHHoe MHOXKECTBO, 00beM KOTOPOT'O MEHBIIE 3TOT0 YHUC/Ia
U KOTOPOE COAEPKUT rpanuity 1.

I[Iycrs B Kybupyemoit obaactu T’ mpocrpancrsa R? ompe-
Jesiena orpanmdenHas Gyuknusa f(x; y; z). Pazobbem obmactsb
T na n kybupyembix gacreit T; (i = 1,2,...,n) Tak, 9wo0bI
JIIOOBIE JIBE 9aCTH He NMeJIN 00X BHYTpeHHUX TovueK. OObem
Kazk 1ot gactu T; oboznaguMm coorsercrsenno AV;. B kaxknoit
gactu T; BO3bMEM IpousBOJIbHYIO TOUKy M;(&;;m;; (;) u cocra-
BUM CYMMY:

I(Tz’; Mz) = Z f(fi; i Cz')AVi’ (22-10)
i=1

KOTOPYIO Oy/IeM Ha3bIBaTh UHMe2pasbHoti cCymmot 1t PyHK-
n f(x;y; z), COOTBETCTBYIONIEN TaHHOMY pasbueHuo obJia-
ctu T na gactu T;. Ilycts d; — nnamerp vactu T;, T. e. HAu-
OOJIbIIIEe PACCTOSHME MEXKIY TOYKaMHU, BXOAAmmMu B 1;, a

d= max d; — HanboILIUI U3 TMAMETPOB.
<i<n
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Onpenenenne 22.4. Ecin nunrerpansuas cymmal (T;;M;)
npu d — 0 uMeeT KOHEUHBIH Ipeiest }liH(l) I(T;; M;) = I, ue 3a-
H

BUCAIIUIT OT criocoba pasduenust obsiactu 1 Ha wactu T; u
BbIOOpa TOYEK M;, TO OH HA3BIBACTCA MPOUHBLM UHIME2PANOM
or dyuknun f(x;y; z) mo obmactu T u 0603HATALTCS

/// f(x;y; 2)dx dy dz, (22.11)

a dyuknus f(x;y;z) HasbBaeTcs unmezpupyemots B obmactu 1.

Tpoiiable mHTETrPaAIbI 00J18IaI0T TAKUMHE Ke CBOMCTBaMH,
KaK OJIHOKpATHbIE U JIBOWHBIE MHTEI'PAJIBI.

Buiuwucaernue mpoﬁm)w: uHmMmE2Panoe

[Tycrs dyukius f(z;y; z) onpejenena B obiacTu
T={(zy:2): (m;y) € G, z1(x;9) < 2 < 22(x59) },

rie 21(x;y), zo(x;y) — HempepbIBHBIE (DYHKIMN B KBaJIPUPYye-
moit obsractu G.

Teopema 22.2. [Iycmv cywecmsyem mpotlinot urme-

epan (22.11) u nycmo das xaorcdozo (x;y) € G cywecmeyem
onpedesernvili unmezpan

z2(w3y)
I(z;y) = / f(z;y;2) dz.

1(z;y)

Tozda cywecmeyem 080UHOT uHMEPAA

z2(73y)
//I(x;y)dxdyz//d:cdy/ f(w3y;2) dz
g & z1(z3y)
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(OH HaA3vL6AEMCA noemopm;wvz) u CanI,S@d/LUGO paeeHcmeo

z2(z;y)
///fxy7 dxdydz-//dmdy/ f(z;y; 2) dz,
z1(z;y)

m. e. mpotinolt uHMezpas PaseH nosMOPHOMY.

Bameganue. B cBoio ouepenp, ABOIHON mHTErpaJ

é/f(w;y)dwdy

MOXKHO CBECTHU K IIOBTOPHOMY':

b y2(z)
//I(x;y)dxdy:/ dac/ I(z;y)d
G a y1(x)
Zz(fﬂy
/ dx/ dy/ (x;y; 2)dz.

Taxum 00pa3oM, BBIYUC/IEHUE TPOWHOIO MHTErPaJjia CBOIUTCH
K [I0CJIEJIOBATEIHHOMY BBIUUCJIEHUIO TPEX ONpPe/IeJIeHHbIX (071-
HOKPATHBIX) UHTErPAJIOB:

z2(x;y)
///f:vy, dxdydz-/ dx/ dy/ flz;y; 2)dz.
z1(z;y)

3amena nepemMeHHsuvlr 6 mpO’liHOM uHmeezpane

AnajiorndHo cjIydaio JBOIHOIO HWHTerpaJia, 3aMeHa Iie-
PEMEHHBIX B TPOWHOM HHTerpaJie // / f(z;y; z)dx dy dz 3a-

T
KJIIOYaeTCs B Tlepexojie OT TepeMEHHbBIX T, Y, 2 K TIe€PEMEHHBIM
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U, v, w, KOTOpbIC CBA3aHbI C T, Y, 2 HEKOTOPbIMU COOTHOIICHUN-
AMNIN

r = p(u,v,w), y=1v(u,v,w), z=x(u,v,w), (22.12)

rie (u,v,w) € T.
[Iycts dyHKIMEU @, 1, Y TAKOBBI, 4TO:

1) orobpazkenue (22.12)) B3anMHO OJIHO3HATHO;
2) dyHKIUU @, 1), X HEIPEPBIBHBI BMECTE CO CBOMMU YaCT-

HBIMM HpOI/IBBO,[LHbIMI/I HepBOI‘O HOpﬂ,ZLKa;
D(x;y; 2)

3) sikobuan srux byHKuuit I =
D(u;v;w)

COXpaHSAET B

0bJIacTu T TOCTOSHHBIN 3HAK.
Torma crpapeyimBa popmyiia

// Flaiy; 2)de dy dz =
/// o(u, v, w ¢(u,v,w)§X(u,v,w)) |T] du dv dw.

(22.13)
B wacraocTH, g mUIMHIPUYECKUX KOOPJUHAT T, @, h:
r=rcosp, y=rsiny, z=Ah,
gxobuan I = r. /Ina cheputdeckux KOOPIAUHAT T, @, -
T =rcosycosp, y=rcosyYsing, z=rsiny,

axobuan I = r?cosp.
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22.5. llpunoxenusi TPOMHBLIX NWHTErPAJIOB

Buiwucaenue obszemos mean
C TOMOULBLIO MPOUHBLT UHME2PAN0E

Obsem V' wybupyemots obracmu T B TpexXmMepHOM IIPO-
crpancrBe OXY Z Boipaxkaercs: pOpMYIOit

V—/T//da:dydz.

Ecm T = {(z;y;2) : (z;y) € G,0 < z < f(x;y)}, voe
G — kBazipupyemas obsiactb Ha mwiockoctn X OY, a f(z;y) —
HenpepbiBHAs B 00s1acTu G DYyHKINA, TO CBOJI TPONHON HHTe-
rpaJi K MOBTOPHOMY, IIpUJIeM K (hOpMyJie, BHIPAZKAIOIIEH 00b-
eM Tejaa ' depe3 JABOWHON MHTETpaJ:

Flas) Fla3y)
V://dxdy/ dz://[z’ }dmdy:
0
el 0 a
2//f(fv;y)dxdy-
a

Ddusuueckue npuaosceHusa mpoﬁnuw uHme2panos

[Iycrs T — Kybupyemas obsactb mnpocrpancrsa OXY Z,
p(x;y; 2) — WIOTHOCTH TeJia, 3aHUMAIOIIero 0baacTb 1', B TOU-
ke (x;y; z). Torma cupaseyuBbl ciiemytomiue hbOPMYJIbL:

® Macca TeJia:
M = ///p(w;y; z)dx dy dz;
T
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® CNAMUYECKUE MOMEHMD, TEJd OTHOCUTEJBHO KOOPIAWHAT-
HBIX IIJIOCKOCTEMN:

My, = ///Zp(ar;y; z)dx dy dz;
T

M, = /// zp(x;y; z)de dy dz;
T

M,, = ///yp(w;y; z)dz dy dz;
T

® K00PAUHAMBL UEHMPL MANHCECTNU TEJIA:

Myz Ma:z Macy‘

WS AT

® MOMEHB, UHEPUUU TeJIa OTHOCUTEJIHBHO KOOPANHATHBIX IIJIOC-

KOCTeEM:
I,. = ///pr(x;y;Z)dxdydz;
T
L. = ///yQp(x;y; z)dz dy dz;
T
Ly = ///220($;y; z)dx dy dz;
T

o =
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® MOMEHMbL UHEPUUY TEIa OTHOCUTEILHO OCeil KOOPIMHAT:
Ly =T+ Iy = /// (v* + 2°) plas y; 2)dx dy dz;
T
I,=1,+1, = /// (a:2 + 22) p(x;y; z)dx dy dz;
T
L=1,+1I,.= /// (2® +y?) p(a;y; 2)dx dy dz;
T

® MOMEHM UHEPUUU TEJIa OTHOCUTECJILHO HadaJla KOOPAWHAT:

Io=1y,, + I, + I,y = /// (1:2 + 9% + 22) p(x;y; 2)dx dy dz.
T

ITpumepvt pewenus 3aday
HA MPOTUHBLE UHME2PAADL

IIpumep 22.5. Boraucgnth TpoiHONI MHTErpaJI

/// y? cos (%xy) dx dy dz,
v

rJe 00J1acTh MHTErpupoBaHus V' orpaHumyeHa JUHUSIMU

Pemenwue. Ilpoekiusa ¢purypbl, orpanndeHHON 3a/1aH-
HBIMU TIOBEPXHOCTSIMHU, Ha ItockocTh X OY m3obparkeHna Ha
puc. 22[5
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y=5
-2 0 s
1
|
I y=-1
~ -1
x=0
Puc. 22.5

/// y? cos(%xy)dx dydz =
v

0 0 0
7T
= dy/ dx/ y?cos(=zy)) dz =
/1 2y 2 ( (4 )>
0 0 0
— [ 4a d 2 og( T
/1 y/zy T (zy Cos(4xy)> .
0 0
= 7T2/ dy/ y2 COS(ZZEy)> dr =
-1
. /o " ( 23111(%3:3/))
-1 %y 2y

0 0

:—27r/ sm(z M dy —4cos(ﬂy2)‘
1 2 2

7r

—4 (1 — cos(Z

608(2)
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IIpumep 22.6. BoraucauTsb TpoitHO# WHTErpaJ

J[] a2 dsayae

rje 06JIacTh MHTErpupoBanud V orpaHuyeHa JIMHUIMA

y:ng y:o7 [[‘21, Z:\/ZE_, z=0.

Pemenwne. Ilpoekmusa ¢purypsl, orpanmdeHHoi 3aj1aH-
HBIMU TIOBEPXHOCTSIMU, Ha ItockocTh X OY m3o0parkeHa Ha
puc. 226

Y y=9x
9 4 ]
x=
%
0 1 rg
Puc. 22.6

9z
/// 1+2a: da:dydz—/d:c/ dy/ +2:c dz =



9z
dx/ 1—|—2x vy dy =

dx<(1+2m ZQJ),//22> Zz =

S~ —

GV )

/dw(1+2x)\/_(9:v)3/2:
18 /1 (14 22%) 2%dz =

T
18—
3 lo

1 6

x
36—
* 6

1
=6+6=12.
0

IIpumep 22.7. Boeraucjmrh o0beM Teja, OrpaHndeH-
HOI'O ITOBEPXHOCTSIMU

SV

y=5Vx; y= —x z =0 *5—1——

Pemenmne.
ez (puc. 22[7):

[Ipoeknus Tena Ha mwiockoctb OXY umeer

yA
1)

Ty

Puc. 22.7
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V= ///dxdydz—/ dx/5fdy/5+ ™ e =
:/Ogdx . (5+ \/_)dy—

5z

3 3 9
3/2 2 5/2 9
P M B
3/2l0 9 5/21o
10
:?-27—5 81 -3 =450 — 270 = 180.

IIpumep 22.8. Boraucantb o0ObeM Tejia, OrpaHUYCH-

HOI'O TIOBEPXHOCTAMU 2 = 2—+/x% + 692, 2 = —1—+/2% + 632,
r=5y—1,0=-3y>+1.

Pemenune. Ilpoeknus na mwiockocrs OXY (puc. 22[):

A
Y

\ x=5y*1

=] { 1 x>
x=dytl_—]

Puc. 22.8
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HaiiieM ToUKH mepecedenus napabona ¢ = by — 1l n o =
=-3y*+1:
2 2 2 1
oy —1=-3y"+1 & 8y =2 & y1,2:i§-

Toryta MBI MOXKEM pacCTaBUThL TPEJIEIbl MHTEIPUPOBAHUS B
IIOBTOPHOM MHTErpaJIC:

T
///dxdydz-/ dy/ / dz =
1 5y2—1 —\/?+6y?
3y?+1 \/m
/ dy/ dxz
5y2—1 \/$2+6y

3y2+1
dy/ 2—\/x2+6y2+1+\/x2+6y2)dx:
5 2

-1

B[= m»—‘

(ML

3y2+1 1
dy/ de:/ dy-3(=3y"+1—-5y°+1) =
5y2 i

1
-1 -1

1
:—24/2y2dy—|—6/ dy = —24%- ‘ —|—6y‘2 _
= ) 3l T
1 1
:—8-5—(—8)-(—g)+3+3:—2+6:4.

IIpumep 22.9. Boraucantb Maccy U KOOPIMHATHI TICH-
Tpa TAKeCTH Teja [, orpaHNmYeHHOr0 HOBEPXHOCTAME: T2 +
V=22 2+ =4,2=0,y=0,2=0(x >0,y >0, 2 >0),
ecJIm Macca paclpeeseHa ¢ IOTHOCTBIO (1t = 2 (27 + y?) .

Pemenune. U3 ycmosmit 22 +9y?> = 2%, 2 =0u 2z > 0

O/ JaeM:
0<z< Va2 + 92
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IIpoeknus Testa Ha obmacrs OXY (puc. 22[0):

yl\

\ 4

Puc. 22.9
1. Macca:

M = ///,u(:z:,y,z)dxdydz =
v

Vet ty? 5

://da:dy/ —(932+y2)dz:
0 2

5 2 23/2

7 // (a: +y ) zay
nepeiieM K MOJIIPHBIM KOODJMHATAM T = 7" COS ©, Y = T sin ¢:

5 w/2 2 3/2
=3 / dgo/ r (7’2 cos® ¢ + r? sin® go) dr =
0 0

5 w/2 2 5
== d Ydr = =
2/0 90/07“ "o

2. KoopimHaTh! 1meHTpa TaKeCcTu:

Myz sz Mxy

M? y0:M7 ZOZM'
287

2
= 8.
0

5

7T/2 TS
0

o —



Myzz///mudxdydz:
1%
VT
://d:vdy/ x§(x2+y2) dz =
0 2
5
25//$(352+y2)3/2 dx dy =

HepefmeM K IIOJIAPDHBIM KOOpJIUHaTaM:

5 w/2 2 3/2
:Q/ dcp/ r-rcosgo(r2cos2g0+r28in2g0) dr =
0 0

5 w/2 2 5
:—/ cosgpdgo-/ rodr == -sing
2 /o 0 2

CJIeJI0BATEJIbHO,

/2 7“6‘2_80
0 6lo 37

Amnajiorugso

MIZ:///yudxdydz:
v
Va2
://df“dy/ vg (4P d= =
0
5
25//y(:c2+y2)3/2 dmdy:?

M 80110
Yo = M 3 8t 3n




Miy:///zudxdydz:
:D2+y
//dxdy/ (2* +y?) dz

\/IZ +y >
// 2 +y dr dy =
// z? +y d:z:dy—
nepeiieM K TOJISTPHBIM KOODIHATAM:
5 w/2 2 9
:—/ dgp/ r(r2c082<p+rzsin2g0) dr =
4 Jo 0
5 w/2 2 5
=- d Sdr == -
4/0 S0/0 T

/2 ¢

0 6

220

_—7'("
0 3

OTKY/1a




23. KpusBoianHeiiHbII THTErpaJI

Onpenenenue 23.1. BexmopHvim nosem Ha3bIBAETCs 00~
JIaCTh IIPOCTPAHCTBA WJIN IJIOCKOCTH, KaxK10it Touke M KOTo-
pOIf TIOCTaBJIEH B COOTBETCTBUE BEKTOD D.

[Ipoekiuu P, () u R BekTopa @ Ha KOODJMHATHBIE OCU
ABJISIIOTCA (DYHKIUAMUI KOOpAUHAT TOUK M :

P=P(z,y,2z), Q=Q(z,y,2), R=R(zvy,2).
Taxum obpazom,
@ = @M) = P(z,y,2)i+ Qx,y,2)j + R(x,y, 2)k.
B wacTtHOCTH, eciu 1oJie 3aJ1aH0 Ha IJIOCKOCTH, TO

@ = P(r,y)i+ Q(r,y)J.

IToae cuavt msaosicecmu

B kadectBe mpuMepa BEKTOPHOTO T0JIsI PACCMOTPHUM TI0JIE
CUJI TAroTeHus. Ec/m B Hadgasie KOOpJWHAT ITOMeIeHa Macca
™, TO 9Ta MaCCa CO3/1aCT I10JIC CUJI TATOTCHUY, TaK KaK B KaxK-
Joit Touke M TmpocTpaHCTBa Ha IMOMEIIEHHYIO B HEll eJImHuI-
HYIO Maccy ;LeﬁCTByIST cuila, paBHad 110 BeJUYUHE, COIVIACHO

3akoHy HproToHa, W 1 HAllpaBJIEHHAs K HAYAJy KOOD/IIMHAT.
r
Bnech 1 = OM, a kK — OCTOAHHAST TATOTEHUSI.
CreoBaTesbHO,
km
F=— 2 To,
|7
r

E

riue 1o = = — — €JUHUYHBIA BEKTOD.

K

IS
=
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[Iycts 2, y, 2 — xoopaunarer Touku M. Torma

r=O0M=wityj+zk |[OM]=|r|=a?+y?+ 22
ri+yj+ 2k

To = .
Va?+y?+ 22

CreioBaTesbHO,
Fe —rm(zi+ yj+ zk)
(Va2 +y? + 22)3
3nech
B Kmx B Kmy
(Va? +y? + 223 (Va2 +y? + 223
R Kmz

(V22 4 y? + 22)3
3adava o pabome

Muorwue 3a1a4n (pU3UKH MPUBOIAT K OYCHDb BayKHOMY 0000-
IIEeHNIO TIOHATUS OIPE/IeJIEHHOrO HHTerpajla — K KPUBOJIMHEN-
HOMY UHTErpaJLy.

PaccmoTpum, Hatipumep, cieyiontyto 3agady. Biosb Heko-
TOpoit KpuBoii L, naxogreiica B osie cun F = P(x,y, 2)i+
Q(z,y,2)j + R(z,y, 2)k, nemkercs HeKoTOpasi Macca (MaTe-
puaibHas Touka). Tpebyercst ompeseanTb paboTy CUJ TOJIsI
DU [I€PEMEIEHIN ITOW MAaCChl U3 TOYKH A B TOUKy B.

N3 dusukm n3BecTHO, 9TO €C/IM MaTepUAIbHA TOUKA MO]I
JeficTBUeM TOCTOsiHHOM cuytbl F' coBepimia npsiMoJIMHETHOE
nepeMerenne, BbIpazkaeMoe BeKTopoM [, To pabota E cuiibt
F paBna ckaJispHOMY TIpou3Bejiennio cuyibl F ua [

E=F-1 (23.1)
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Tax xkak B 0obmem ciydae cuna F Mensgercd Kak 10 Be-
JIMYUHE, TaK U [0 HAIPABJIEHWIO, U TaK KakK IepeMeIeHne 1Mo
KpUBOIl L He sIBJIsI€TCS MPSIMOJTMHEHBIM, TO HEITIOCPEICTBEHHO
HPUMEHSITH (POPMYJITy Hesb3s. [losTomy MBI ocTyuM
caepyoomumM oopaszom. Pazobbem KpuByio L B HAIIpaBJIEHUN OT
TOUYKM A K TOUKe B — Ha n «MaJjbIX» JyI TOYKAMU JEJICHUST
Ay, As, .o Ay Haganbayto Touky A kpuBoit L obo3HaqmM
qepe3 Ay, Koneanyio Touky B — qgepe3 A,. Ilycts z;, y;, 2 —
koopauHaThl Toukn A; (1 =0,1,2,...,n). Boumewm B kpuByio
L joMaHy10, COeIMHUB COCEIHIE TOYKH JIeJIEHUsT ITPAMOJINHE-

HbIMI oTpe3kamu. Ha kaxkoit gyre A; 1 A; BeiOepem mpons-
BOJIbHYIO TOUKYy M, ¢ Koopauaatamu &;,1;, C;.

Bamennm kpuByto L jomanoit AgA1Ay... A, a cuny F,
KOTOpasi, BOOOIIE TOBOPsi, MEHSAETCS W 110 BeJIMYUHE U 110 Ha-
[IPABJIEHUIO OT TOYKU K TOYKE, OyJIeM CUYMTATh [TOCTOSTHHOI
KaykKJ0ro 3BeHa A;_1A; JoMaHOIl 1 paBHOI 3aJaHHOI cuie B

touke M; nyru A; 1 A;:
F(M;) = P(M;)i+ Q(M;)j+ R(M,)k,
WM TIOJIpOOHEE:

Torna pabora cuiabl BIOJIb ayru A;_1A; Oyaer npubmKeH-
HO paBHa pabore cubl F(M;) Bmosb 3Bena A;_1A;, kKotopasi,
coryacto opmyiie , paBHA, CKAJISIPHOMY IIPOU3BEICHITIO
cunbl F(M;) na Bektop nepemertienns A; 1 A;: F(M;)-A;_1 A;.

IIpoeknuu BekTOpa A;_1A; Ha OCH KOOPAUHAT PaBHBI CO-
OTBETCTBEHHO

Ar; =z —xim1, Ayi=y —yi1, Dzi=z— 2z
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Bripaxkasi ckassipaoe npoussejenue F(M;) - A; 1 A; B xoop-
JIMHATHOM bopMme, TOJTyInM

CyMMupyst 9TH BBIpayKeHUsI TI0 BCEM 3BEHbsIM JIOMAHOM, Haii-
JieM MpuOJIMKeHHOoe 3HavdeHne padboTbl ' B1o/b KpuBoii L:

i=1

n

= Z (P(fu Mi» G)AT; + Q& miy G) Ayi + R(&i, i Ci)AZi)-

=1

3a Tounoe 3HaveHne paboThl E mnpumem Impejiest Moy deHHol

CYMMBI, YCTpeMJIgs JTHHBL ayT A; 1 A; K HYJIIO:

n

n—00 pay

Taxum obpasoM, BerYucaeHne padOThl TPUBEJIO HAC K Ha-
XOXKJIEHUIO TIpejiesia CyMMBI OIIpejiesieHHoro Buja. Haxox e-
HIEe TIPeJIeJIOB CYyMM PAcCMOTPEHHOTO BHjla BCTpedaeTcs U B
JIDYTUX BOIIPOCAX, HE CBA3AHHDIX C BhIYHCIeHTEM PAaObOThHI. 113y-
UM CBOMICTBa IIPEJIEJIOB TAKMX CyMM B OOIEeM BUJIE, HE3aBU-
CUMO OT TOW WJIM WHON (PU3MIECKON 3a/1a91.
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23.1. Omnpeaesenne KpUBOJIMHEITHOTO
WHTEerpaJia OT BEeKTOP-(pyHKITNN

[Iycts B HEKOTOPOIT 06/IACTH TPEXMEPHOI'O ITPOCTPAHCTBA

3aJ1aHbl HenpepbiBHas KpuBast L (1yra AB) u BeKTop-hyHKIHsT
@ = P(r,y,2)i+ Q(z,y,2)j+ R(z,y, 2)k,

ompe/jieJieHHasT B KaxKJI0i TOUKe KpuBOil L.
[Iponenaem ciemyroriue IeiCTBUA:

1. Pasoobem ayry AB toukamu A, Ay, ..., A, 1 B Ha-
npaBJieHnH oT Touku A K Touke B Ha n ayr: AgAp, AiA,,

.., A,_1A,. Hagamo nyru A mbl obozHaunan depes Ag, a Ko-
wert B — ugepes A,,. Ilycrs x;, y;, z; — KoopauHaThl TOUkH A;
(i=0,1,2,...,n).

2. Ha kaxx10it jyre A; 1 A; BBIOUpaeM Mpou3BOJILHY IO TOY-
Ky M; ¢ koopaunatamu &;, 1;, (;. CocTaBuM CKaJIIpHOE TTPOU3-
BeJIeHNE BEKTOPA

D = P(z,y,2)i+ Q(z,y,2)j+ R(z,y, 2)k,

BBIUNCJIEHHOTO B TOuke M;, Ha BEKTOp

[Tosryunm

D(M,;) - AiqA =
= P(&, Mi, Ci)Al'z' + Q(fi, i, Cz‘)Ayi + R(gh i, Q)Azi-
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3. CocTaBuM CyMMY BCEX TaKUX IIPOU3BEICHUIL:

n

—Zj (&, i, G AT + Q (&, iy G Ay + R(E, i, G)AZ).

DTa cymMMa Ha3bIBACTCHA UHMELPAALHOT CYMMOTU.
4. Ecim cymiecTByeT IIpejies] MHTErPaIbHON CYMMBI IIpU

YCJIOBUW, YTO JJIMHBI Bcex ayr A; 1A; cTpemsTcs K HYJIIO,
He 3aBUCANINN HU OT criocoba pazbuenus jgyru AB Ha ayru

A;_1A;, Hu or BeIOOpaA Ha KaxKJI0il 3 HuUX Touku M;, TO 3TOT
1IpeJie/l HA3bIBAIOT KPUBOAUHETHDIM UHME2PAAOM OT BEKTOP-
byurimm @ = P(z,y,2)i + Q(z,y,2)j + R(x,y, 2)k Broab
kpusoit L (mwmm Biosb ayru AB) B nanpasienun or A Kk B u
0003HATAIOT

E/P@wwﬁw+Q@wwﬁw+R@w¢ﬂm
AB

nJjIm

/P@W%NM+QWW¢MM+RMW¢MM
L

Tax kak mojerHTErpasibHOe BhIpaxkernue Pdr + () dy + Rdz
eCThb CKaJIsIpHOe mpom3Bejierne BekTopa @ = Pi+ Q7 + Rk
n muddepennmana dr = dxi+ dyj+ dzk paguyca-BekTopa r
MepEMEHHON TOYKN KPUBOM L, TO KPUBOJMHENHBIN WHTETrpaJl
ot BekTOp-yHKIMu @ = Pi+ (Qj + Rk MoxHO 3amnucarh B
cieyroIeii BeKTopHoi dhopme: f ; @ - dr. Kpusosmueiinbrit
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UHTErpaJl OT BEKTOP-(PYHKITUN FaCTO HA3BIBAIOT KPUBOJINHEH-
HBIM MHTErpaJjioM 110 KOOp/IMHAaTaM, WK KPUBOJIUHENHBIM UH-
TerpaJjoM BTOPOT'O POJA.

Ornpeienienyie KpUBOJIMHEITHOTO NHTErDAJIA TOKA3BIBAET, UTO
pabora cuiibl F B11o/ib yru L ecTh KPUBOJIMHEHHBIN HHTErPAJT
ot cuibl F Bosn 3TO0i Myru, T. €.

E = /de—i—Qdy%—Ralz7
AB

rae P,()Q u R — mpoeKkIun Cuibl Ha, KOOPAUMHATHBIE OCH.

Tak ke, Kak U B CJIydae OIPeIeIEHHOTO HHTerpaJja, NMeeT
MEeCTO TeopeMa CyIIeCTBOBaHUsl KPUBOJIMHENHOTO MHTErpaJia,
KOTOPYIO MbI IIPHHUMaeM 6e3 JoKa3aTeIbCTBa.

Teopema 23.1 (cymecTBoBaHNEe KPUBOJIUHEHHOTO MHTE-
rpasia). [lyemov xpusas L 3adana 6 napamempuyueckom sude
YPABHEHUAMU

v=a(t), y=yt), z==:1), a<t<p,

ede x(t),y(t), z(t) — Pynryuu, umerousue HENPEPLIGHLIE NPOU3-
sodHbie nepsozo nopadka na (o, ). Tozda das scakotll eexmop-
Pynruyuu @ = P(x,y,z)i+ Qx,y,2)j + R(x,y, z)k, nenpe-
POBHOT 8004 IMOT Kpueol, cyu,ecmeyem KpusosuHeiHvl
urmezpan no xkpueot L.
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Bouiwucaenue KpugoauretiHo20 uHIME2Pana
om 8exmop-PyHKuuY

[TokazkeM, 9TO BBIYMC/IEHUE KPUBOJUHEHHOTO MHTErpaJsa
CBOJIUTCA K BBIYUCJEHUIO OIIPEAEJIEHHOIO UHTErpaJia.

[Iycts nyra L = AB 3axaHa mapaMeTpuyecKiMU ypaBHe-
HUSIMU

x = x(t),
L: y=y(t), a<t<p,
z = z(t),

npuaeM dyukiwy x(t), y(t), z(t) HerpepHIBHBI U UMEIOT HelIpe-
PBIBHBIE IIPOU3BOJIHbIE IIEPBOTO MOpsKa. [Ipenonoxum, 9ro

HadaIbHON TOUKe A jiyru AB cOOTBETCTBYeT 3HAUEHUE Ia-
pamerpa t = «, a KOHEYHOIl Touke B — 3Hauenume t = [ u
IpU U3MEHEHUHU THapamepa t oT « ji0 [ IepeMeHHas TOYKa
M (z;y; z) onuceiBaer ayry B Hanpasienun ot A k B. Ilycrs
nanee P(x,y,z) — HempepbiBHas (QYHKIWs, 33/[aHHAS BJIOJIb
kpusoit L. Tak kak P(x,y, z) — HeupepbiBHas (YHKIHS I1e-
PEMEHHBIX X, Y, 2, & X, Y, 2 — HelpepbIBHbIE (DYHKIUU OT t, TO
cioxuas pyukiws P (x(t),y(t), z(t)) sBisiercs HenpepbIBHOI
dyukimeit or t Ha cermente o < t < (. Tak Kak Kpubas
L w dysxmusa P(x,y, z) yIOBIETBOPSAIOT YCIOBUSAM TEOPEMbI
CYIIECTBOBAHUS KPUBOJMHEITHOIO UHTErpaja, TO CyIIeCTBYeT

KpuBoJinHeitHblit unrerpan [ P(z,y, z) dx u, cjaeoBaTebHO,

L
CYIIECTBYET IIpeJiel UHTErPAJIbHOM CyMMBbI

Z P(&,mi, Gi) Az,
i=1

KOTOPBIII HE 3aBUCUT HU OT criocoba pasdmenus jyru L Ha
YacTH, HA OT BBIOOpA MPOMEXKYTOUHBIX Todek M;(&:;ni; ().
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Pazobbem cerment [ay, 3] Ha n gacreit Toukamu ti, to, ..., ty_1;
Kpome Toro, obosnaumm ty = «, t, = (. DTUM 3HAUEHUAM
napamerpa t COOTBETCTBYIOT TOUKH JyTu L:

A= AO) Ala A27 o 7An717 An = Ba
umMeromue CJaeAyrmue KoopJAnHaTbl:

xo = x(to), Yo = y(to), 20 = 2(to),

z1 =a(ty), = y(t), 21 = 2(t),

Tp—1 = l’(tn—l)y Yp—1 = y(tn—1)7 Zn_1 = Z(tn_1)7
Tn = l‘(tn)7 Yn = y(tn), Zn = Z(an)

[Ipu srom toukm Aj, Ag, ..., A, 1, Jeisinue JIyry, pacioyo-
JKeHBl Ha Hell [OCJIe0BATEILHO B HAIIPABJICHAN OT TOYKHM A
K TouKe B.

IIpu nepexone n3 roukn A;_1 K Touke A; abcrucca x 1mo-
aydaer npupaienne Ax; = x; — x;—1 = x(t;) — x(t;—1). [pu-
MeHNM K pasaoctu z(t;) — x(t;—1) Teopemy Jlarpamxka o Ko-
HEYHOM IIPUPAIICHIN:

AJZZ‘ = ZE(tZ) — I(ti_l) = ZE,<TZ')Ati,
rne At; = t; —t,_q n t;_1 < 7; < t;. 3HAUEHNIO MMapaMeTpa
t = 7; COOTBETCTBYET Ha KPUBOI Touka M; ¢ KOOpAWHATAMEI

& = x(n), i =y(m), ¢ = z(m), nexamas wa jayre A; 1 A;.
CocraBuM 1711 BIOpaHHOrO pasbuenns jayru L Ha dactd u
JyIst BBIODAHHBIX BBIIIE TOYEK M; HHTErpabHYIO CyMMY:

ZP i, i, Gi) Az = ZP (1;), 2(73)) &' (73) At

U 1epeiijieM K Ipejiesly IpU yCJAOBUH, YTO JIMAMEeTP Pa3sOueHust
A cermenTa [« 5] crpemurcs K Hysro. [Ipu 9T70M MIMHBL JTyT
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A;_1A; cTpeMsTCs K HYJIIO, U MBI IMEEM, COTJIACHO OTIpejie ie-
HUIO KPUBOJMHEHHOIO MHTETPAJIA,

/P(fl?>?/a Z) dr = T}E&ZP(&W,Q)A% =
i=1

L
n

=lim > P (a(r),y(m), 2(n)) «'(r) At

Cymwma, crosinast B IPaBOil YaCTU MOCJIE/IHEIO PABEHCTBA, B~
JIIeTCs MHTErPaJbHON CYMMOI JIJIsi HENPEePBhIBHON (DyHKITUN
OJIHOIi IIePEMEHHOI t:

Pla(t), y(t), 2(1)]2'(t),

3aJIaHHOI Ha cermenTe [«, [3]. Ee npemen pasen ompeieneHHo-
My HHTErpaJIy:

n

_ / P (a(t), y(8), 2(8)) 2'(£) dt.

Takum obpaszom,

B

/P(:p,y, 2)dx = /P[m(t),y(t),z(t)]a:’(t) dt. (23.2)

L «

DTO U ecThb UCKOMasi (hOpMYIIa, MO3BOJIAIONIAS CBECTU BbI-
YrC/IeHne KPUBOJMHEITHOTO MHTerpaJja K BBIYUCIEHUIO OIIpe-
JIeJIEHHOTO WHTerpasa. Mbl mpegmnosaraam, 9To 3a/laHHOMY
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HAIPABJIEHUIO HA KPUBON L COOTBETCTBYET M3MEHEHUE Iapa-
metpa t or a 10 3 (rme o < f3). @opmya 0CTaeTCst
ClIpaBe InBOi U B ciydae o > [3.

Takum obpaszom,

(/P@wwﬁw+Q@wwﬁw+RWWJﬁk=
L

5
=/(P(x(t)>y(t)7Z(t)):'3’(t)+Q(ﬂ?(t)>y(t)73(t))y’(t)+

+ R(z(t),y(t),2(t))2'(t)) dt. (23.3)

[TycTh mpu nepemMerneHuy TOYKK 110 KPpUBOi L U3 TOYKH

A B Touky B x menstercs ot a jio b. IIpunumasi B 9T0M CIIy-

Yae T 3a napaMerp, HOJIyYHM CJIEJYIONIne apaMeTpuIecKue

ypaBHeHUs1 KpuBoil L: © = x, y = p(z), npudeM T MeHseTCst
dx

oT a 710 b. 3amedas, aro ¥’ = 57 = 1, moryanm

L
B

— [ (Pl.o@) + Qo p@) ¢ @) e (23.4)

«

B zakiouenne npuBeeM cJieIyonme JIBa MOUTH OYEBHI-
HBIX CBOICTBa KPUBOJIMHEIHOIO WHTErpaJia.

CBoiicTtBO 1. 3HaueHne KPUBOJUHEHHOIO MHTEIrPaJa
3aBUCUAT OT HAIPaBJIEHUs JBUXKeHUdA 10 KpuBoit L. Ecam mo
TOM »Ke KPWBOH JBUraTbCst He OT ToUku A K Touke B, a B
obpaTHOM HalpaBjieHuu, oT B K A, TO 3HaUYeHNe WHTerpaJia
M3MEHNUT 3HAK Ha IIPOTUBOIOJIOXKHBIIA.
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CsBoiicTBoO 2 (cBOjicTBO auTuBHOCTH). ECcn kpusas
L cocTouT 3 HECKOTbKUX KPUBBIX L1, Lo, ..., Ly 1 Ha KaxKJ10it
UX 3TUX KPUBBIX KPUBOJNHENHbIE HHTETPAJIBI CYIIIECTBYIOT, TO
CYIIECTBYET MHTErPAJI BJIOJIb BCeil KpUBOil L 1 OH paBeH CyMMe
UHTErPAJIOB BJIOJIb KaXKJIOi U3 ee JacTeil, T. e.

/:/+/+"'+/'

L Ly Lo Ls
HpI/I 9TOM IIpe/IoJiaracrcd, 9TO BCE KPHUBBLIC IIPOXOJATCA B
O/JTHOM HalIpaBJICHUU.

Paccmorpum Tenepb npuMepbl Ha BBIYHUC/IEHNE KPUBOJIU-
HEUHBIX UHTETPAJIOB.

IIpumep 23.1. Bor1aucanTh KpUBOJIUHENHBI HHTETPAJT

/ 2y dx + y* dy + 2% dz,
AB
rie AB — oauH BUTOK BHHTOBOI JIMHUN T = cOSt, y = sint,

z = 2t ot Toukn A(1;0;0) no rouku B(1;0;4m).

Pemenune. Bponbp nyru AB mapamerp t MeHSIETCS OT

0 no 27. Ilpumensiss dopmyry (23.3) u 3ameduas, aro z’ =
—sint, y = cost, 2/ = 2, noayuum

/2:cyd:c+y2dy+22dz:

AB
2

= / (2 costsint(—sint) + sin®t cost + 4t* - 2) dt =

0
2

= /(—sithcost+8t2) dt = —
0

sin®t 83

n 27 04 3
3 3

0 3
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IIpumep 23.2. Bo1aucauTh KpUBOJIUHENRHBI HHTETPAJT
/(:L‘2 + %) dx + 2xy dy
AB

BJIOJIb JIyTu Kybuueckoii napaboss y = x® or Touku A(1;1)
1o Toukn B(2;8).

Pemenue. Ipumenssa dopmyry (23.4)), momyanm

/($2 + y2) dr + 2xy dy =
AB

1
= /(332 + 72%) dw = 129§.

1

Onpenenenune 23.2. Ecium KpuBOJUHEHHBI WHTETrpaJs
| @ dr or BexTOp-dyHKINN

OepeTcs 1O 3aMKHYTOMY KOHTYPY L, TO OH Ha3bIBaeTCS Uup-

KyAAUUet BEKTOPHOTO 1MoJist @ 110 3aMKHYTOMY KOHTYpY L u
0003HaYaCTCH

j{‘PdT wim j{P(fv,y,Z) dr + Q(v,y,2z) dy + R(z,y, 2) dz.
L L
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IIpumep 23.3. Bor1auciuTh MUPKYJIAIIIO BEKTOPHOT'O
OIS
D =zi1+2yj+ zk

BJIOJIb OKPYZKHOCTU L, 0Opa30BaHHOIl IlepecevuenrneM IUJINH-
apa z2 + y? = 1 ¢ mwiockocTwio z = 1.

Pemenue. 3anumem napaMerpuieckoe ypaBHEHUE OK-
pyxuHoctu L:

x=cost, y=sint, z=1 (0<t<2nm).

Tak kak ' = —sint, y = cost u 2/ = 0, To no dopmye
(23.3)) mosryunm

2m
j[(:vdx +2ydy + 2 dz) :/(cost(— sint) + 2sint cost)dt =

L 0
2

. sin? ¢
= [ sintcostdt = 5

27
=0.
0

0

Nrak, nmupkyisiniust Bekropa @ = xi+ 2yj+ 2k B10JIb OKPY K-
HocTU L paBHa HYJIIO.

Dopmynaa Ocmpoepadcrozo—I'pura

Pacemorpum Ha 1mmockoctn Oxy o0JacTh 0, OrpaHUIeH-
HYIO KPUBOW, IepeceKaloneiicda ¢ NpaMbIMU, TapaJlleIbHbBIMA
KOOD/IMHATHBIM OCsIM, He 6oJiee 4eM B JIBYX TOYKaX (CM. PHUC.
23.1). Ilycre namee P(x,y) u Q(z,y) — dyHKIMHU, HETPEPHIB-

HbIe BMeCTe CO CBOMMU YaCTHBIMU IITPOU3BOJIHLIMMI %—5 n %—g B
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obstactu 0. Torjma umeer Mecto ciejyiomas (popMmysia, HA3bI-
Baemasi ghopmyaoti Ocmpoepadcrozo—I’ punﬂ

// 8_Q_8_P) daz]{P(x,y)da?—l—Q(xay)d%

rJIe JIBOMHOI MHTerpaJj bepercs 1o 00JIacTu 0, a KPUBOJIUHEH-
HBIIT MHTErpaj — BJIOJIb 3aMKHYTOTO KOHTypa L, orpanuvn-
Barorero oosactb o. [Ipu 9T0M KOHTYD L MPOXOIUTCS B TO-
JIO)KUTEJIbHOM HAIPABJIEHUH, T. €. IPU JBUKEHUU BJIOJIb HETO
obacThb 0 ocraeTcs ciesa (puc. 23.1).

21 “ m Y= ah(
Y \

Y

Puc. 23.1

[Tpumenum dbopmysty Octporpajickoro-I'puna K Berauce-
HUIO IO/ TIJIOCKO# 00/IaCTH C IIOMOIIIHI0 KPUBOJIUHEHHOTO

unaTerpasa. Pacemorpum dyukimmn Pz, y) = 0 u Q(x,y) =

oP  _ Q _
xr. Tak kKak M 0, a 5= = 1, To, mpumenss Hopmyty

OCTpOFpa,ILCKOFO*FpI/IHa, [TOJIY IAM

Jfa-o0do=foarsaay

32 Muzaua Bacuavesun Ocmpozpaderuti (1801-1861) — simatormuiics
pycckuii MaTeMaTuK u Mexanuk. Jorcopdc I'pun (1793-1841) — anrumit-
CKHIl MaTeMaTHK U (PU3UK.
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nJIn

[[ar=aa

g
Ho unrerpan [[ do ancienno pasen momau obracru o. Ilo-

o
9TOMY OKOHYaTEJIbHO NMEEM

S(o) = j{xdy. (23.5)

L

Ananormano, nomarags P = —y, a () = 0, MOXKHO TTOJTy-
YUTH elrle OHY POPMYILY JIJIsi BBIYUCIEHUS TLIOMA U 001aCTh
€ TIOMOIIIHIO KPUBOJIMHEIHOTO MHTErpasa;

S(o) = —%ydw. (23.6)

L

9T (HOPMYJIBI TAI0T BO3MOKHOCTH C MTOMOIIBIO KPUBOJINHET-
HOI'0 MHTErpaJia MoACUYNTaTh ILIONIA/Ib ILJIOCKON 00JIacTh .

IIpumep 23.4. Haiitu mwiomia/ib GUrypbl, orpanndaeH-
HOM 3JITHIICOM, 3aJJaHHBIM TapaMEeTPUIECKUMHU YPaBHEHUSIMU

T = aCcost,
y = bsint.

Pemenne. Ecan o0XoanTh 3JINANC B IOJOXKATEILHOM
HaIpaBeHnn, To napamMerp t uamensgercs ot 0 j1o 2. [Ipume-
Hsist hbopMyITy U IPaBUJIa BBIYUCICHUS KPUBOJIMHEHHOTO
AHTErpaJja, MoJayIuM

2

2m
S(o) :j{xdy:/acost-bcostdtzab/cothdt:wab.
0 0
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Hesasucumocmo ’KipUGO./LUHG’l:ZHOZO uHmezpana
om nymu uHme2pupoeaHust

[Tycts mano 1iockoe BekTopHoe moje @ = P(x,y)i +
Q(z,y)j. B nanbHeiimem Mbl OyieM peogaraTh, 9To HyHK-
P u () HenpepbIBHBI BMECTE CO CBOMME IIPOM3BOIHBIMU

oP 0Q .
— u — B HeKoTopoit obmactu G miockoctn X OY .
y X
Paccmorpum B obnactu G iBe IPOM3BOJIbHBIE TOYKH A
n B STI/I TOYKHN MOXKHO COCJUMHUTDL PA3JIMNYIHBIMU JINMHUAMU,

Jtexkarumu B obstactu GG, BJ10JTb KOTOPBIX 3HAYEHUST KPUBOJIU-

ueitnoro unrerpaia [ P dzx 4+ @) dy, Boobiie roBops, pa3/ind-

AB
ubl. Tak, Hanmpumep, pacCMOTPUM KPUBOJIMHEHHBINT MHTErpaJ

/(x+y) dx + 2zy dy
L

u nse Touku A(1;1) u B(2;4). Beraucsmm sror uarerpas, Bo-
IIePBBIX, BJOJIb OTPE3Ka [ MpsMOit y = 3T — 2, coeIuHSIONIei
Toukn A u B, 1, BO-BTOPBIX, BJIOJIb AyTH ly 1apabosinsl y = 2,
COeJIMHSIONIEl 9TN YKe TOUKU. [IpuMeHsis mpaBuia BeIYUCTE-
HUA KPUBOJIMHEHHOIO WHTErpaJia, Halgem

a) BJIOJIb OTPE3Ka [1:

/(m+y)dx+2xydy:
l1
2 2

= /[x+(3x—2)+2x(3x—2)-3] dx = /(182:2—830—2) dx = 28,;

1 1
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6) BJjOJIb Jyru [y TApabOJIBL:

/(x—l—y)da:—i—?:cydy:

la
2 2
- /[m+x2+2m-x2-2x] dx = /(4:p4+x2+x)dx = 28%.
1 1
Taxkum 06pa30M, MbI BUJMM, 9TO 3HAYEHUsI KPUBOJIMHEN-

Horo marerpana [(z + y)dxr + 2zy dy 3aBucaAT OT IyTH UH-
L
TerpupoBaHnusd, T.€. 3aBUCAT OT BH/a JIMHUMU, Coe,ZLI/IHHIOLuefI

touku A u B. Haobopot, Kak HETPY/IHO IPOBEPUTH, KPUBOJIU-

neitupiii narerpan [(a? +y?) dx+ 2xy dy BAOIL Tx XKe MHMIL
L

1 u ly, coemmusrorux Toukn A(1;1) u B(2;4), naer oxHO u

TO Ke 3HaYeHune, paBHOE 33%.

Pazobpanubie mpuMepbl MOKa3bIBAIOT, 9TO KPUBOJIUHEH-
HbIE€ UHTErPAJIbI, BIYUC/IEHHBIE TI0 PA3JINIHBIM Iy TIM, COEJIU-
HAIOIIMM JIBE JI@HHBIE TOYKH, B OJHUX CJIy4asiX pPasJIndHbI
MexK Iy co0Oif, a B JPYyTruX CaydasdX NPUHUMAIOT OJHO U TO
JKe 3HAYCHNE.

Onpenenenune 23.3. Ilycts A u B — 1aBe IpoU3BOJIb-
Hble ToUKN obsiactu (G. PacecMoTpuM pasjimdHble KpUBBIE, Jie-
Kampe B odonactu G u coequusiomue Toukn A u B. Ecim
KpuBo/mHelnblil narerpan [ P(z,y) dr + Q(z,y) dy no mo-

L

60My U3 3TUX HyTeIU/I InpuHuUMaeT OJHO U TO 2K€ 3Ha4YCHHEe, TO
rOBOPAT, 9TO OH HE 3aB6UCUIM, 0Mm NYmu urmezpuposarusi.

B cnenyromux 1ByX TeopeMax MPUBOAATCA YCIOBUSA, TIPH

KOTOPBIX KpusosnHeiinbiit unrerpan [ P dr+Q dy ue 3aBucur

L
OT IIyTU MHTEIrpUpOBaHUA.
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Teopema 23.2. Jlaa moz2o wmobvl KpusosunetuHvill Uk-
meapan

/Pd:n—l—Qdy
L

6 Hexomopot obracmu G He 3a6ucens oM NYMU UHMeE2PUPo-
8aMHUA, HEOOTOOUMO U JOCTAMOYHO, YMOObL UHMEZDAA TNO AI0-
O60MY 3AMEHYMOMY KOHMYPY, AEHCAWeMY 6 IMOoT obaacmu,
ObLA Pager HYA10.

Teopema 23.3. Jlaa mozo umobvl Kpusosunetinvill uH-
meapan

/Pdw—l—Qdy
L

HE 3A6UCEA 0M NYMU UNME2PUPOSAHUA 6 00HO0CEA3HOT [ 06-
aacmu G, 1eobxodumo u docmamouro, ¥mobvl 6 karHcAot mou-
Ke amotl 06AaCMU BLINOAHANOCD YCAOBUE

oP  0Q
i (23.7)

IIpumep 23.5. KpuBosmHeitnblit nHTErpal

/(x2 + %) dx + 2xy dy
L

HE 3aBUCUT OT IIyTH WHTEIPUPOBAHMUsI, TAK KaK JIJIsi HEI'O BbI-
HOJIHSIIOTCSL YCJIOBUSL TeopeMbl [23.3]

HeitictBurensho, 3aecs P = 22 4+ 42, Q = 2y, %—1; =
9Q _ oP _ 9Q
2y, 5= = 2y u, cieJoBaTesbHO, oy = on

33 O6nacts G Ha3BIBACTCA 00MOCEA3HOU, €CIM JJIA OO0 3aMKHYTOM
KPHUBO, jexkaleir B (G, orpaHrdeHHas €10 KOHEeYHAsl JaCTh IJIOCKOCTH
npuHaexur G.
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IIpumep 23.6. KpuBosmHeitnblii uHTErpal

/(:v +y) dz + 2xy dy,

L
KaK Mbl YK€ BUJIEJIM BBIIIE, 3aBUCUT OT IIyTH WHTErPUPOBa-
HUsI. DTO HOATBEP:KIaeTcd 1 Cc(OPMYIMPOBAHHON TEOPEMOIA.
3nech

oP 0Q oP |, 0Q
o, ooyw £ 22
dy ox Jdy ' Ox

Pacemorpum custosoe note F' = P(x,y)i + Q(x,y)7, 3a-
JaHHoe B HEKOTOpoil obmactu G mmockoctn X OY .

P=x+y, Q=2xy,

Omnpenenenune 23.4. CuyioBoe 1oJjie HA3BIBACTCS NOMEH-
UYUasLHbLM, eCIH cyTiecTByer Takast dyukimst U(x, y), rpajan-
€HT KOoTopoii paseH F:

ou . oU
F=gradU wm Pi+Qj=—1i+ —1]. (23.8)
ox oy

Oynukuus U(z, y) HA3bIBAETCS NOMERUUAALHOU GyHKyuet, Wi
NOMEHUUANOM.

N3 paBencrsa 1) CJIeJIyeT, 9To %—g =Pmu %—Z =Q, 1e.

norenruan U(z,y) ectb mepBoobpasnast ot auddepeHimaib-
HOTO BbIpazkeHusi P dx + () dy u, ciegoBaTesbHO,

(z3y)
Uz,y) = / P(z,y) dx + Q(z,y) dy.
(zo03y0)

Ha ocnoBanun M37107KEHHOIO BBIIIE MOYKHO CKa3aTh, UTO CH-
nosoe nosie F' = P(x,y)i + Q(x,y)j moTeHINAILHO B HEKO-

TOpOit oaHOCBsI3HOI obacTr G TOTIA M TOJIBKO TOLJIA, KOIJIa
oP _ 9Q
oy =~ Oz
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Kaxk mbr 3naem, pabora E cuibr F o gyru AB Bbipa-

JKaeTcd yepe3 KPUBOJIMHEWHbBI nutTerpast: F = f P dx+Q dy.
AB
B norennuansaoM 1mosie paboTa, 04eBUIHO, HE 3aBUCUT OT IIy-

TH, coemuHstonmero Toukn A(xy;y) u B(xg;ys). Ipumenss
anaJior hopmysibl Heiorona—/leiitbnuna, morydanm

(w23y2)
E = /Pd:JH—Qdy: / Pdz+Q dy = U(xa; y2)—U(x1;y1).
AB (w1591)

(23.9)
Taxum oOpazoM, 6 NOMEHUUAALHOM NOAE PAOOMA PABHA Pa3-
HOCTNY NOMERUUAAOSE.

23.2. KpuBosmHeliHbIii MHTErpaJI
0 AJIMHE YT’

B npeapiiymux mMyHKTaX Mbl PaccMaTpPUBAJIM KPUBOJIH-
HeHBIN mHTerpas oT BeKTop-dyHKmnu. OIHAKO HEKOTOPDIE
381291 TPUBOJIAT K KPUBOJUHEHHOMY HHTEIPAJTY JIPYTOro po-
Jia.

Pacemorpum B 1tockocrn OXY kpuyio AB b .
[Iycts BO/IB 9TOI KPUBOI paclipejiesieHa Macca ¢ JIMHEWHON
wiotHocThio v = f(M) = f(x;y). Onpenenum maccy m 9Toif

KpuBoii. JIj1sg sT0r0 pazobbem KpuByio AB TOYKaMU JIeJICHHUS
Ay, Ay, ..., A,_1 Ha n Yacreii, obo3HaYas I €IUHOODPa3HS
toukn A u B coorBercTBeHHO Uepes Ag n A,,. Oboszraunm Am;

~— n
macey ayru A; 1 A; nyaabt Al;. deno, aro m = Y Am;. Tog-
i=1

canTaeM npubsmKenHo maccy ayru A; 1 A;. [yers M; (x4, y;) —

IIPOU3BOJIbHad TOYKa JAYyT'H Ai—lAi- C‘IHT&H, 49TO IIJIOTHOCTL B
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Kaxkaoi Touke ayru A; 1 A; Takas ke, Kak B Touke M;, 10-

JIVIAM IPHUOJIMKEHHOE 3HAaUeHne Macchl ayru A; 1 A;:
Am; & f(M;)Al; = f (w3, y:) Al

Cymmupys, HaiijieM npuO/IMKEeHHOe 3HaUeHIe MaCChl 1M
m= Z FOM;)AL = Z f(@i, yi) Al (23.10)
i=1 i=1

3a TouHOe 3HAUEHNEe MacChl KpUBOi A B mpuMeM mpejiest CyM-

Mol ([23.10]) npu yeiaosun, aro Bece Al; — 0. Uraxk,
m = lim Z F(M)AL = lim Z f @i, yi) Al.

K momobnoro poga cymmaM u UX HpejeiaM TPUBOIAT U
npyrue 3ajadau. OTB/IEKAsiCb OT KOHKPETHOrO (PU3UIECKOrO
coJiepzKaHus, PacCMOTPUM HerpepbiBHYIO dyHKImo f(z,y),

ornpejiesiennyo B Toukax jayru AB. CocraBieHHas s Hee
cymma Bujia ([23.10)) HazbiBaercs: unmezpanrvroti cymmot. Ilpe-
JIeJ1 UHTeTrpaJIbHON CYyMMBbI IIPU yCJIOBUM, YTO BCE JIJIN-
ubl jiyr Al; — 0, Ha3bIBAETCS KPUBOAUHETHBIM UHIMELPANOM

or byuknuu f(x,y) no daune dyzu AB u obo3HAUACTCST CUM-

BosoM [ f(M)dl wma [ f(x,y)dl.
AB AB

Urak,

[ fgydi= tim 3 o),
AB i=1
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Taxum obpazom, Macca Jyru paBHA KPUBOJMHEWHOMY WH-
TerpaJjy OT IIOTHOCTHU MO JJIMHE TON JTyTHU:

m:/f(x,y)dl. (23.11)
AB

Cnenyer obpaTuTh BHUMaHUE HA TO, YTO, B OTJIMYHE OT
KPUBOJIMHEHOIO MHTErpaJja 110 KOoOpAuHaTaM, KPUBOJJIUHE-
HBIIT MHTErpaJl 1o JIJINHE JIyTH He 3aBUCUT OT BBIOOPa HAIlpaB-
JIEHUS Ha KPUBOW.

MozkHO mOKa3aTh, 9YTO BBIYNCIEHNE KPUBOJIUHEHNHOTO MH-
TerpaJia 1o JijInHe YT CBOAUTCA K BBIYUC/ICHUIO OIIPEe/e/ICH-

Horo unrerpasia. Hanpumep, eciau jyra AB 3ajaHa ypasHe-
auem y = y(z) (a <z < b), 10

/f(x,y) dl = /f(x,y(x))\/l—i— (v/'(2))? du. (23.12)
AB a

[ToapiHTerpaabHOe BHIPAXKEHHE B IIPABOIl 9aCTH 3TOI'0 PaBEH-
CTBA IOJIY4YaeTCd U3 MOALIHTEIPAILHOIO BBIPAYKCHUS B JICBOI
Jactu 3aMeHoit y Ha y(z) n nuddepennuasa ayru dl Ha ero

BBIpasKeHNE B JE€KapTOBLIX KoopauHarax /1 + (y/(z))? d.
Ecimm xe nmyra AB 3ajana mapaMeTpuUIecKn:

R x = (1), .
AB {yzy(t), t € [a; ],

TO

B
[rwwa= [ 16000 VEOF T oPe
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IIpumep 23.7. Haiitu maccy ayru kpuBoit y = Inzx

MeK/JTy TOUKaMu ¢ abcrpecaMu © = 1 1 & = 2, eCJI IJIOTHOCTD

v = 2.

Pemenue. Ilpumenas dopmymst (23.11) u (23.12), mo-
JIY THM

2

m:/ﬁdz:/ﬁ\/wczx:iﬁ@dx:

AB 1

2

2 -

1 1 2\2

= [V ae = o+ atao+an = S
1

2

1

3

1
1
- §(5\/5 — 2\/5) eJI. MaCChI.

BamedanueHacTo KpUBOIMHENHBII HHTErpaAJI 110 JIJTHHE
JIyTH HA3BIBAIOT KPUBOAUHETHIM UHMEZPAAOM NEPEO20 POOa,
a KPUBOJIMHENHBIN HHTErPAJI OT BEKTOP-(PYHKIIUU — KPUBSOAU-
HEUHDLM UHMEZPAAOM 6TMOPO20 POOQ.



24. JIeMeHTbI TeOPUHU II0JISI

CK:CLJL.ﬂ,pHOB U 6EKIMOPHOE NOAA

Cxaaaproe noae opeiesisieTcs CKaJIsipHOM PyHKIIIEe ToY-
KI:

f(P) = fzyy;2),
riae P(z;y; z) — TOYKa IIPOCTPAHCTBA.
Bexmoproe noae onpejiesnisieTcst BEKTOPHON (DyHKITIEH TOY-
KHU:

a = a(M) = a(r),

rie M(x;y;z) — ToUKa mMpocTpaHCTBa, T = X+ yj + zk —
pajnyc-BeKTop Touku M.

Ecim B mpocrpancTBe BBejeHa IIPAMOYTOJIBHAA CHCTEMA
koopyiuaar OXY Z, to BekToproe nosie a(M) omuceiBaeTcs
BeKTOP-QYHKIINE TPeX IIePEMEHHBIX a(x; Y; 2) UM TPeMs CKa-
JIAPHBIMA (PYHKIUAMA — ee KOOPJIUHATAMU:

a(z;y; z) = {P(x;y; 2), Q(z; 95 2), R(75 95 2) )

IIpouszsodras no HanpasaerHuro

CxaJjisipHOe ¥ BEKTOPHOE ITOJIS

f(P) = f(z;y;2), a(M)={P(x;y;2),Q(v;y;2), R(x;y; 2)}

HA3BIBAIOTCS  duddeperyupyemovimu n pad, ecan QHYHKIUNA
f(x5y;2), P(z;y; 2), Qx5 y; 2), R(x;y; 2) asastiored n pas 1ud-
depeHImpyeMbIMU.

[Iycrs f(P) — crangproe moJie, 3ajanHoe B obractu G
l — enaNYIHBIN DUKCHpOBaHHBII BeKTOD; P — (bukcupoBaHHast

rouka; P’ — mobas Touka n3 G, ommunag or P 1 Takast, 4To

/

BekTOp PP’ komuneapen I.
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Onpenenenue 24.1. Yucso
P — f(P
)~ J(P)
PP PP
HA3bIBACTCS NPOU36odHot ckaraprozo noas f(P) B Touke P

no nanpasaenuto I n oboznadaercs cumbosiom ——(P).

ol

Ecmu B npsamoyrosbaoit cucteme kKoopauHat OXY Z Bek-
Top | umeer KoopauHaThl {Cos @, cos 3, cosy}, TO

of _of of of

- = — — . 24.1
51— 92 ° o+ 3y cos 3+ 55 (057 (24.1)
Onpenenenne 24.2. BekTop
. a(M') — a(M)
W T AT

HA3BIBACTCS NPou3eodot eexmoprozo noas a(M) B Touke M

Jda
no wanpasaenuto I u obosnadaercs cumposiom — (P).

ol

Ecmu B npsimoyrosbroit cucteme kKoopauHat OXY Z Bek-
toproe noste a(M) nmeer koopauuatsl { P, Q), R}, To

da (0P 9Q OR
ol { oL’ oL’ ol } (24.2)

I'paduenm craasapHozo noas

Onpegenenne 24.3. ['paduernmom CKaJspHOrO IIOJIs
f(z;y; z) HA3BIBAETCS BEKTOP-(DYHKIUS

of . 0f . Of afafaf} 243)

gradf—— +8_yj+_z :{ax dy’ 0z
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U3 pasenctsa (24.1) cienyer, [aro,

0
a_ch = (grad [y l) ) (244)
OTKyJIa
of
il = |ora, . - COSp = |gra - COS @,
51 M) =g d f[-[Y lgrad f|

Tak Kak |l| = 1; 3mech ¢ — yroa mex ity Bekropamu l u grad f
B Touke M.

Orcrozia ciieyer 3amMedare/ibHOE CBOWCTBO BEKTOpa I'pa-
JIMEHTA: HANPABACHUE GEKMOPA 2Paduenma cosnadaem ¢ Ha-
NPABAECHUEM HAUOONLULE20 USMEHEHUA CKAAAPHOZ0 NOAA 6 OaH-
HOU MouKe, T. €. C HaIpaBJCHUEM HAUOOJIBLIIErO POCTa HJIN
HAOOJIBIIEr0 YMEHBIICHUS CKAJISPHOTO TIOJIA.

Kpome Toro, ecjim paccMOTpeTb MHOXKECTBO TOYEK, B KO-
TOPBIX CKAJISIPHOE T10JIE TOCTOSIHHO:

{(z,y,2) : f(z,y,2) = const}

(Takoe MHOXKECTBO HA3bIBACTCS MOGEPTHOCTLIO YPOSHA CKa-
JISIPHOT'O HOHH), TO OKa3bIBACTCH, YTO 'PAJAUCHT B JAHHOU TOY-
K€ IIPOCTPAHCTBa OPTOrOHAJIEH KacaTeJIbHON! IIJIOCKOCTH, IIPO-
BEJEHHON K IIOBEPXHOCTU YPOBHA B 3TON TOYKE, T. €. 0PMo20-
HAAEH NOBEPTHOCTNU YPOSHA.

ITpumepvt pewerHus 3adan

0
ITpumep 24.1. Borauciurn % B Touke M(2,1,1), ec-

JIN
u =" —arctg(y + 2), 1=3j— 4k
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Pemenune.

ou  Ou +8u 6+6u
— = —cosa + — cos —Ccosy =
ol ~ or By 52 7
=2rcosq¢ — ——— 5 cosf — ————— cosy =
L+ (y +2)° L+ (y +2)°
1
:400504—50085—30057.
[Iponopmupyem BekTOp I
I 01+35—4k . 3. 4
— = ———==0t+ -5 — -k,
i~ V019+16 5775
TIOJTY VM
0 6] 4
cosa = cosff==, cosy=—-.
) 57 ’7 5
Torma
0 1 1 3 1 4 1
57;:4cosa—50085—50087:40—5-3—1—5'5:%.

IIpumep 24.2. Bor1aucauTh yro MexKLy rpajueHTaMu
CKaJIIPHBIX TOJIEd u 1 v, TJ1e

)

xTrz

U =—", v:6\/6333—6\/6y3+2z3,

Y
B TOYKE M(%, \/ig; 1).

6
Pemenue.
d u ) ou Ou Ou 22 xz? 2xz
rad u(lzy 2 )= — — — | = [ — ———- =
g ’y7 ax78y7az y’ yQ’ y )

ov Jv v
e e | 2._1 2. 0,2 )
9z’ By’ 8z) < 8v/6a?; —18v/6y* 62 )
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B rouke M ( i 1):

1.1
V6’ V6’
arad u — <\/6; —VG; 2) . grad v = (3\/6; —3V6: 6) .

astee, ¢ ojiHO# CTOPOHBI,
(grad v; grad u) = |grad v| - |grad u| - cos ¢, (24.5)
C JIPyTO# CTOPOHBI,
(grad u; grad v) = a1b; + agby + asbs. (24.6)
N3 papencrsa ITOJTy IaeM:
(grad u;grad v) = 18 + 18 + 12 = 48.
Haitnem jiyimHBI BEKTOPOB:
lgrad u| = V6 +6+4=4, |grad v| = V54 + 54 + 36 = 12.

U3 pasencrsa (24.5) noaygaem:

(grad u;grad v) 48

cos p = =1,

lgrad u| - |grad v|  4-12

T. €. YIOJI MEXKJIy I'pajJIueHTaMu % U v B Touke M paBeH HYJIIO.

ITpumep 24.3. Onpenenurh MOTOK BEKTOpa @ Yepes
[OJIHYIO TIOBEPXHOCTH (BO BHEIIHIOI OT MOBEPXHOCTH CTOPO-
HY), €CJIH

a=(y,—z,1); S:a+y*=2(220), 2=4,

(puc. 24/1]).
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Pemenune.

Puc. 24.1

//andS ///(8]3 @%—%) drdydz =
—///(O+O+O)dxdydz—0.

ITpumep 24.4. Oupene/urh MOTOK BEKTOpPa @ Yepes
HOJIHYIO TIOBEPXHOCTH (BO BHEIIHIOI OT MOBEPXHOCTH CTOPO-
ny), e a= (y + 22, —y, 32),

S :32=21=-2(2"+¢*); Z=2>4+y"(2>0),
(puc. 242).

Pemenwne. Haiigem 1miockocTh, 110 KOTOPOIi IlepeceKa-
I0TCAd JaHHbIE ITIOBEPXHOCTH:

32227—2($2+y2), 22 =2 492
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AZ

/J
X
Puc. 24.2

[Momyuaem: 3z = 27 — 222 & 222+ 32— 27 =0;

~3+/9+8-27  —3+15

21 = 4 = 4 = 3,
—-3—-v9+4+8-27 —-3-15 18
Zo — = = ——.
? 4 4 4
29 = —% < 0 — He ymoJieTBOpseT ycjaoBuio z = 0, cienosa-

TeJIbHO, 21 = 3 — IJIOCKOCTH TlepecedeHns TOBEPXHOCTEN.

[t ] (5 50 52 ace -
:///(0—1+0) dxdydz:—/v//dxdydz:

9—7 2+y
// dxdy/
:1:2+y



:_//(9—§(x2+y2)—\/m> da dy.

[Iepexo/ist K TOJIIPHBIM KOOP/IMHATAM: & = T COS ©, Y = 7" Sin ,
ITOJIy YUM:

2w 3 2
//andS:—/ dcp/r(9——r2—r> dr =
0 0 3
S
27 7,2 2 7,4 7,3 3
= — d 9— ————— —_— ‘:
/0 ‘p< 2 34 3)0

2 o
__/ 18dp = —18¢| = —367.
0

0



25. Panpl @ypbe

Onpenenenne 25.1. Oyuxiun ¢(x) u (x), uHTErpU-
pyeMble Ha OTpe3Ke [a, b], HA3BIBAIOTCA OPMO20HAALHbLMU HA,
9TOM OTPE3Ke, eCJIU

b
| elaita dz=o.
Onpenenenne 25.2. IlocienoBaTebHOCTH PYHKITHIT

301(33)7 902(55)’ s 790n(x)7 ceey

HHTErPUPYEMbIX Ha OTpe3Ke [a,b], Ha3bIBAETCS 0PMo20HaNb-
HOT cucmemoti PyHKyuL Ha ITOM OTPE3Ke, ecIu Bce (DyHKIUN
9TOI CUCTEMBI TTOITAPHO OPTOTOHAJIBHBI.

Onpenenenne 25.3. Cucrema dyuruuii ¢1(x), po(x),

., ©n(x), ... HA3BIBAETC OPMOHOPMUPOSAHHOT Ha OTPE3Ke
[a, b], econ
’ 0, i#j
/a (,OZ(QT)QOJ(.’L') dr = { 1’ Z:]

Omnpenenenne 25.4. Psadom ijpbdg_zr] HHTEIPUPYEMOii Ha
orpeske [a, b] byukInu f(x) 110 OPTOHOPMUPOBAHHON CHCTEME

byurimit ¢1(x), a(z), ..., Yn(x), ... HA3BIBACTCS P BUIA

Z angon(ai),
n=1

34 XKan Bamucm @ypve (1768-1830) — bpaHIy3cKmii MaTeMaTnK, -
3uK. ABTOD TPYHOB 110 ajrebpe, quddepeHnnaabHbIM yPaBHEHUAM 1 Ma-
TeMaTuIecKoil ¢pusuke. Ero paboTwl jieryin B OCHOBY CO3JaHUSI TEOPHH
TPUIOHOMETPHYIECKUX PsANoB (psinoB Pypbe).
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K03 DUIHEHTHI KOTOPOr'o OIPEIEIA0T s 110 (bopMmyIie

- [ 1@ @

[Iycrb orpesok [a, b] mmeer muny 21. Jlns onpemenerno-
CTH mycTh 9T0 0Tpe3oK [—[,[]. Pacemorpum cirepytoryto cu-
creMmy PYHKITHIL:

1 ™ . TNT
—, cos—, sin—p, n=12,...
21 l l

Ota cucremMa QPYHKIINI IBJISIETCS OPTOHOPMUPOBAHHOMN HA JTIO-
60M oTpe3Ke JUIMHBI 2/, TaK KaK, HAIIPUMED,

! ™ TMIT
COS —— COS dr =
1 l [

! _
= %/ (cos —W(n —; m)z + cos —ﬂn ;i m)a:) dx =
—

:{ 0, n#m,

1, n=m.

[Iycrs dyuknus f(z) uarerpupyema Ha oTpeske [a, b|, e
b—a = 2l. Koadpdunmentsr Oypbe 1714 9TON DYHKITUN 110 BbI-
[ICAHHON BBIIIE OPTOrOHAJBLHOM CHCTEME OMPEIEISIIOTCS 110

dopmynam:
1
5 [ f@ds
ay, = / f(z) cos Lm dzx,

b, = 7/ f(x)sinﬂlﬂda:.
-1



Toryma paccmarpuBaemoii gpyHKIUU coorBeTcTBYeT paj Dy-
pbe:

f(z) ~ ao+; (ancos# —i—bnsin#)

Onpenenenune 25.5. Oyuknus f Ha3bIBAETCS KYCOUHO-
2a0K01 Ha [a,b], ecin OHa M ee TIPOU3BOJHASI UMEIOT HA [a, b
He GoJsiee ueM KOHEYHOEe JYKCJIO TOYEK pa3pbiBa II€PBOrO POJIA.

Teopema 25.1. Psad Qypve xycouno-2aadxoti nepuodue-
ckot gynxuyuu f(x), sadannot na ompesxe |a,b|, crodumcs
NPU 6CET 3HAUEHUA T, NPUUEM 6 MOUKAT HENPEPLIEHOCTMU €20
cymma pasra f(x), a 6 Mowkar paspvia OHa PasHa

flz=0)+ flx+0)
: :

Teopema 25.2. Pad Qypve Kycouro-24a0K0U HENPEPLLG-
1ot na ompeske [a,b] pynrkyuu f(x) ¢ pasnvmu 3navenuamu
na xonyax: f(a) = f(b), crodumea pasromepno na écet wuc-
A080T NPAMOT K NePuodUECKOMY NPOJoAAHCEHUIN IMOTL PhyHK-
YU,

3agaga 25.1.

a) Paznoxurs dynxnmo f(z) = § 42 B pag Oypoe B un-
tepsajie (2;6), nocrpouts rpaduk dbyskmun f(z) u rpaduk
CYMMBI DsiJIa, MCCJIE0BATH €0 Ha PABHOMEPHYIO CXOIUMOCTD
B €ro 00JIaCTH CXOIMMOCTH.

(=D*

6) Haiitu cymmy paga ) =
k=1

Pemenue.
a) lannast byHKIUS SBJISIETCST KyCOYHO-TIAJIKOM U HETIpe-
PBIBHOI B 3aJlaHHOM HHTepBaJie (PUC. 25. [Iponomkum ee
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5.0¢ /
3.09

-6.0 -2.0 2.0 6.0 10.0 X

Puc. 25.1

\/

nepuondecku, ¢ rnepuojom 1 = 2] = 4, Ha BCIO YUCJIOBYIO
och. [lonydennas dpyHknus OyJIeT yI0BIETBOPATH YCIOBHAM
TeopeMbl cxojuMocTu psjia Pypoe.

Haiing kosddunmentor 1mo dopmynam koddduineHToB
pana Oypbe, MOJydIUM UCKOMBIN pai Pypbe:

™
~ 4 + Z n+1 Sln T

[Tosryuennstit pst Oy/IeT CXOAUTHCS Ha BCEM YUCTIOBOI OCH
K [IEPUOIMIECKOMY MIPOIOIKEHIIO (DYHKINKA B TOUYKAX HEIpe-
PBIBHOCTH IPOJOJIZKEHHON (DYHKIINKM, & B TOYKAX pa3pbIBa
(xo =2+ 4n, n € 7Z) — K noJycyMMe IpaBoro u JIEBOro Mpe-
JICJIOB TIPOJIOJIZKEHUST B 9TUX TOYKax (puc. 252)).

DTOT PsiJ CXOIUTCS HEPABGHOMEPHO, TAK KaK, 10 TeopeMe
O HEIPEPBIBHOCTU CYMMbBI PABHOMEPHO CXOJISIIErOCs Psijia U3
HEIPEPBIBHBIX (DYHKIINAN, eCJIi PsiJT CXONTCST PABHOMEPHO, TO
ero cyMMa, JOJIZKHa OBbITh HEIPEPBIBHOHN (DyHKIIAEIH.

6) Bamerum, uTo 5 € (2;6) U MOITOMY psIJT B ITOI TOUKE
cxomurest K f(5):

5
_4+Z "+1 sin%n.
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2 (-1 n=2k-1
T. e
9 - 2 . 5mn
5) =~ 4+2=2=14 1)t Zogip 2o =
JO)=5+2=3 +n21( S
2~ (=DF
—44+ 2
* T ; 2k — 1’
OTCIOA
2k — 1
k=1
3amaua 25.2.
UseectHo, uto pajgom Dypwe dbynkiuu f(r) = 2? Ha

[—7, 7| sBageTcs psy

——|—4Z n COSNT
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Tpebyercs:

a) MOCTPOUTH TPadUK CYMMBI 9TOTO Psijia Ha €ro 00J1acT
CXOJIUMOCTH;

[e.@]

0) maiitu cymmy psiia » n%

Pemenue. !

a) @yukuus f(r) = 2 Ha [—7, 7] ABIAETCH HENPEPLIBHOT
u ee npomusBonHas f'(r) = 2z To)Ke HempepbIBHA Ha |—, 7T,
T. e. f(x) — Kycouno-rmazkas. CiemoBarenbro, psjg Pypoe
9TO# (PYHKIMHU 110 TeopeMe O PABHOMEPHOMN CXOJUMOCTH PsiJia
Dypbe CXOAUTCA PABHOMEPHO K HEPUOANIECKOMY HPOJIOJIZKE-
nuto byukun f(x) = 22 ¢ orpeska [—, 7] Ha BCIO YUCIIOBYIO
0Cb 1 TpadUKOM CYMMBI sABJIsIeTCst (DYHKIHs, N300parKeHHas
Ha puc. 25[3]

Y A
T4

4n -3n 2n -m 0 b 2n 3t 4n St 6m x

Puc. 25.3

6) YuurbBasg, aro f(—m) = f(m), momydaem, aro f(x)
paBHa cymMe psiya Pypee npu x € [—7, 7], T. €.

f(x) = :_+4Z cosmr7

a Tak KakK CoSNm = (—1)”, TO

=1 =1
ERRP I S
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